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Preface 


This is the second volume of my book “Notes and Problems in Number Theory”. It is important to note 
the following points (which are largely about this volume): 

e We take all the results and materials in the previous volume of this book for granted. Therefore, the 
reader should consult the previous volume when necessary. For this purpose (and to help the reader) we 
refer frequently to the previous volume. 

e We focus in this volume on the type of problems that develop the basic and most essential skills which 
are required for dealing with number theory problems. 

e We introduced some new topics in the first chapter (i.e. Introduction), while the remaining chapters 
are largely dedicated to solved problems from the main topics of elementary number theory (which are 
introduced in V1 or in the Introduction chapter of the present volume). We also introduced the subject 
of cryptography and computing in number theory in the last two chapters. So in brief, the materials in 
this volume are largely a mix of applications to the materials of V1 and some theoretical background of 
new topics as well as applications to the new topics. This is to ensure the continuity and graduality and 
reduce the gradient of the learning curve. 

e For the sake of originality, we deliberately reduced the amount of solved problems which have been 
previously investigated by others (especially the widely circulating problems) to the bare minimum. In 
fact, even when we investigate problems of this type we mostly follow novel or improved approach or/and 
presentation. 

e As in my previous books, my topmost priority in the structure and presentation is clarity and graduality 
so that the readers have the best chance of understanding the content with minimum effort and with 
maximum enjoyment. For this purpose (as well as for other obvious purposes) the book is full of cross 
references (which are hyperlinked in the electronic versions although the hyperlinks are not highlighted 
with color or other marking techniques to avoid distortion and ugliness). As indicated earlier, we also 
refer frequently to the previous volume. 

e The readers who want to benefit maximally from this book should try solving the Problems in this book 
before reading their solutions. They should resist the temptation to read the solutions immediately or 
just after a few attempts. Mathematical knowledge and skill cannot be acquired by just reading without 
practice. 

e As indicated, the last chapter of the present volume is dedicated to computing in number theory and 
hence computer codes (in C++ language) represent the main part of the solutions of the Problems of the 
last chapter. These codes are available from my webpage on ResearchGate. We recommend inspecting 
these codes carefully and trying to figure out the algorithms behind them. These codes (as well as the 
algorithms behind them) are mostly very simple and hence they do not require specialized knowledge 
in computing or in C++. However, they can be very useful in acquiring the essential knowledge and 
developing the basic skills in dealing with essential topics in number theory by computational methods 
and tools. 

e The book can be used as a text or as a reference for an introductory course on number theory and 
may also be used for general reading in mathematics (especially by those who have the hobby of problem 
solving). The book may also be adopted as a source of pedagogical materials which can supplement, for 
instance, tutorial sessions (e.g. in undergraduate courses on mathematics or computing or cryptography 
or related subjects). 


Taha Sochi 
London, May 2024 
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Nomenclature 


In the following list, we define the common symbols, notations and abbreviations which are used in the 
book as a quick reference for the reader. 


v for all 

x, multiplication sign 

{.--} set 

! factorial 

€ in (or belong to) 

=) (backward) in (or belong to) 

¢ not in 

(A; B] continued fraction symbol 

la| floor function (the greatest integer less than or equal to a) 

[a] ceiling function (the smallest integer greater than or equal to a) 


la absolute value of a 

negation of a 

Cc the set of complex numbers 

binomial coefficient (number of combinations of m in n with no repetition) 
Cr vn, multinomial coefficient 


the set of even numbers 


Eq., Eqs. Equation, Equations 


Fy Fermat number (i.e. k’” Fermat number where k = 0,1,...) 
gcd(m, n) greatest common divisor of m and n 
off if and only if 
Tyr index of integer n relative to primitive root r (modulo k) 
Icem(m,n) — least common multiple of m and n 
LHS, RHS left hand side, right hand side 
min m divides n 
min m does not divide n 
mtn tetration of m ton 
(m)n the number m in base n 
men m and n are congruent modulo k 
m Z n m and n are not congruent modulo k 
m,n,k,... integers 
m* modular multiplicative inverse of m 
mi, modular multiplicative inverse of m modulo k 
max(a, b) the maximum of a and b 
min(a, b) the minimum of a and b 
mod modulo (or modulus) 
Mp Mersenne prime 
n factorial power of n 
the set of natural numbers (i.e. 1,2,3,...) 
N° the set of non-negative integers (i.e. 0,1,2,3,...) 
(+) Jacobi’s symbol 
(2) Legendre’s symbol 


the set of odd numbers 

the order of integer n (modulo &) 

prime number 

the set of prime numbers 

even perfect number 

number of permutations of m in n (with no repetition) 
the set of rational numbers 

position vectors (in 3D space) 


the set of real numbers 

the restricted divisor function 
complete residue system 

reduced residue system 

reduced residue system modulo k 
the n-digit repunit number 

volume 1 (of this book) 

variables (mostly integers) 

the set of integers 

discriminant of quadratic polynomial 
the Mobius function 

the product symbol (for repeated multiplication) 
the divisor function 

the summation symbol 

the tau function 

the totient (or phi or Euler) function 


Chapter 1 
Introduction 


In this chapter we briefly investigate some new topics in number theory which we did not investigate (at 
least sufficiently) in V1 and which are needed for our future investigations (in this and upcoming volumes). 


1.1 Continued Fractions 


In this section we define the continued fraction representation of a given positive real number and illustrate 
the main technique used to obtain this representation and how it is employed to approximate numbers 
as rational fractions (i.e. as ratios of integers). In brief, this is the representation of the number as a 
sum of an integer part and a recursive fraction part. The latter part is a fraction ladder obtained by 
recursively taking the reciprocal of the reciprocal of the fraction part in the previous step in the ladder. 
However, various tricks and techniques are usually used some of which may obscure or not reflect this 
pattern explicitly (noting that they are usually employed to obtain this representation in a more efficient 
way or more neat form). 

The best way to understand the continued fraction representation and the techniques used to obtain it is 
to apply these techniques to specific numbers. So, let us do this now to V2 (noting that more illustrating 
examples will follow). We have (by adding and subtracting 1): 


V¥2=14+V2-1 


So, the fraction part in the first step is (/2 — 1). Now, if we take the reciprocal of the reciprocal of this 
fraction part and repeat this in the next steps then we get the following: 
14 z 1+ : 1+ : 
— V24+1 0 V241 0 242-1 
V2-1 2-1 
1 


V2 = 14+V2-1=1+ 


1+ : =1+ : 
- 2+ : - 2+ : 
1 1 
2+ i 2+ 
ate 
V2-1 
; 1 ; : ; : 
As we see, this pattern of 1 + ee will repeat itself for ever and hence we can symbolize this 
2+ 
2+°° 


succinctly as: 

V2= [172] 
where 1 represents the integer part while 2 represents the fractional part (noting that the bar indicates 
that 2 is repeated infinitely). 
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Regarding the use of continued fraction to approximate the number that is expressed in this form (i.e. 
V2 in this case), we can say that we can truncate the ladder of continued fraction at any step on the ladder 


by ignoring the last fraction (i.e. ‘*-) at that step and hence we get a rational fraction approximation to 
the given number as illustrated in the following (using our example of V2): 


1 3 
Qe14+ = =1. 
V2 55 5 
1 ST 
Qri+ =1 = -=14 
va : 1 15 5 
a) 
1 1 5 17 
v2 1 oye 1949 
2+ ——_ 
242 
2 


It is obvious that we get better and better approximations as we go further down on this fraction ladder 
(as can be seen in the above example where we get persistently better approximations to /2 as we go 
further down on the ladder). In other words, the successive rational fractions obtained from successive 
stepping down on this ladder converge persistently towards the given number. 

Finally, it is useful to take notice of the following remarks: 
e Rational numbers are represented by finite (or terminating) continued fraction ladder, while irrational 
numbers require infinitely long (or infinitely deep or non-terminating) continued fraction ladder. 
e As indicated above, the continued fraction expression is symbolized by [A; B] where A is the integer 
part (which is a single integer) while B is the (continued) fraction part which can be a single integer (e.g. 
1.2 = [1;5]) or a number of integers separated by commas (e.g. 1.23 = [1;4,2,1,7]) where these integers 
are the successive integer parts in the ladder. Now, we have 3 main cases with regard to the fraction part 
B: 
Case 1: the given number is rational and hence B is a single integer like 1.2 = [1;5] or B is a block of 
finitely-many integers like 1.23 = [1; 4,2, 1, 7]. 
Case 2: the given number is irrational and B is a single integer or a block of integers which is repeated 
cyclically. In this case we put a bar on the top of B to indicate this cyclic behavior, e.g. 2 = [1 2] and 
v3 = [151,32]. 
Case 3: the given number is irrational and B is a block of integers with no cyclic pattern (within the 
number of acquired steps or for ever). In this case the block of integers is trailed with an ellipsis (i.e. 
three dots ...), e.g. 7 = [3;7, 15,1, 292,...]. 
Problems 
1. Obtain the continued fraction of \/2 using this time the technique of substitution. 

Solution: In the technique of substitution we obtain the fraction ladder by recursive substitution of the 


first step in the ladder for each occurrence of the given number in this ladder (as will be demonstrated 
in the following), that is: 


2-1 1 


V¥2=1+V72-1=1+ =14 
V2+1 


"1472 


So, the first step of the ladder is /2 = 1+ . What we do next is to substitute this expression of 


1 
1+ 2 
1 
V2 (ie 1+ 5) recursively for each occurrence of /2 in each successive step in the ladder, that 
+ 
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a 2+ a+ 


1+ (v2) +(1 1 ) oes Wee: 


Sha a 
fd 14+ 72 


1 
As we see, this pattern of 1 + ——— will repeat itself for ever (as seen previously) because /2= 
2+ 


2+". 


1+ END (as seen above) and hence when we substitute the expression 1 + 


recursively for the 
1+ 


a 
1+ V2 
2 in the denominator we must always get 2+ "°.. 


Obtain the continued fraction form of the following numbers and hence get a number of successive 
rational fraction approximations from these forms: 


nN? 


(a) 1.2. (b) 1.23. (c) V5. (d) V3. (e) 7. 
Solution: 
(a) We have 1.2 = 6/5 and hence: 

6 1 

ey poe 

5 2 5 


Hence, 1.2 = [1;5]. The first “approximation” is 6/5 which is exact. 
(b) We have 1.23 = 123/100 and hence: 


123 23 1 1 1 1 1 
10 ~ *ti00~'* G07" ria aie a emia 1 
23 4+ 33 * 33 eee i aa 
= 2+ 5 2 ors 
1 1 1 im 
= 1+ pelt po =it ; =1+4 ; 
4+ ; 4+ ; 4+ ; A+ ; 
2 Sar ae ; ae 
Le i Leg Lae 
1 


As we see, the fraction part of 7/1 is zero and hence this ladder is terminating (as expected since 1.23 
is rational). Thus, 1.23 = [1;4,2,1, 7]. The first 3 rational fraction approximations are: 


1 1 1 
ge eo i a Li eg ee 


44 - ——— 
es + 


As we see, these approximations persistently converge towards 1.23. 
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(c) We have: 

fn aes eee, eee : =2+ : 
1 V5+2 4+4+/5-2 ies 
V5-2 1 
V5 —2 

hs 

1 1 1 

See yee ce 


As we see, this pattern of repetitive (or periodic) 4 should continue for ever. Hence, V5 = [2; 4). The 
first 3 rational fraction approximations are: 


247 = 2.25 2+ —— ~ 2.235 24+ —+__ ~ 2.936 
ata aaa 
As we see, these approximations persistently converge towards V5 ~ 2.2361. 
(d) We have: 
= 1 1 1 1 
V3 = 14+V3-1=1+ ; Sag ere ae 
/3—1 2 2 2 
1 1 1 
= 14 7 =1+ i =1+ 7 =1+ i 
weet ‘+ 308e0 ae ee ae men 
V3-1 2 
= 14 : 
1 
1+ i 
2+ i 
V3—-1 


This pattern of repeated (1, 2) should continue for ever. Hence, /3 = [1;1,2]. The first 3 rational 
fraction approximations are: 


1 1 1 
ae bp OOF Lf a 
Layer 18 
ae 9 ar : 1 
al 
As we see, these approximations persistently converge towards V3 ~ 1.7321. 
(e) We have: 
= 34 3=34 : ae — Fe EG Boe tee aoe TE 
ieee el ile ee oe aa 1 © 7.062513... 7+0.062513... 


T—3 0.141592... 
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i 1 1 
= 34 =34 =34 
1 1 | 1 
ee i (ie 15.996594... os 15 + 0.996594... 
0.062513... 
| 1 > 1 ok 1 
= 34 7 =3+ : ; =34 ; 
7+ ; 74 ; jen ; 
oa 1 19+ To3ai7281 15 + 7 9.003417231 
0.996594... 
1 | 1 
= 34 ; =34 ; 
ia 154 : “ 15+ : 
ee — 1+ : 
_ to 292 + ae 
0.003417231 
Hence, 7 = [3;7, 15,1, 292,...]. The first 3 rational fraction approximations are: 
3+ : ~ 3.142857143 i oa 7 3141509434 a4 —_ ~ 3.14159292 
tice ee j 
15 +7 


As we see, these approximations persistently converge towards 7 ~ 3.141592654. 


1.2 Pell’s Equation 


In this section we introduce Pell’s equation and how it is solved.!!! Pell’s equation is a Diophantine 
quadratic equation in two variables of the following form: 


g* — dy? =1 (1) 


where x and y are non-zero integers (also see footnote [3] ) and d is a positive non-square integer (noting 
that if d is a square integer then the equation has no solution because the difference between two non-zero 
squares cannot be 1). Pell’s equation has infinitely many solutions. The method for finding these solutions 
is to find the fundamental solution (which is the minimal solution in N), i.e. 2 = x, and y = y; where 
x1 is the least natural number that solves (with the corresponding y, i.e. y;) this equation.!?] All natural 
solutions are then generated by the formula: 


tn +YnVd = (x + nvd) (n €N) (2) 


All other solutions are then obtained by sign alteration noting that x and y are squared and hence each 
one can be negative as well as positive (i.e. we have 4 solutions for each natural solution). 

It is important to note the following about Pell’s equation: 
e The existence of solution!®! of Pell’s equation is guaranteed. 


[1] This section is no more than an introduction to the subject of Pell’s equation and the methods of its solution. This subject 
will be extended and elaborated gradually. 

[2] The fundamental solution (a1, y1) may also be defined as the solution that minimizes x1 + yivd in comparison to any 
other solution. It is noteworthy that the fundamental solution is unique (and hence there should be no difference). 

[3] We mean by “solution” the “non-trivial” solution noting that the “trivial” solution (x, y) = (1,0) always exists. This should 
explain why we imposed the condition that « and y are non-zero integers (i.e. to make this statement substantial and 
extra informative). 
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e Based on what we said, obtaining a solution to Pell’s equation is essentially about (searching for and) 
finding the fundamental solution (noting that all the rest is usually trivial). So, how to obtain the 
fundamental solution? In simple cases we may find the fundamental solution by guess or by inspection, 
e.g. by searching by computer for the lowest (combination of) x and y in N that solve the given Pell 
equation. However, in more general circumstances (and more complicated cases) we may need a more 
regular and systematic technical approach for this search. The commonly-used such approach is the one 
based on the technique of continued fraction (noting that this approach generally works; see § 1.1). The 
essence of this method is to use the continued fraction expansion of /d where we try successive rational 
fraction approximations on the continued fraction ladder until we find a solution to the given equation, 
i.e. the first found solution in this successive stepping down on the ladder is the fundamental solution.|4! 
This is based on the fact that if a,/b, (k = 1,2,...) is the k*” rational fraction approximation of Vd on 
the continued fraction ladder of Vd then x, = a, and Y1 = by for some k (i.e. the smallest k that satisfies 
az — dbz = 1). So, to find (21,41) we simply try ai/bi,a2/b2,... successively until we find the ax/bx 
that solves the given Pell equation (and hence 7; = ax, and y; = by). This issue will be clarified further 
(practically) in the following Problems. 

e Pell’s equation is generalized to the form x? — dy? = c where 0 414 € Z.!5| However, we will not 
investigate this issue in this volume (although we plan to investigate this, as well as other details about 
Pell’s equation, more thoroughly in the future). 

e General quadratic Diophantine equation in two variables may be transformed to Pell’s equation form 
to be solved as a Pell equation (where the solution of the original equation is obtained by reversing 
the transformation). Some examples of this transformation technique will be given in the following 
Problems (as well as in the upcoming chapters; see for instance Problem 2 of § 5.2). However, it should be 
noticed that the existence of solution to the transformed Pell equation does not guarantee the existence of 
solution to the original equation (as will be seen in some of the upcoming Problems) because the reverse 
transformation may not produce integer solutions (totally or partially). 

e Considering what we have said, although Pell’s equation may seem very restrictive, it is possible (in 
many cases of quadratic Diophantine equation in two variables) to transform the equation to a standard 
Pell equation (by using algebraic manipulation and scaling) and hence solve it by the Pell’s equation 
techniques (as will be shown in the future). Anyway, if it is not possible to transform it to a standard 
Pell equation then it is usually possible to transform it to a generalized Pell equation and hence it may 
become possible to solve it as a generalized Pell equation.|!6 

e When tackling a Pell equation it is recommended to search for the fundamental solution by inspection 
before trying sophisticated processes and techniques like continued fraction technique. For example, 
a few-seconds inspection to the Pell equation x? — 5y? = 1 should lead to the fundamental solution 
(%1,y1) = (9,4) and hence to all other solutions using the aforementioned formulations and instructions. 
Also, basic computational effort (e.g. through the use of a spreadsheet or a simple code) can be more 
economic in the search for the fundamental solution.!7! 


Problems 


1. Put the following equations in a standard Pell equation form and determine if these equations have 
solutions or not: 
(a) 4x? — 6y? + 12x + 108y — 478 = 0. (b) 9x? — 325y? — 42x — 130y + 35 = 0. 
Solution: 
(a) We have: 


[4l In fact, there are detailed rules about how to get the fundamental solution (and the other solutions). However, we do not 
want to get involved in these details at this stage and level. 

[5] We should note that whether 0 4 1 4c € Zor N3c> 1 seems to follow different conventions (noting that this may 
affect the method of solution in some cases). 

[6] We should take note (in both cases) of the aforementioned possibility of having no solution by the reverse transformation 
(i.e. when the reverse transformation does not produce an integer solution). 


[7] See the Pell.cpp code which is in the “Codes” directory (noting that this code is very simple and limited in applicability 
since it is only for the purpose of demonstration and illustration). 
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i) 


ew 


(4a? + 122) — (6y? — 108y) — 478 = 0 > (4a? + 122 + 9) — (6y? — 108y) — 478 -9 =0 > 
(2x + 3)? — (6y? — 108y) — 487 = 0 > (2x + 3)? — (6y? — 108y + 486) -1=0 > 
(2x + 3)? — 6(y? — 18y+81)-1=0 > (2x + 3)? —6(y—9)2 =1 

As we see, the last equation is in a standard Pell equation form, i.e. X? — 6Y? = 1 where X = 224+3 
and Y = y—9. Now, if we solve this Pell equation we can easily obtain the fundamental solution 
(X,Y) = (5,2) as well as all other solutions such as (X,Y) = (45,42) (£49, +20) and (+485, +198). 
We can also see that the reverse transformation |i.e. x = (X — 3)/2 and y = (Y +9)] produces integer 
solutions to the original equation, e.g. (x,y) = (1,11), (1,7), (—4,7), (—4, 11), (23, 29), (241, 207), etc. 
(b) We have: 

(9x? — 42x) — (325y?+130y)+35=0 + (9x7 — 42x + 49) — (325y?4+130y)+35-49=0 —- 


(3a — 7)? — (325y? + 130y) - 14=0 +> (3x —7)? — (325y” + 130y + 13) -1=0 = 
(3a — 7)? — 13(25y? + 10y+1)=1 > (3¢—7)? —13(5y+1)?=1 

As we see, the last equation is in a standard Pell equation form, i.e. X? —13Y? = 1 where X = 32 —7 
and Y = 5y+1. Now, if we solve this Pell equation we can easily obtain the fundamental solution 
(X,Y) = (649, 180) as well as all other solutions (as described above). However, the original equation 
has no solution because the reverse transformation fie. 2 = (X + 7)/3 and y = (Y — 1)/5] does not 
produce integer solutions. 


. Find the first 4 natural solutions of the following Pell equations: 


(a) x? — 2y? =1. (b) 2? — 3y? =1. (c) a? —17y? =1. (d) 2? — 7y? =1. 
Solution: 

(a) By inspection we can see that the fundamental solution is: (1, y1) = (8,2). Hence, the first 4 
natural solutions are (see Eq. 2): 


(v1, 91) = (3, 2) (22, ya) = (17, 12) (x3, ys) = (99, 70) (v4, ya) = (577, 408) 
(b) By inspection we can see that the fundamental solution is: (#1, y,) = (2,1). Hence, the first 4 nat- 
ural solutions are: 
(v1, 41) = (2, 1) (x2, Y2) = (7, 4) (x3, ys) _ (26, 15) (r4, ya) = (97, 56) 
(c) We have 17 = [4; 8]. The first rational fraction approximation on the continued fraction ladder 
of 17 is: 

442-3 

8 8 

Now, 33? — 17 x 8? = 1 and thus (21, y1) = (33,8). Hence, the first 4 natural solutions are: 
(%1,91) = (33,8) — (#2, yo) = (2177,528) (3, y3) = (143649, 34840) (a4, ys) = (9478657, 2298912) 


(d) We have /7 = [2; 1,1,1, 4]. The first 4 rational fraction approximations on the continued fraction 
ladder of V7 are:!8 
2:1] =5 B11] = 2 B111=5 21,114] == 
1 2 3 14 
The first approximation that satisfies the given equation is the third (since 8? — 7 x 3? = 1) and thus 
(%1,y1) = (8,3). Hence, the first 4 natural solutions are: 


(1,41) = (8,3) (2, y2) = (127, 48) (v3, y3) = (2024, 765) (v4, Ya) = (32257, 12192) 


. Show that there are infinitely many triangular numbers (i.e. numbers of the form n*+n where n € N) 


2 
which are perfect squares. 


Solution: For a triangular number to be a perfect square we must have se =m? where m € N), i.e. 


[8] We use [2; 1] to represent 2 + + (ie. the first rational fraction approximation on the continued fraction ladder of V7). 


The similar symbols (such as [2;1,1]) have similar interpretation. 
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n? +n —2m? = 0. This is a quadratic equation in n and hence it has a solution if its discriminant A 
is a perfect square, i.e. 


A=1? — 4(-2m?) = k? > k? — 8m? =1 (k EN) 


As we see, the latter equation is a Pell equation and hence it has infinitely many solutions, e.g. (k,m) = 
(3,1), (17,6), (99,35), (577,204) corresponding to n = 1,8,49,288 (and hence to triangular square 
numbers 1, 36, 1225, 41616). Accordingly, there are infinitely many triangular numbers which are 
perfect squares. 


1.3. The Order of Integer 


The order of an integer n (modulo k) is the least positive integer m such that n™ a (where n and k are 
coprime).!9! We symbolize this by writing: O,n = m. For example: 
e 212,34... 39 1.91,... and hence the order of 2 (modulo 3) is 2, ie. O32 = 2. 
o 512,3.4,5,6,7.... 25°78 4.2,1,5,... and hence the order of 5 (modulo 9) is 6, i.e. O95 = 6. 
o 71:2,3,--16,17,.. 177 15.3....,1,7,... and hence the order of 7 (modulo 17) is 16, i.e. Oy77 = 16. 
It is important to note the following points about the order of an integer: 
Ln? 21 iff Oxn|b ((where n and k are coprime and b € N°). 
2.n¢£ n° iff a" db (where n and k are coprime and a,b € N°). 
Problems 


1. Show that n? £1 iff Oxn|b (where n and k are coprime and b € N°). 
Solution: Regarding the if part, if O,n|b then b = aO,n (for some a € N°) and hence: 


n? = arn = (n Oe)" K j@=1 


Regarding the only if part, if n? * 1 where Oxnfb then b = aOyzn+r where a € N° and 0 < r < Ogn. 
Therefore, we must have: 


k a k 
1= n? _ ntOnnt+r — en) x n? ie 12 x nr = nt” 


i.e. n’ £ 1 which is a contradiction because 0 <r < Oxn while Oxn is supposed to be the least positive 
integer such that n?«” 2 1. 


2. Show that n* = n® iff a CaP (where n and k are coprime and a,b € N°). 


Solution: Let us assume (with no loss of generality) that a > b. 


Regarding the if part, if a “” b then a = sOgn +b (for some s € N°) and hence: 


s k 
nt = msOuntrb = (aa) x ne =1°~x n? aS n? 


Regarding the only if part, if n® = »> then we have: 


ak oo a—b,b kb 


_pk 
nv=n > ne n° =n > nee =] 


where canceling n? in the last step is because n? and k are coprime since n and k are coprime (see part 


n of Problem 1 of 2.2 of V1, as well as point 7 in the preamble of § 2.7 of V1). Now, from Problem 1 


we conclude that Oxn|(a — b), ie. a 2” b. 


(91 The “order of an integer” is actually the multiplicative order (which should remind those with knowledge of group theory 
of the order in the multiplicative group). However, for simplicity (and because we have no rival or competitor so far on 
this terminology) we label this as the “order of an integer”. 
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3. 


> 


Or 


aD 


A 


oo 


Show that O;n|¢(k) (where n and & are coprime). 


Solution: According to Euler’s theorem we have n?) 4. Hence, from Problem 1 we conclude that 
Oxn|d(k). 

Show that if O,n = a then O;n” = a/g where b € N and g = gcd(a, b). 

Solution: Let c= O;,n’. We have a = ga and b = gf (noting that a and 8 are coprime) and hence: 


(nb)* = (nih)? = (nf)* = (ny? BP = 4 


where step 4 is because a = Oxn. So, from Problem 1 we have O;n?|a, i.e. cla. 


Also, from the definition of O,n® we have: (n>)° =n’ £1 and hence from Problem 1 we have a|(bc), 
ie. (ga)|(g8c) or al(Bc). Now, since a and 6 are coprime then alc. 
So, cla and a|c and hence c = a (noting that c and a are positive), that is: 


O,yn® =c=a= 2 
g 
Note: based on this proposition we have: 
O15 5 5 O79 3 3 
O15" = = = =5 O79 — = ==] 
We’ eed (O115,7)  ged(5,7) 1 ™ ~ ecd(O79,6) gcd (3,6) 3 
. Show that if Opn = ab then O,n? = a. 
Solution: From Problem 4 we have: 
Oxn ab ab 


Ozn? — — — 
gcd (Onn, 6) ~~ ged (ab,b) ~~ b ged (a, 1) 


. Show that if Opn = 2b then n? 2 —1 (where p is an odd prime). 


Solution: According to Problem 5 (noting that we have O,n = 2b), Opn? = 2. This means that 


(n°)? ? 1 whose solutions are n® 2 +1. However, since Opn? = 2 then we must have n? 2 —1. 
Find the following: 

(a) O177513. (b) 02315641. 

Solution: 


(a) According to Problem 3, O177513|¢(1775). Now, $(1775) = 1400 whose divisors are 1, 2, 4, 5, 7, 8, 
10, 14, 20, 25, 28, 35, 40, 50, 56, 70, 100, 140, 175, 200, 280, 350, 700, 1400. On trying these divisors 
(in their increasing order) we find that 140 is the first integer t in this list (according to the increasing 
order) that makes 13° pee Hence, O177513 = 140. 

(b) According to Problem 3, O2315641/6(23156). Now, ¢(23156) = 9912 whose divisors are 1, 2, 3, 4, 
6, 7, 8, 12, 14, 21, 24, 28, 42, 56, 59, 84, 118, 168, 177, 236, 354, 413, 472, 708, 826, 1239, 1416, 1652, 
2478, 3304, 4956, 9912. On trying these divisors (in their increasing order) we find that 826 is the first 
integer ¢ in this list (according to the increasing order) that makes 41° 782° 1. Hence, 02315641 = 826. 


. Find an integer x such that: 


(a) O132° = 4, (b) Og 14” = 6. 
Solution: We use the proposition of Problem 4. 
(a) For example, x = 5 should do because: 


O13% O135 4 = 4 =F 


O13u° = — => 
ged (O13@,5)  ged(Oi35,5) ged(4,5) 1 


(b) Any x that is coprime to 6 should do because: 


Og14 6 6 
Og14” = a =-=6 
% ged(O91l4,x2) gced(6,2) 1 
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9. Show that Oxn = O;n* where n* is the modular multiplicative inverse of n modulo k (assuming n has 
a modular inverse). 
Solution: If p = Oxn then we have: 


1=1 ¥ (mnt)? =n? (n*)? £1 x (n*)? = (n")? 


Hence, from Problem 1 we get Ogn*|p and hence Ogn* < p, ie. Ogn* < Oxn. Now, noting that 
modular multiplicative inversion is a symmetric relation (see point 5 in the preamble of § 2.7.1 of V1) 
we must also have Ogn < Oxn*. Hence, Opn = Opn*. 

10. Let n1,n2 be integers which are coprime to k € N. Show that Ox(nynz)|(Onna x Oxne). Moreover, if 
Oxn, and One are relatively prime then Og(nin2) = Ogni X Oxna. 
Solution: Let a = Ogn1, b = Ogng and c = Ox(nin2). Now: 


(min2)"” = nf? ng? = (ng)® (ng)" 211% = 1 


Hence, from Problem 1 we get c|(ab), i.e. Ox(ninz)| (Onn x Oxne). 
Now, let assume that O,n; and Oxnz are relatively prime. We have: 

1 = (nina)? = nf ng > 1° = (ng ng) = (nf)® nge = ng 
Hence, from Problem 1 we get b|(ac) and thus b|c (noting that we are assuming now that a and 6 are 
relatively prime). 
We can similarly show that alc (noting that this can also be deduced from the symmetry). 
Now, since alc and b|c then (ab)|c because a and b are relatively prime (see point 20 in the preamble of 
§ 1.9 of V1). 
So in brief, c|(ab) and (ab)|c and hence c = ab (noting that a,b,c > 0), ie. if Opn; and Oxne are 
relatively prime then Ox(nin2) = Ogny X Oxne. 

11. Show that if O,n = (k — 1) then k is prime (where N 3 k > 1). 

Solution: According to Problem 3 we have (& — 1)|¢(&) which implies (k — 1) < ¢(k). However, for all 
k > 1 we have ¢(k) < (k—1) (see point 7 in the preamble of § 2.6.4 of V1). Hence, $(k) = (k — 1), ie. 
k is prime (see Problem 7 of § 10). 


1.4 Primitive Root 


An integer r is called a primitive root (modulo k) if every integer n coprime to k is congruent (modulo 
k) to a natural power of r. In mathematical terms, this means n * rs for some s € N with n and k being 
coprime. For example: 


e 3 and 5 are primitive roots (modulo 7) because the numbers coprime to 7 are n = 1,2,3,4,5,6 and we 


have: 
7 


ge 07 32 £9 3123 3424 35 £5 33 £6 
56 24 549 5523 5224 pits 53 £6 
but 1,2,4,6 are not primitive roots (modulo 7) because (for instance): 
“te 7 i 7 
42 43 4843 68 £2 


for any s. 
e 8 has no primitive root because the numbers coprime to 8 are n 2 1,3,5,7 and we have (for instance): 
8 8 8 8 
1543 3° £5 55 #3 TA8 
for any s. 
It is important to note the following points about primitive roots: 


1. We may also define primitive root (modulo &) as an element in a reduced residue system (modulo k) 
whose natural powers generate all the elements in the system. It is worth noting that S,, (i.e. reduced 
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residue system modulo k) is a group under modular multiplication (modulo k). So, primitive root is an 
element in S;., whose order (or period; see § 1.3) is ¢(k) and hence the sequence of its natural powers 
generates all the elements in S,,. So, we can say: p € S;, is a primitive root iff the order of p is equal 
to o(k), ie. Opp = o(k)./4 

2. Based on what have been said, when & has a primitive root (say p) then S,, can be written as: 
Srp = {p',p?,..-,p?}.141 Accordingly, multiplication of two elements of S;, in modulo k will 
become addition of their indices in modulo $(k). 

3. As seen above, some (modular) integers (like 8) have no primitive root. In brief, only the following 
(modular) integers have primitive roots: 2, 4, p* and 2p* (where p is an odd prime and a € N). This 
issue will be investigated further in the future. 

4, Referring to the proposition of Problem 4 of § 1.3 (as well as point 1 above), if p is a primitive root 
(modulo &) then we have: 


Oxp? = Oxp im o(k) 
ged (Oxp,b) —_ ged [(k), | 


This means that p? is a primitive root (modulo k) iff gcd [¢(k),b] = 1. 
5. Every prime has at least one primitive root. 


Problems 


1. Referring to point 1 in the preamble, find the order of all the elements of $;12 (i.e. the reduced residue 
system modulo 12) and hence determine the primitive roots of 12. 
Solution: S,;2 = {1,5,7,11} and hence ¢(12) = 4. We have: 
e 142 24.1... and hence the order of 1 is 1. 
eo 512+ 25 1.... and hence the order of 5 is 2. 
0 72 B 7,1,... and hence the order of 7 is 2. 


e 11)? 2 11,1,... and hence the order of 11 is 2. 
Therefore, 12 has no primitive root. 

. Repeat Problem 1 for S;9. 
Solution: S,9 = {1,2,4,5,7,8} and hence $(9) = 6. We have: 
o [he 2 1,1,... and hence the order of 1 is 1. 
o 21:2,3.4,5,6,... 29 4°8°7.5,1,... and hence the order of 2 is 6. 
o 4123.- 24 °7.1,... and hence the order of 4 is 3. 
o 512,3.4,5,6,... 25°78 4.2.1,... and hence the order of 5 is 6. 
e 71:23 27 4.1... and hence the order of 7 is 3. 


e 882 281... and hence the order of 8 is 2. 
Therefore, the primitive roots of 9 are 2 and 5. 

. Repeat Problem 1 for S;5. 
Solution: S,5 = {1,2,3,4} and hence ¢(5) = 4. We have: 


e 1}? 24.1,... and hence the order of 1 is 1. 


o 212.34... 29 4.3.1,... and hence the order of 2 is 4. 
e 312.34... 2 3.4.2.1,... and hence the order of 3 is 4. 
e 41:2. 241... and hence the order of 4 is 2. 
Therefore, the primitive roots of 5 are 2 and 3. 


4. Show that if r is a primitive root of p (where p is an odd prime) then r~)/? 2 —1, 
Solution: From Fermat’s little theorem we have: 


pP-l By sy pP-1_1£9 ay (r@-V)/2 — 1) (r@-D/2 4 1) Po 


i) 


ew 


[10] More rigorously and generally, O,n = $(k) iff n is a primitive root modulo k (where n and k are coprime). In fact, this 
may be used as a definition for “primitive root”. 


21 Tt is useful to note that p?th) fy according to Euler’s theorem (which can be regarded, in this context, as a definition 
of primitive root taking into account other related concepts and definitions as well as the restriction on the order of p). 
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10. 


11. 


P 

where the factorization in the last step is because (p — 1) is even. Now, r(P-)/2 __ 1 40 because r is 

supposedly a primitive root (noting that r@-)/? —1 2 0 which implies r@-!)/? 2 1 means that the 

order of r is less than p — 1 in contradiction to being a primitive root). Hence, r-)/2 +1 2 0, ice. 
(p-1)/2 2 _4 

r =-1. 


. Show that if k has a primitive root then it must have 6[o(k)] distinct primitive roots. 


Solution: {p', p?,...,p%)} is a reduced residue system (modulo k) when p is a primitive root of k 
(see points 1 and 2 in the preamble). So, when we say “k has a primitive root” we are assuming that we 
have an element p in the reduced residue system whose powers li-e. Pe vids , prtk)] generate all the 
elements in this system. Accordingly, any primitive root of k (i.e. any element that generates the entire 
system) must be among these p’ [i tn beer et (k)] because these p’ represent the entire system. Now, 
from point 4 in the preamble p? is a primitive root (modulo k) iff gcd [(k), b] =1,ie. (k) and b are 
coprime. The number of positive integers b [ < o(k)] which are coprime to ¢(k) is 6[¢(k)] and hence 


the number of primitive roots among these distinct elements [i.e. p!,p?,...,p%")] must be ¢[¢(k)]. 
Note: referring to Problems 2 and 3, we have: 
$[9(9)] = 9[6] =2 and $[9(5)] = 9[4] =2 


This should serve as a simple check that we did not make a gross mistake. 


. How many primitive roots the following numbers have: 


(a) 113. (b) 254. (c) 311. 
Solution: All these numbers have a primitive root (noting that 113 and 311 are primes while 254 is 2 
times a prime; see point 3 in the preamble) and hence we can use the proposition of Problem 5. 

(a) ¢[4(113)] = [112] = 48 and hence 113 has 48 primitive roots. 

(b) $[¢(254)] = 4[126] = 36 and hence 254 has 36 primitive roots. 

(c) $[¢(311)] = ¢[310] = 120 and hence 311 has 120 primitive roots. 


. Show that the product of two distinct primitive roots (modulo an odd prime) is not a primitive root 


(of that prime). 
Solution: Let r and p be two distinct primitive roots modulo p (where p is an odd prime). Now, from 
Problem 4 we have: 

re-)/2 24 and pe-Y/2 2-4 mre (rp)P-D/2 eal 


Hence, rp cannot be a primitive root of p because its order is less than p — 1. 


. Determine the number of primitive roots of all N3 k > 1. 


Solution: Referring to point 3 in the preamble (as well as Problem 5): 

e 2 has ¢[¢(2)] = ¢[1] = 1 primitive root (which is 1). 

e 4 has ¢[¢(4)] = ¢[2] = 1 primitive root (which is 3). 

e p* has ¢[¢(p")] = ¢[p* — p*!] primitive roots. 

e 2p% has | ¢(2p*)] = 6[¢(p")] = o|p* - pr | primitive roots (see part a of Problem 13 of § 10). 
e All other k have no primitive root. 


. Show that if r is a primitive root (modulo k) then its modular multiplicative inverse r* is also a primitive 


root (modulo k). 

Solution: According to Problem 9 of § 1.3, r and r* have the same order (modulo k) and hence if r is 
a primitive root then r* must also be a primitive root. 

Show that if r is a primitive root of k then —r is not necessarily a primitive root of k. 

Solution: For example, r = 2 is a primitive root of k = 9 while r = —2 is not a primitive root of k = 9. 
On the other hand, both r = 2 and r = —2 are primitive roots of k = 5. 

Show that if r is a primitive root of a prime p = 44 + 1 (k € N) then —r is also a primitive root of p. 
Solution: We have: 


(—r)P-} = peo} = pl?) By 


where the last step is from Euler’s theorem (noting that r is a primitive root of p and hence they 
are coprime). So, from Problem 3 of § 1.3 we have O,(—r)|(p — 1), ie. Op(—r) < (p— 1). Now, if 
O,(—r) < (p — 1) then we have two cases to consider: 
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12. 


13. 


14. 


e O,(—r) is even [say O,(—r) = 2a for some a € N] and hence: 
(—r)4 21 + pa Py 
which means that the order of r is less than (p — 1) in contradiction to the presumption that r is a 


primitive root. 
e O,(—r) is odd [say O,(—r) = 2a — 1 for some a € N] and hence: 

(=r)2e-1 Pp 1 ay p2(2a-1) Pp 1 
So, from Problem 1 of § 1.3 we have: 
O,r| [2(2a — 1)] > (p — 1)|[2(2a — 1)] > (4k)|[2(2a — 1)] > (2k)|(2a — 1) 
However, this is impossible because 2k is even while (2a — 1) is odd (noting that no odd number is 
divisible by an even number). 
So, it is not possible to have O,(—r) < (p — 1) and hence we must have O,(—r) = (p— 1), ie. —r is 
also a primitive root of p. 
Find all the primitive roots of the following moduli: 
(a) 22. (b) 49. (c) 17932. 
Solution: 
(a) 22 = 2x 11 and hence it should have primitive roots (see point 3 in the preamble). The number of 
these primitive roots is: ¢[111—11°] = ¢(10) = 4 (see Problem 8). Now, if we test the natural numbers 
> 1 which are coprime to 22 (ie. 3,5, 7,9, 13, 15,17, 19,21) we will find out that only 7,13,17,19 have 
order (mod 22) of ¢(22) = 10. Accordingly, 7,13, 17,19 are the primitive roots of 22. 
(b) 49 = 7? and hence it should have primitive roots (see point 3 in the preamble). The number of 
these primitive roots is: 4/7? — 71] = ¢(42) = 12 (see Problem 8). Now, if we test the natural numbers 
> 1 which are coprime to 49 we will find out that only 3,5, 10, 12, 17, 24, 26, 33, 38, 40, 45, 47 have order 
(mod 49) of ¢(49) = 42. Accordingly, 3,5, 10, 12,17, 24, 26,33, 38, 40,45,47 are the primitive roots of 
49. 
(c) 17932 = 2? x 4483 and hence it has no primitive root (see point 3 in the preamble). 
Find all integers n such that Ogin = 5. 
Solution: The smallest primitive root of modulo 31 is 3 and hence 0313 = $(31) = 30 (see point 1 in 
the preamble). We also note that since 3 is a primitive root then any integer (coprime to 31) can be 


expressed as 3% (mod 31) for some a € {1,2,...,30}. So, let n + 3% and hence we are looking for all 
values of a such that 03,3 = 5. Now, from Problem 4 of § 1.3 we have: 
0313 30 
O313% = 31 


gcd (O313,a) ged (30, a) 


So, to find all values of a such that O31:3* = 5 we need to find all values of a such that gcd (30, a) = 6. 
Now, gcd (30, a) = 6 (among the integers a € {1,2,...,30}) are 6,12,18,24. Accordingly, O3in = 5 for 
36, 312, 318 324 27 16.8 4,2. So, Osin =5 for all n = 2,4,8, 16. 

Show that if p is a prime > 5 then its primitive roots occur in incongruent pairs (r,r*) where r* is the 
modular multiplicative inverse of r (modulo p). 

Solution: Based on the given assumptions we have: 


en 2 +1 cannot be primitive roots of p (because their order is 1 and 2 while the order of a primitive 
root must be p— 1 which is > 4). Hence, any primitive root r must be in the range 1 < r < (p—1) 
(mod p). 


e From part (f) of Problem 2 of § 2.7.1 of V1, the multiplicative inverse of any 1 < r < (p—1) must be 


incongruent to r (i.e. 7 Z r*), 

e From part (h) of Problem 2 of § 2.7.1 of V1, each member of the set S = {1,2,...,(p—1)} must have 
a multiplicative inverse in S' (modulo p) noting that S contains an even number of elements. 

e From Problem 9, the multiplicative inverse r* of any primitive root r is also a primitive root. 
Accordingly, each primitive root (mod p) must have an incongruent multiplicative inverse which is also 
a primitive root, i.e. the primitive roots of p occur in incongruent pairs (r,r*). 
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Note: a simpler proof (though it may be less rigorous and illuminating) is to note that (where we use 
Fermat’s little theorem): 


ppl ky > pepp-l-a By (a=1,..., 75) 

Now, r@ and r?~!~¢ are obviously incongruent modular multiplicative inverses (within some of the above 
conditions). So, if r* is a primitive root then (by Problem 9) r?~!~¢ is also a primitive root. Similarly, 
if r?—1~¢ is a primitive root then r@ is also a primitive root. Hence, primitive roots occur in incongruent 
pairs. 

15. Let p be a prime > 5. Show that the product of all the primitive roots of p is congruent to 1 (mod p). 
Solution: According to Problem 14, the primitive roots of p occur in incongruent pairs (r,r*) where 
r* is the modular multiplicative inverse of r. Now, the product of each pair is congruent to 1 (mod p), 


ie. rr* £1. Hence, the product of all the primitive roots of p is congruent to 1 (mod p). 


1.5 The Index of Integer 


The index of an integer n (modulo k) relative to a primitive root r of k (where n and k are coprime) is 
the least positive integer m such that n £m. We symbolize this by writing: [,,-n =m. For example: 
e 3 is a primitive root (modulo 7) and 2 is the least positive integer such that 9 2 32, Hence, [7,39 = 2. 


e 2 is a primitive root (modulo 11) and 6 is the least positive integer such that 20 = 26, Hence, [1,220 = 6. 
It is important to note the following rules about the index of integer: 


1. Igor = 1. 
2. Ly pl = Oxr = o(k). 

3. Ip (ab) Iy,,(a@) + Ip,,(b) (where a and 6 are coprime to k). 
A Te {Py ae ay, 

5.dog(—)) = Ip (p— 1) = pot (where p is an odd prime). 


These rules (which are similar to the rules of logarithms) can be exploited to solve congruence equations as 
will be demonstrated in the following Problems. However, we should notice the limitation of this method 
for solving congruence equations since it depends on the existence of a primitive root to the modulo k. 


Problems 
1. Solve the following congruence equations using the rules of indices: 
(a) 8x9 2 17. (b) 6x25 © 29. (c) 9a4 # 32. 


Solution:!"?! 
(a) A primitive root of 53 is 2 and we have [noting that (53) = 52]: 


8x9 2317 + — 53,2 (8x°) —) Is3,2(17) > — I53,2(8) + 9153,2(a) = I5a,2(17) > 
3+ 9153,2(@) 2 10 =< 9153,2(2) 7 t —> I53,2(@) = 9* x 7 22 29 x 7 22 47 
So, [53,2(x) 22 AT lie. I53,2(z) ce 47] which means x 22 947 22 5. Hence, the solution of the given 


congruence equation is x 2 5. 
(b) A primitive root of 49 is 3 and we have [noting that $(49) = 42]: 


49 
6x25 #2 99 = tage (60) © tug9(22)) 4 tag 38) 4 Dblan ae) = hig g(Q2) 


27+ 25lu93(x)=24 4 25luga(x) 239 +  Iug3(x) 2 25* x 39 215 


o(49) 


So, I49,3(x) 215 lie. L49,3(x) 15] which means x #315 ® 41. Hence, the solution of the given 


bs fae et AO 
congruence equation is x = 41. 


[12] The IndexOfInt.cpp code (see Problem 1 of § 18.1) can be used to calculate the indices of integers [e.g. I53,2(17)] in this 
Problem. 
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(c) A primitive root of 17 is 3 and we have [noting that $(17) = 16]: 


gat 2 30 & Teper)" 2 hey. SS TesO)anesG)Ense: 4 
2+ 4T17,3(£) ae 6 — 4I17,3(@) x 4 - T7,3(£) kd 1 
So, Liz3(x) #2 1,5,9,13 fie. Liza() *2” 1,5,9,13] which means « “ 31,35,3°,313 #2 3,5, 14,12. 


Hence, the solutions of the given congruence equation are x a 3,5, 12,14. 


1.6 Quadratic Residue 


We say n € Z is a quadratic residue (modulo k) if n and k are coprime and the congruence equation 


a? = n has a solution. If this congruence has no solution then n is a quadratic non-residue (mod k). For 


example, 4 is a quadratic residue (mod 3) since x? 2 4 has a solution (e.g. x 3 1), while 2 is a quadratic 
non-residue (mod 3) because x? 2 2 has no solution. 

It is important to note that some authors impose the condition of coprimality (i.e. n and k should 
be coprime) while others do not. Also, some authors seem to restrict the definition of quadratic residue 
to prime moduli (i.e. k = p where p € P) and hence the purpose of the condition of coprimality is to 
exclude 0 (mod p) which makes the number of quadratic residues and quadratic non-residues equal (see 
Problem 2). Anyway, these details (related to these differences in conventions) should not be important 
as long as we are aware of them and as long as we take notice of them when reading to different authors 
(with strong emphasis on keeping consistency and sensibility). Accordingly, in this book we may follow 
one convention in one place and another convention in another place!!*! and hence the reader should be 
vigilant. However, we generally make the situation clear (either by explicit announcement or by obvious 
contextual indications). 


Problems 


1. Prove that 2? 2 n has either exactly two (distinct modular) solutions or none (where n € Z, p is an 
odd prime and n and p are coprime). 
Solution: We have three things to prove: 


2 


Pp . ah ia . 
e x” =ncan have no solution: this is obvious because we have many examples where x? 


- n has no 
solution, e.g. x? 22. 

e If z? 2 n has a solution then it has no more than two solutions: this is obvious from Lagrange’s 
polynomial roots theorem (see § 2.9.4 of V1). 

e If 2? 2 n has a solution then it has exactly two (distinct modular) solutions: let x? 2 n has a solution 
X and hence X?2 2 n. Therefore, we must also have (—X)? ? n, ie. —X is also a solution. So, all 


we need to complete the proof is to show that X Z —X. This should be obvious because otherwise 
X 2—X, ie. 2X 20 which means that p|X (since p is an odd prime and hence p/2). Now, if p|X then 
(from X? 2 n) we have n = 0, ie. p|n which contradicts the assumption that n and p are coprime. 

2. Prove that there are exactly (p — 1)/2 quadratic residues (mod p), and (p — 1)/2 quadratic non- 
residues (mod p) where p is an odd prime. Moreover, the (p — 1)/2 quadratic residues (mod p) are: 
12 Oa (et) 

Solution: We have: 
-12p-1 -22p-2 ie =P EG Be. 


Now, if we square both sides of these congruences we get: 


12 2 (»—1)? 2? 2 (p92)? at (A) 20-22) (3) 


[13] This is for convenience and because each convention has an advantage in certain situations and contexts. 
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Now, let us analyze this: 


e Eq. 3 means that each integer in the set {V, DF e hess (254)"} is a quadratic residue (mod p) because 


each of the congruences: 
2 P 12 22 92 oe 72 (2 +) 


has two (distinct modular) solutions, e.g. 2? 1? has the solutions x = 1, (p— 1) while x? = 2? has 
the solutions « = 2, (p — 2).!41 

e Eq. 3 shows that we have no more than (p—1)/2 quadratic residues [since 1? is congruent to (p—1)? 
and so on] where each one of these (p — 1)/2 quadratic residues corresponds to two distinct solutions 
from the integers {1,2,...,p— 1}. 

e If we remember that all the (modular) solutions of the congruence 2x? ? n must belong to the set 
{1,2,...,p—1} (noting that these are the only integers in mod p which are coprime to p) then we can 
conclude that the number of possible (modular) solutions is no more than p— 1. Now, we already found 
that all these numbers (i.e. 1,2,...,p— 1) are solutions grouped in (p — 1)/2 pairs where the solutions 
in each pair are distinct, ie. (1,p — 1), (2,p—2),..., (2p - po), So, if we prove that two distinct 
integers (say n; and nz) of the set {1,2,...,(p—1)/2} must satisfy n7 ws n3 then we actually proved that 


2 


the congruence x? = n has exactly (p — 1)/2 quadratic residues representing (p — 1) distinct solutions 


2 
li-e. the solutions that correspond to 1?,2?,..., (2+) | and hence it cannot have more solutions. 


e So in brief, since all these (p — 1) distinct solutions correspond to these distinct (p — 1)/2 quadratic 


residues [i.e. 17,2?,..., colar then we conclude that the (modular) integers 17, 2?,..., i). are 
the quadratic residues (mod p) and all the remaining (p — 1)/2 (modular) integers are the quadratic 
non-residues (mod p) since none of the remaining (modular) integers can be a quadratic residue since 
all the possible (p — 1) solutions are already taken by the (p— 1)/2 quadratic residues [noting that the 
remaining (modular) integers cannot have solutions among these (p — 1) solutions which are already 
taken]. 


So to complete the proof we just need to show that when n,; and nz of the set {1,2,...,(p—1)/2} are 


P 
distinct then n? 4 n3. Now, let assume (for the sake of argument) that n? 2 n3 and hence: 


n2—n2 20 > (ny — n2)(n1 + n2) = 0 > P\[(ma —ng)(n1 + n2)] 


Now, p{(ni+nz) because 1 < (n1+n2) < p [noting that nj and nz belong to the set {1,2,...,(p—1)/2}]. 
Also, p} (m1 — nz) because 0 < |ny — nol < p (noting that n; and nz are supposedly distinct). This 
nonsensical result should lead to the conclusion that if n4 Z nz then n? Z nz (and this should complete 
the proof). 

3. Find all the quadratic residues and quadratic non-residues of the following (modular) prime numbers: 
(a) 7. (b) 11. (c) 17. 
Solution: We refer the reader to Problem 2 for justification and explanation to the given solutions 
(noting the consistency of these solutions with the proposition of Problem 2).!1°! 
(a) The quadratic residues of 7 are (noting that what is between parentheses are the solutions corre- 
sponding to the given quadratic residue): 


12 £1 (2 £1,6) 2? 


The quadratic non-residues of 7 are: 3,5, 6. 
(b) The quadratic residues of 11 are: 


P2i(¢#1,10) 224(242,9) 3 29(@23,8) 425(x24,7) 5223 (c ¥5,6) 


pa & 


4 (x £ 2,5) 3? 


114] We note that we use 1?,2? to represent the integers which are congruent to 1,4 (mod p), ie. 1+kp and 4+kp. This 
laxity is for the sake of simplicity and to avoid some complications in the presentation. 

[15] In fact, the examples given in the present Problem (and the given solutions) should also clarify the proposition of Problem 
2 and remove any ambiguity or confusion about the proof given in Problem 2. We advise the reader to inspect the pattern 
in these solutions and take note of it as this should improve the understanding of Problem 2. 
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> 


Or 


aD 


oo 


. Show that if n is a quadratic residue (modulo k > 2) then n “2 


The quadratic non-residues of 11 are: 2,6, 7,8, 10. 
(c) The quadratic residues of 17 are: 


#1 («= 1,16) 2? 24 (x 22,15) eu 


9 (x = 3,14) 4? 216 (x = 4,13) 
52 28 (2 25,12) 62 29 (2 26,11) 72 215 (« #7, 10) 8? 213 (2 28,9) 
The quadratic non-residues of 17 are: 3,5,6, 7,10, 11,12, 14. 

Find all the quadratic residues and quadratic non-residues of the following (modular) composite num- 
bers (ignoring the condition of coprimality which we stated and discussed in the preamble): 

(a) 6. (b) 9. (c) 12. 

Solution: 

(a) The quadratic residues of 6 are: 0 (corresponding to x 2 0), 1 (a £1, 5), 3 (a s 3), 4 (a £2, 4). 
The quadratic non-residues of 6 are: 2,5. 

(b) The quadratic residues of 9 are: 0 (x 2 0,3,6), 1 (a 2 1,8), 4 (a 22, 7), 7 (a 24, 5). 

The quadratic non-residues of 9 are: 2,3,5,6,8. 

(c) The quadratic residues of 12 are: 0 (x = 0,6), 1 (x = 1,5,7,11), 4 (a = 2,4,8, 10), 9 (x 23,9). 
The quadratic non-residues of 12 are: 2,3,5,6,7,8, 10,11. 

“2 1 he 


Solution: “n is a quadratic residue (modulo k)” means we have x € Z such that x? « n with n and k 
being coprime (and hence x and k are coprime). So, from Euler’s theorem we have: 


rth) us 1 => (22) P| as 1 > co ze 1 


. Show that a primitive root (modulo & > 2) cannot be a quadratic residue (modulo k). 


Solution: This can be concluded from the proposition of Problem 5 because the order of a quadratic 


residue n (modulo k) is less than $(k) since nor X 1, while the order of a primitive root (modulo k) 
is 6(k) (see point 1 in the preamble of § 1.4). 


We may also argue that if r is a primitive root (modulo &) then r * +1. On the other hand, any 


quadratic residue n must be an even power of r fie. n % 72s — (rs)? where s € N] so that the 


congruence «2? = n can have a solution. Hence, a primitive root cannot be a quadratic residue. 


Yes, there is one exception which is 1 (modulo 2) since 1 is a primitive root (mod 2) and 1 is a quadratic 
residue (mod 2), and hence we imposed k > 2. Also see Problem 6 of § 1.9. 

Let r be a primitive root of an odd prime p. Show that the quadratic residues (mod p) are the even 
powers of r while the quadratic non-residues (mod p) are the odd powers of r. 

Solution: Any x € {1,2,....p — 1} should be equal (mod p) to r* for some s € N. Now, if nis a 
quadratic residue (mod p) then from Problem 2 we must have n = x? = (r°)? = r?S, i.e. n is an even 
power of r. So, the quadratic non-residues must be the (remaining) odd powers of r (also see Problem 
6). 


. Show that if r is a primitive root of an odd prime p then: 


[[er B ,(*-1)/4 and II QnR2 p(p-1)"/4 


where |] QR is the product of all quadratic residues (mod p) and [[ QnR is the product of all quadratic 
non-residues (mod p). 

Solution: The quadratic residues are the even powers of r while the quadratic non-residues are the 
odd powers of r (see Problem 7). Hence: 


[[ er Bop gt cee pPOD? = Prk eee = pe’-1/4 


¢A2) 
26] Tt is worth noting that the converse of this statement is not true in general. For instance, 57 2” = 54/2 = 52 21 but 5 


is not a quadratic residue (modulo 12). 


1.7 The Quadratic Congruence Theorem 23 


where we used the arithmetic series formula in step 3 (see Eq. 15 in V1). 
Similarly: 
[[ ener Ppl yr x ee x PF = poe? (2k-1) = p(p-)?/4 


where we used the formula )>;_, (2k — 1) = n? in step 3. 


1.7 The Quadratic Congruence Theorem 


According to this theorem (noting that n € N, p € P and n < p): 

e If n is a quadratic residue (mod p) then p divides (p — 1)! + n'?~)/?, 

e If n is a quadratic non-residue (mod p) then p divides (p — 1)! — n@-)/?, 

Problems 

1. Prove the quadratic congruence theorem. 
Solution: For p = 2 the theorem is obviously true, i.e. 1 is a quadratic residue (mod 2) and 2 divides 
(2—1)!41@-)/? = 2. So, in the following we assume p > 2. Considering the above two cases we have: 
e Because n is a quadratic residue (mod p) then we have: 


pe eae a (a2) ?-9? Py (p-1)/2 aa nP-1/2 2 yp-1 = 


nP-1)/2 By > n(e-1)/2 2 _(p»— 1)! > (p—1)!+n@-D/2 29 

where we used Fermat’s little theorem in step 3 (noting that x and p must be coprime since n and p 
are coprime), and we used Wilson’s theorem in step 4. 

e Regarding the case when n is a quadratic non-residue (mod p), we start by examining the following 
linear congruence: 


ax =n (4) 
which by the LCE theorem (see § 3.2.1 of V1) must have a single modular solution!” where this 
solution belongs to the set {1,2,...,p—1}. Now, if cis a solution then we have ac = n and hence if the 


Pp 
congruence x? = n has no solution (ie. m is a quadratic non-residue mod p) then a 4 c. Noting that 


a and c belong to the set {1,2,...,p — 1},!48 this set can be partitioned into (p — 1)/2 pairs (a;,c;) 


P 
[i = 1,2,...,(p—1)/2 and a; cj] where Eq. 4 applies to each one of these pairs. Now, if we multiply 
these (p — 1)/2 congruences side by side (see rule 10 in the preamble of § 2.7 of V1) then we get: 


(p— 1)! 2 n?-Y/P > (p—1)!-—n®-VP2Z9 


i.e. p divides (p — 1)! —n&-Y/?, 


1.8 Legendre’s Symbol 
Let n be an integer and p is an odd prime and n and p are coprime. The Legendre symbol is defined as: 


(2) _ fe (n is a quadratic residue mod p) 5) 


pp A (n is a quadratic non-residue mod p) 


Legendre’s symbol is defined to be zero if p|n. For example: 


a= Qs Gs 


It is important to note the following about Legendre’s symbol: 


[171 In brief, n > 0 and hence a and p must be coprime, i.e. their gcd is 1 (which divides n) and hence the congruence has a 
solution. Now, since the gcd of a and p is 1 then we must have a single solution (see Eq. 58 of V1 and the surrounding 
text). 

[18] Tt should be obvious that we are talking in modular arithmetic. 
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; (2) = (2) where m,n € Z and p is an odd prime with n and p being coprime and m Fn. 


(=) = (-1)@-D/2 (6) 


1 
2. If p is an odd prime then: 
Pp 


3. If p is an odd prime then: 


2\_ aye-ne ft! @=+1) 
Ga ? ra (p= ) 


4, Legendre’s symbol is a totally multiplicative function,!!9! that is: 


2)-@)( . 
2)-(3) ° 


6. The separation of the zero case in the above definition of Legendre’s symbol means that when we talk 
about Legendre’s symbol then we assume (by default) that n and p are coprime, and hence the zero 
case is considered or included only if it is mentioned or indicated explicitly. 


where p is an odd prime. 
5. If p is an odd prime then: 


Problems 


1. Prove property 1 above. 
Solution: Since n and p are coprime then m and p must also be coprime (because otherwise m 20 


which contradicts m 2 n noting that n wi 0 since n and p are coprime). Moreover, since m ? n then m 
and n must be both quadratic residues (mod p) or both quadratic non-residues (mod p) which means 
that () = (2), 
P P 
2. Prove property 5 above. 
Solution: This is an instance of property 4 (which will be proved in Problem 4 of § 1.9) with m =n. 
3. Let p be an odd prime and m,n € Z such that p/m and p/n. Show that the number of quadratic 
residues (mod p) among m,n, mn is either exactly one or three (i.e. it cannot be zero or two). 
Solution: Since p/m and p/n then p/(mn), ie. mn and p are coprime. Hence, from Eq. 8 (noting 
that Legendre’s symbol is either +1 or —1) we get: 


(=) (2) (3) =3 

Pp p)\p 
This means that if we have any —1 on the LHS of this equation (i.e. if any of m,n, mn is a quadratic 
non-residue) then we should have either two —1 or zero —1 (i.e. we should have either exactly one or 
three quadratic residues among m,n,mn). 

4. Show that for any prime p > 7 we must have at least one pair of consecutive quadratic residues. 

Solution: If p = 7 then we have 1 and 2 (which are consecutive quadratic residues of 7). So, in the 
following we consider the cases of p > 7. 
Let S = {1,2,...,p—1} be the set of residue classes of p (excluding 0), i.e. S represents the union of 
all quadratic residues and quadratic non-residues of p (see Problem 2 of § 1.6). Now, for p > 7 we have 
2,5,10 € S. So, from Problem 3 we conclude that at least one of 2,5,10 must be a quadratic residue 
of p. However, 1, 4,9 (i.e. 17, 27,37) are quadratic residues of p (see Problem 2 of § 1.6). Now, if we 
note that 2=1+1,5=4+41 and 10 =9+1 then we conclude that we must have at least one pair of 
consecutive quadratic residues (i.e. in 5). 


19] Totally (or completely) multiplicative function is defined as an arithmetic function (see § 1.1 of V1) such that f(1) = 1 
and f(mn) = f(m)f(n) for all m,n EN. 
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5. Show that for any prime p > 7 we must have at least one pair of consecutive quadratic non-residues. 
Solution: If p = 7 then we have 5 and 6 (which are consecutive quadratic non-residues of 7). So, in 
the following we consider the cases of p > 7. 

We note first that 1,4,9 (ie. 17, 27,37) are quadratic residues of p (see Problem 2 of § 1.6). Now, if 
we have a pair of consecutive quadratic non-residues among 1, 2,3,4,5,6,7,8,9 then we got what we 
want. If not then we must have an alternation in quadratic residues and quadratic non-residues in such a 
way that prevents the occurrence of consecutive quadratic non-residues among 1, 2,3, 4,5, 6,7,8,9. This 
means that at least one of 2,3 must be a quadratic residue and at least two of 5,6, 7,8 must be quadratic 
residues. So, in total we must have at least six quadratic residues among 1, 2, 3, 4,5,6,7,8,9. Now, if we 
remember that quadratic residues and quadratic non-residues are equal in number (see Problem 2 of § 
1.6) then we will not have enough quadratic residues after 9 to have a similar alternation that prevents 
the occurrence of consecutive quadratic non-residues after 9, i.e. we must have at least one pair of 
consecutive quadratic non-residues after 9. So in brief, we must have a pair of consecutive quadratic 
non-residues among 1, 2,3, 4,5,6,7,8,9 or after 9. 

Note: the obvious conclusion of this Problem and the previous Problem is that for p > 7 we must 
always have pairs of consecutive quadratic residues and consecutive quadratic non-residues. 


6. Determine the value of the following Legendre symbols: ( $383) and (Ht). 
Solution: The congruence x? 7883 6863 has no solution (i.e. 6863 is a quadratic non-residue mod 7883) 
6863) _ 
and hence ( $883) =o, 
The congruence x? °S2! 1137 is solvable (i.e. 1137 is a quadratic residue mod 5821) and hence (#37) =1. 


7. Determine the value of the Legendre symbol: (4) for all n € Z. 
Solution: Referring to part (b) of Problem 3 of § 1.6: 
° (i) = 41 for n = 1,3,4,5,9. 
e (2) =-1 for n = 2,6, 7,8, 10. 
e (+) =0 forn=0. 
8. Evaluate the following Legendre symbols: 
(a) (49): (b) (2). (c) (=r): (4) (Sor): 
Solution: In this Problem we use the rules of Legendre’s symbol (as well as the general rules such as 
those of modular arithmetic and quadratic residues)./?°| 
(a) We have: 


(B)-(8) oat 


| 
(2)(3)(3) wes 
| (@)--4 


19 
=-1 (2 £17, 2?,...,9%; see Problem 2 of § 1.6) 


19 
A simpler approach is to note that 122 2 8 4 1?,2?,...,9? and hence we need no more than two steps. 
(b) We have: 


225 Bae aig 
41) \ 41 
[20] We note that in some of the following solutions we do extra work for pedagogical purposes (otherwise some solutions 


can be obtained in less steps). We also note that there are various ways for obtaining these results and hence what we 
present in the following solutions is just a sample of these various ways. 
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G)(E) ws 
(YG) ws 


I 


Sheba [(+1)? = 1 noting that 3 and 5 are coprime to 41] 
A simpler approach is to use Eq. 9 from the beginning (noting that 225 = 15? and 15 and 41 are 
coprime). 
(c) 61|(—183) and hence this Legendre symbol is zero. 
(d) We have: 


(a) 7 (Gn) (—20 = 81) 
( 

~ (3) (Eq. 9) 
1 


[(+1)” = 1 noting that 9 and 101 are coprime] 


Ne} 


. Use property 2 (in the preamble) to determine the Legendre symbol (=) for all odd primes according 


to their modularity in modulo 4. 
Solution: Every odd prime must be either of the form (4k + 1) or of the form (4k — 1) where k E N 
(see Problem 16 of § 2.2 of V1). Now, if p= 4k+1 then from property 2 we have: 


-1 
On the other hand, if p = 4k — 1 then from property 2 we have: 
-1 


So in brief, the Legendre symbol (}) is +1 for all p = 4k +1 and —1 for all p = 4k — 1. 
10. Show that for all n € Z such that p/n (with p being an odd prime) we have (=) =1. 


Solution: We have (see Eq. 9): 
—le{ =) =(tbFat 
( Pp Pp (£1) 


11. Let n be a quadratic residue of p (which is an odd prime). Show that —n is a quadratic residue if 
p= 4k +1, while —n is a quadratic non-residue if p = 4k — 1. 


Solution: (2) = +1 because n is a quadratic residue of p. From Eq. 8 (as well as the result of 


Problem 9) we have: 


(=) =(S) (2)=(S)an=(S) +1 (p = 4k + 1) 
P p)\p i a p -1 (p=4k-1) 

i.e. —n is a quadratic residue if p = 44 + 1, and —n is a quadratic non-residue if p = 4k — 1. 
12. Show the following: 


OE) O)-G)G) O@)-GG) @)-(). 
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Solution: All these relations are proved in Problem 9 of § 1.11 for Jacobi symbol and hence they should 
apply to Legendre symbol as well (noting that Legendre symbol is a special case of Jacobi symbol; see 
point 9 of § 1.11). We should also note that some of these relations are trivial to prove since they 
are no more than a special case of relations which are proved for Legendre symbol independently, e.g. 


(*) = (2) (2) is a special case of the relation (2) = (“) (2) which we proved in Problem 4 


Pp 
of § 1.9.24] 
13. Show that mn is a quadratic residue of p (where p is an odd prime) iff m and n are either both quadratic 
residues of p or both quadratic non-residues of p. 
Solution: We note first that mn is coprime to p iff m and n are both coprime to p. From property 4 


™ (22) = (2) (2) 


So, (=) = 1 iff either (2) =1 and (2) =lor (2) = —l and (2) = —l, ie. mn is a quadratic 
residue of p iff m and n are either both quadratic residues of p or both quadratic non-residues of p. 
14. Show that n and n* are either both quadratic residues of p or both quadratic non-residues of p (where 


n* is the multiplicative inverse of n and p is an odd prime). 


Solution: We have nn* = 1. Now, 1 is a quadratic residue of p (see Problem 2 of § 1.6) and hence 
by the proposition of Problem 13, n and n* are either both quadratic residues of p or both quadratic 
non-residues of p. 

15. State Gauss lemma and use it to calculate the following Legendre symbols: 
(a) (77). (b) (57)- 
Solution: Gauss lemma states: if m is an integer coprime to the odd prime p, and n is the number of 


least positive residues (modulo p) of the integers m,2m,..., (elm which are greater than p/2, then: 


(a) Let S be the set m,2m,..., @i)m and LPR be the set of the least positive residues of S. Accord- 
ingly, we have: 
S = {13, 26, 39, 52, 65, 78, 91, 104} LPR = {13,9,5,1, 14, 10,6, 2} 
So, 13,9, 14, 10 are greater than 17/2 and hence n = 4. Therefore, (73) = (—1)* = 1. 
(b) We have: 
S 2 LPR = {21, 11,1, 22, 12, 2, 23, 13, 3, 24, 14, 4, 25, 15, 5} 


So, 21, 22, 23, 24, 25 are greater than 31/2 and hence n = 5. Therefore, (3+) = (—1)° = —1. 


1.9 Euler’s Criterion 


Euler’s criterion was introduced in § 3.2.3 of V1 of this book. According to this criterion, the quadratic 
congruence equation 2? 2 n has a solution iff n\-))/? 2 1 (where n € Z, p is an odd prime and p/n). 
This can be expressed (with some additional content) in terms of Legendre’s symbol (see § 1.8) as: 


(=) 2 pe-V/? (n € Z, pis an odd prime, p/n) (10) 
Pp 


We note that since ¢(p) = p— 1, some authors replace (p — 1) by ¢(p). 


Problems 


[21] In fact, the relation of part (a) is self evident because (2) = +1. 
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Re 


i) 


. Prove Eq. 10. 


Solution: By the definition of Legendre’s symbol (noting that p/n) we have (2) = +1. So, we have 


two cases to consider (where we will show that in both cases Eq. 10 is valid): 


e (2) = +1: in this case n is a quadratic residue (mod p) and hence we have: 


(p—1)!4+n@-V?2 29 (quadratic congruence theorem; see § 1.7) 
—(p—-1)!2 mn P-1)/2 
41 2 n?-D/2 (Wilson’s theorem) 
(=) 2 yle-1)/2 (given) 
Pp 


We may also argue that in this case n is a quadratic residue (mod p) and hence we have x € Z such that: 
x é n aac Gs ee 2 n(p-1)/2 = n(P-1)/2 2 gP-l 
2 


Now, x2 2 n (noting that p/n) implies p/x? and hence pJx (i.e. p and x are coprime). Therefore, 


from Fermat’s little theorem we have z?~! 2 1, i.e. n@-)/2? 21 = (2) as required. 


e (2) = —1: in this case n is a quadratic non-residue (mod p) and hence we have: 


(p—1)!-—n®-VP 29 (quadratic congruence theorem; see § 1.7) 
(p—1)!2 m(P-1)/2 


1270-02 (Wilson’s theorem) 
(=) 2 yle-1)/2 (given) 


As we see, in both cases Eq. 10 is valid (and this completes the proof). 


. Prove property 2 of § 1.8. 


Solution: According to Euler’s criterion we have: 


Gece al) ceo 


Now, (}) and (—1)'?~))/? can be only +1 or —1 (and hence the dividend can only be 0 or 2 or —2). 
Moreover, p is an odd prime. Hence, this divisibility statement is valid only if the dividend is 0, i.e. 


(+) = (—1)@-0)/2, 


. Prove property 3 of § 1.8. 


Solution: We have: 
p-14£1(-1)! 229(-1) en! ‘ie ee a ve AZ B(-1)e-v/?? 


where A = p not = 2p pil = ett ifp4 = —land A= ?> s ifp4+ = 1. Now, if we multiply these (p—1)/2 
congruences side by side (Gee fle. 10 in the preamble of § 2.7 of V1) then we get: 


(p—1)x2x (p—3) x 4x...x AZ (2) neers (11) 


Now, the LHS is equal to 2x 4x... x (p—1).?1 Moreover, from the arithmetic series formula we have 


[22] This is just rearrangement of the terms in this product, that is: 


1 1 1 
(p—1) x 2x (p—3) x 4x... PEO = ax4x...x PES xx (p38) x (P=) ja= 2" 
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(p-1)/2 ; — (p? — 1)/8. Hence, Eq. 11 becomes: 
viei Pp » 
—-1 
2x4x...x(p-1)2 (25 ): (-1)@*-D/8 (12) 
Now, if we note that: 
vest P= 1) 1 o(p-1)/2 
2x4x...x (p—1) = 2(1) x 2(2) x... x 2 5 = 5 | QP 


then Eq. 12 will become: 


-1 -1 
(2 ; eee 2 (5 Jeno 


Noting that (2)! and p are coprime (see for instance rule 4 of § 6.11 of V1) we can cancel the factorial 
in the last equation (see rule 7 of § 2.7 of V1) and get: 


g(p-1)/2 B (_4)(@*-1)/8 (13) 


Now, according to Euler’s criterion we have (see Eq. 10): 


(=) P o(p-1)/2 
Pp 
and hence Eq. 13 becomes: 


Jerome 


Now, (2) and (—1)°-1)/8 can be only +1 or —1 (and hence the dividend can only be 0 or 2 or —2). 


Moreover, p is an odd prime. Hence, this divisibility statement is valid only if the dividend is 0, i.e. 


(=) = (-1)@*-1/8 


Now, an odd prime can only be of the following forms: p = 8k+1 and p = 8k +3 where k € N (because 
otherwise it will be even). So, if p = 8k+1 then (p?—1)/8 = 8k? +2k (which is even), while if p = 8k+3 
then (p? — 1)/8 = 8k? + 6k + 1 (which is odd). Hence: 


P -1 (p 
. Prove property 4 of § 1.8. 


Solution: mn and p are coprime and hence m and p are coprime and n and p are coprime (because 
mn has no prime factor p and hence m and n cannot have a prime factor p). Accordingly: 


(=) 2 mn] ?-0? (Eq. 10) 

p 

(=) 2 me-V/?P pe-D/p (rules of indices) 
Pp 


—1 =I —1 
(p- 1) x 2x (p—3) x 4x... x PE = 2x4x...x PE x... X (p— 3) x (p— 1) jae | 
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Geol a 


Now, if we note that each of mn) (2) and (2) is equal either to +1 or to —1 (noting that mn,m,n 


P P 
are coprime to p) then we have the following 8 (comprehensive) cases: 
+14 (+1)(+1) +1 = (+1)(-1) +1 = (-1)(+1) +1 = (-1)(-1) 


—14 (+1)(+1) -14 (41)(-1) —12 (-1)(+1) -14 (-1)(-1) 


As we see, the 24, 3"¢, 5", 8°" cases are impossible (noting that p is an odd prime and hence p/2). So, 
the only possible cases are the other four and this should establish Eq. 8 and complete the proof. 

. Repeat Problem 7 of § 1.8 using this time Euler’s criterion (i.e. Eq. 10). 
Solution: p = 11 and (p—1)/2 =5 and we have: 


BHi 82-1 3841 421 5841 64-1 PH-1 8 H-1 9841 108-1 


OU 


Hence, (2) = +1 for n = 1,3,4,5,9 and (#) = —1 for n = 2,6,7,8,10. Also, 0° = 0 and hence 


(4) =0 for n= 0. These results are identical to the results of Problem 7 of § 1.8. 


. Use Euler’s criterion to show that a quadratic residue of an odd prime p cannot be a primitive root of 
D. 
Solution: If n is a quadratic reside then by Euler’s criterion we have n'~))/? 2 1, i.e. n()/? 2 1, 
This means that Opn < ¢(p) and hence n cannot be a primitive root (see point 1 of § 1.4). Also see 
Problem 6 of § 1.6. 
Note: it is important to note that this proposition means that an integer cannot be a quadratic residue 
and a primitive root (of an odd prime) at the same time. This does not mean that a non-quadratic 
residue must be a primitive root. For instance, 6 is a quadratic non-residue (mod 7) and it is not a 
primitive root (mod 7). So in brief, a quadratic residue cannot be a primitive root (and similarly a 
primitive root cannot be a quadratic residue), but a quadratic non-residue can be a primitive root (such 
as 3 in mod 7) and can be not a primitive root (such as 6 in mod 7). Also see Problem 7. 

7. Show that if p is an odd prime then there are pS — ¢(p—1) quadratic non-residues (mod p) which are 

not primitive roots (mod p). 

Solution: According to Problem 6, a quadratic residue cannot be a primitive root. So, primitive roots 


aD 


must be among the pot quadratic non-residues (see Problem 2 of § 1.6). Also, according to Problem 
8 of § 1.4 the number of primitive roots of p is | ¢(p)| = ¢(p—1). Hence, the number of quadratic 
non-residues which are not primitive roots is pt — o(p—1). 


1.10 Quadratic Reciprocity 


According to the law of quadratic reciprocity, if p and q are distinct odd primes then: 


(2) (2) = (-1)@-D@-0)/4 (14) 


where (4) (2) are Legendre’s symbols. To make use of this law we usually use some subsidiary results 
(or methods or tricks or etc.) some of which will be outlined in the following Problems. 
Problems 


1. Use the law of quadratic reciprocity to determine whether or not the following are quadratic residues: 


(a) 7 (mod 29). (b) 11 (mod 23). 
Solution: 
(a) We have 29 = 1 and 1 is a quadratic residue of 7 (see Problem 2 of § 1.6) and hence 29 is a quadratic 


residue (mod 7), i.e. (2) = 1. Moreover, from the law of quadratic reciprocity we have: 


(=) (>) = (21) -DO-/4 = (1)? 21 
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which implies (5) = 1 since (2) = 1. Therefore, 7 is a quadratic residue (mod 29). 
(b) We have 23 “1 and 1 is a quadratic residue of 11 (see Problem 2 of § 1.6) and hence 23 is a 


quadratic residue (mod 11), i.e. (33) = 1. Moreover, from the law of quadratic reciprocity we have: 


@ (=) = (=1)1-D@3-D/4 = (155 = 4 


which implies (33) = —1 since (3) = 1. Therefore, 11 is a quadratic non-residue (mod 23). 


. Let p and q be odd primes. Use the law of quadratic reciprocity to correlate the solvability of the 


i) 


congruence x? ? q¢ to the solvability of the congruence x? 2p according to the modularity of p and q 
in modulo 4. 

Solution: Every odd prime must be either of the form (4k + 1) or of the form (44 — 1) where k € N 
(see Problem 16 of § 2.2 of V1). Now, if p= 4k +1 and gq = 4K +1 then we have 4 cases: 

ep =4k +1 and gq = 4« +4 1 and hence (by the law of quadratic reciprocity): 


(2) (2) = (—1)@-YG-V/4 = (1) 44+) t1-1)/4 — (yy 4he = 


q Pp 


ep=4k+1 and gq = 4k — 1 and hence: 


(4) (2) = (peeve = (pester fon = (ahaieae =7 
qd p 


ep=4k—1 and q= 4K +1 and hence: 


(2) (2) = (1) @-DQ-Y/4 = (AR t1-1)/4 (1428 8 
q Pp 


e p= 4k —1 and q = 4k — 1 and hence: 


(2) (4) = (—1)P-DG-V/4 = (_y)4R-1-V)4e-1-1)/4 (yah 2k-2eHT 


As we see, (2) (4) = 1 when p = 4k +1 or/and g = 4k +1 while (2) (:) = —1 when both p = 4k—-1 


and q = 4k — 1. This means: 


* When p = 4k + 1 or/and q = 4s + 1 then either both the aforementioned congruences (i.e. 2? = 


q 
and a? = p) are solvable or both are non-solvable. 


x When p = 4k—1 and q = 4k—1 then one of these congruences is solvable and the other is non-solvable. 
Note: for instance, knowing that x? °2" 5701 is solvable and 5701 1 we can immediately conclude 


that x? °2' 6521 is also solvable. Similarly, knowing that x? °22" 5701 is non-solvable and 5701 + 1 we 
can immediately conclude that x? °101 6367 is also non-solvable. 
On the other hand, knowing that x? 6049 5711 is non-solvable and 5711 + 6043 4 —1 we can immediately 


conclude that x? °2' 6043 is solvable. 


1.11 Jacobi’s Symbol 


This is a generalization of Legendre’s symbol (see § 1.8) and is defined as follows: 


n +1 (N =1) 
3) {nt (2)" vapPee...rt) 05) 


i=1 \ pi 


where N is an odd positive integer, n is an integer coprime to N, and the (2) ’s are Legendre’s symbols. 


4 


It is important to note the following: 
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1. The Jacobi symbol takes only the values +1 and —1 (since the Legendre symbol takes only these values; 
see Eq. 15). 

2. Following the style of Legendre’s symbol, we define Jacobi’s symbol to be zero when n and N are not 
coprime (also see point 6 in the preamble of § 1.8). 

3. If mn € Z is coprime to N (or each of m,n € Z is coprime to N) then:!?%) 


(2) = (=) (=) (N is odd positive integer) (16) 


4. If MN is coprime to n € Z (or each of M, N is coprime to n € Z) then: 


(sw) = (—) (=) (M, N are odd positive integers) (17) 


5. If m,n € Z are coprime to N and m x in then: 
(=) = (+) (N is odd positive integer) (18) 


6. If M,N are odd coprime positive integers then: 


This means that the law of quadratic reciprocity (or rather an analogue or generalization of it) applies 
to Jacobi’s symbols as to Legendre’s symbols (see § 1.10). 

7. The significance of Jacobi’s symbol is that: 
e If m is a quadratic residue (mod N) then (2) = 1. However, the converse is not true in general, i.e. 
if (2) = 1 then it is not necessary that m is a quadratic residue (mod N). For example, (33) = land 
10 is a quadratic residue (mod 237), while (+4) = 1 and 14 is not a quadratic residue (mod 237). 
e If (2) = —1 then m is a quadratic non-residue (mod N). In fact, this point is essentially the 
contraposition of the previous point (noting that Jacobi’s symbol is either +1 or —1 if we exclude the 
case of m and N not being coprime). 

8. Point 7 highlights an important difference between Legendre’s symbol and Jacobi’s symbol, i.e. for 


Legendre’s symbol (2) = +1 iff n is a quadratic residue, while for Jacobi’s symbol (2) =+lifnisa 
quadratic residue. Practically, this means that if we know that n is a quadratic residue (non-residue) 
then we can conclude that (2 = +1 (—1) and vice verse. On the other hand, if we know that n is a 


quadratic residue then we can conclude that (4) = +1 and if we know that (+) = —1 then we can 
conclude that n is a quadratic non-residue [but if we know that (+) = +1 then we cannot conclude 
that n is a quadratic residue and if we know that n is a quadratic non-residue then we cannot conclude 
that (4) = —1]. 

9. Jacobi’s symbol reduces to Legendre’s symbol when N is an odd prime. Accordingly, Legendre’s symbol 
is a special case of Jacobi’s symbol and hence the attributes (represented in algebraic relations) of 
Jacobi’s symbol should generally apply to Legendre’s symbol (as long as we observe the restriction 
imposed on the relation between the value of these symbols and quadratic residue which we discussed 
in points 7 and 8). Therefore, the proofs related to Jacobi’s symbol are also proofs to Legendre’s symbol 
(as long as quadratic residues are not involved and the proofs are not dependent on corresponding proofs 
related to Legendre’s symbol). 


Problems 


1. Calculate the following Jacobi symbols: 
4 
(a) (gi37)- (b) (sa537)- (c) (qqasorosiao7) (d) (gi): 


[23] This (as well as some of the next points) applies even without the condition of coprimality (but we ignore this trivial 
case). 
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iw) 


ew 


> 


Solution: 
(a) 6137 = 17' x 19? and hence: 


(sisr) 7 (#) (3) = (+1)(-1)? = +1 


(b) 98237 = 193! x 509! and hence: 


aa 7 (3) @) Sy Sa 


(c) 414507281407 is prime and hence this is a Legendre symbol. Thus ( 


(d) 49 and 343 are not coprime and hence (43) =0 


66 ) aa 
414507281407) ~~ . 


. Calculate the following Jacobi symbol: (segtss) 


166182225 
Solution: We can calculate this in a straightforward (and rather lengthy) way (as we did in Problem 1) 


by using Eq. 15. However, we can exploit the properties and algebraic relations of Jacobi and Legendre 
symbols (which we investigated earlier) to make some (rather essential) simplifications, that is: 


13 _ (166182225) (1) _ |, 
166182225 ) 13 mG cy 


where in step 1 we used Eq. 19 [noting that (13 — 1)(166182225 — 1)/4 = 498546672 which is even and 
hence (—1)(“-)(V—-)/4 — 1], and used property 1 of § 1.8 in step 2 (noting that 166182225 = 1). 


. Justify point 3 in the preamble of this section. 


Solution: We note first that the coprimality of mn to N and the coprimality of each of m,n to N are 
a 


equivalent. Now, if N = p{'p5?...p;*" then we have (see Eq. 15): 


(x) Gy) 
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where we used property 4 of § 1.8 in line 4, and used Eq. 15 in line 5. 
Justify point 4 in the preamble of this section. 
Solution: We note first that the coprimality of MN to n and the coprimality of each of M, N to n are 


ak by be 


equivalent. Now, if M = p{‘p5?...p,* and N = qr qt? ...ge? then MN = pi'p3? ...pe*qi'q5? -..@2 


and hence (see Eq. 15): 

cis) ~ (3) ~(@)" = GQ G) 

n a n a n oe n n te n ee 
GO HOGG 


| 
“—— 
=| 
aa 
“—— 
2| 5 
NS 
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5. 


aD 


a 


Justify point 5 in the preamble of this section. 
Solution: If N = p{'p$?...pz* then m Pn (i = 1,2,...,k) where this is justified by m NX n,l4l 


Therefore, from point 1 of § 1.8 we get: 


@)-@) = G-GP em 


Now, if we multiply these equations side by side and use Eq. 15 then we get: 


n(2)-1(2) + @-@ 


i=1 


. Prove (the two parts of) point 7 in the preamble of this section. 


Solution: We have two parts to prove: 

e If m is a quadratic residue (mod N) then (2) = 1: let N = p{'p5?...py* noting that all p; 
(i = 1,2,...,&) are odd primes because N is odd (according to the definition of Jacobi’s symbol). Now, 
since m is a quadratic residue (mod N) then x? x mis solvable, i.e. there is x € Z (call it X) such that: 


ee 2k, 
Po” --PE 


xe m = X?2m (¢=1,2,...,k) 
where this can be more easily understood in terms of divisibility.!25] This means that m is a quadratic 


residue (mod p;) and hence (2) = 1 (noting that we are using here Legendre’s symbol not Jacobi’s 


symbol because p; is prime). Hence, from Eq. 15 we get (2) = 1 since all (2) are l. 

We prove that the converse is not true by the method of proof by example (see § 1.5.4 of V1) since we 
have many examples (e.g. the example given in the preamble) where the converse does not hold true. 
elf (3) = —1 then m is a quadratic non-residue (mod N): as indicated in the preamble, this part is 
essentially the contraposition of the previous part and hence it is true by contraposition, i.e. it does 
not require another (or independent) proof (see § 1.1 of V1 as well as § 1.5.4 of V1). 

Show that if N is an odd positive integer then: 


(=) = peer 


Solution: If N = p{'p5? ...py* then we have: 


(=) = Il (>)" = Il [yee] = [Tense = (1D ae-v/2 (99) 


i=1 i=1 i=1 
where we used Eq. 15 in step 1 and used property 2 of § 1.8 in step 2 (noting that N is odd and hence 
each p; is an odd prime). 

We also have: 


pe = (1+ @— DI" = 14 ae — 1) + SCP (1 1+ ai(pi - 1) (21) 
j=2 


where in step 2 we used the binomial theorem while in step 3 we used the fact that (p; — 1) is even and 
hence (p; — 1)? is divisible by 4 for j > 2. Thus: 


k 
4 4 
NE pp pe = [1 + ai (pi 1)] [1 + ag(po 1)| a8 [1 + ap(pr —- 1)] =<] +o ai(pi —1) 
w=1 
24] This is because m ~ n means N (which is equal to p{1p5? ... pz") divides m — n and hence each p; must divide m — n, 


[25] The congruence X 


: Pi 
ie. m=n. 

pil p22. pak 
2 = m is equivalent to (p{'p 5? ...pz")|(X? — m), and this implies p;|(X? — m) which is 
equivalent to X2 Pim, 
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where step 2 is from Eq. 21 while step 3 is because all non-linear terms are 0 (mod 4) since (p; — 1) is 
even. Hence (see rule 9 of § 2.7 of V1): 


4 N i) ~ AU Pi 1 


i=l i=l 


ie. (N—1)/2 and 37*_, a;(p; —1)/2 have the same parity and hence (—1)=#=1 %(P:-)/2 = (—1)(N-D/2, 
So, from Eq. 20 we conclude: 


oo 


. Show that if N is an odd positive integer then: 


(=) = (—1)"-D/8 


Solution: If N is prime then this is no more than property 3 of § 1.8 (which we proved in Problem 
3 of § 1.9). So, let assume that N is a composite whose prime factorization is N = p{'p$?... pz". 
Accordingly: 


(=) = Il ( 2 ) 3 Il [(-1y@t-28] = T[cpeets = (-yEhiae?-v/s (99) 


a i=l j=1 


where we used Eq. 15 in step 1 and used property 3 of § 1.8 in step 2. 
We also have: 


[p2]°* = [1 + @? — 1] = 14 a:(p? — 1) + 52 CM (p? — 1) 214 ai(p? -— 1) (23) 
j=2 


where in step 2 we used the binomial theorem while in step 3 we used the fact that (p? — 1) is divisible 
by 8 and hence (p? — 1) is divisible by 64 for 7 > 2.6 Thus: 


N? = [pt ps?...pg*]” = [pt]™ [p3] --- [pz] 
k 


= [1 + a1 (p? 1)] [1 + a2(ps 1)] Pach [1 + ax (pz — 1)] 21+) 7 a:(ef - 1) 


where step 3 is from Eq. 23 while step 4 is because all non-linear terms are 0 (mod 64) since (p? — 1) 
is divisible by 8. Hence (see rule 9 of § 2.7 of V1 noting that since 8 divides p? — 1 then it must divide 
N?— 1): 


Iz 


N?-1 


N?—1 3 Sva;(p?—1) 
dail ) 7 d 5 


This implies that (N?—1)/8 and S7*_, a;(p?—1)/8 have the same parity7! and hence (—1)2#=1 4! -)/8 — 


a 


(—1)X?-0/8, So, from Eq. 22 we conclude: 


(+) = (-1)"-D/8 


[26] As we noted earlier, from the arithmetic series formula we have ra i = (p?—1)/8 and hence (p? — 1)/8 is an integer 
which implies 8|(p? — 1). Alternatively, any odd prime is of the form 4k +1 (k € N) and hence (p? — 1)/8 = 2k? +k 
(which are integers). 

[27] Tt is obvious that: 


N2-1 8 wk ai(P7-1) a N2-1 k  ai(p}—1) 
3 j=1 $ means 8 divides 3 j=1 S 


Now, if (N? — 1)/8 and Set a;(p? — 1)/8 have opposite parity then their difference will be odd and hence it cannot be 
divisible by 8 which is even. 
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9. 


10. 


11. 


12. 


13. 


Show the following: 


@)(R)(B)=1 = (F)=@8). © (H)=(@)(R) —@ (4%) = (). 


Solution: All these relations can be proved in one go, that is: 
1= (5) G)=(F) - Ge) 
SRP AINE INS GN 


s because (2) is either +1 or —1. 


i 
(2) is from property 3 (see the preamble and Problem 3). 
(d) (3) = (#4) is just a combination of (b) and (c). 


Find all the integers m which are coprime to 33 and (2) =, 


Solution: We have (see Eq. 15 noting that 33 = 3! x 111): 
eG) as 
aoe 3 11 
Now, the quadratic residue of 3 is 1, and the quadratic non-residue of 3 is 2. Hence, (2) = +1 for 
m= land (%) =—1 for m= 2 (see § 1.6 and § 1.8). 


Similarly, (2) = +1 for m = 1,3,4,5,9 and (2) = —1 for m = 2,6,7,8, 10 (see Problem 7 of § 1.8). 


Ae if we combine these cases we get all the possibilities for the product (@)" (aie and hence (+), 
that is: 


(i) 


ie 2a | Spe ool.) Fo) sao ao 
(2) | Pa ee | ee eria 1 


3 2; —-1/ 42) -1} -1 ) -1 | +1 | +1 | +1) -1 | 41 
So, we have (#) = +1 in the following cases: 
mil&m=1 mi1l&m33 m21&m=4 m21&m=5 m21&m=9 


m22&m=2 mi2&m=6 ma2ke&mE7 mea2k&m=8 me2&e&m=10 
Now, if we solve these 10 systems of congruence equations (using for instance the Chinese remainder 
theorem) then we get: 
33 33 33 
m m 


m31 m225 m4 216 0 m331 m22 m217 


So, these are all the integers m which are coprime to 33 and (2) = 1. 

Find all the integers m which are coprime to 33 and m is a quadratic residue of 33. 

Solution: Referring to points 7 and 8 in the preamble, the quadratic residues of 33 must be among 
those m whose Jacobi symbol is 1. So, although having a Jacobi symbol of value 1 is not sufficient 
to determine if m is a quadratic residue or not, we can still make use of our results in Problem 10 by 
searching for the quadratic residues of 33 among only those m whose Jacobi symbol is 1. 

On investigating the quadratic congruence x? = m for m = 1,2,4,8, 16,17, 25, 29, 31,32 we find that 
this congruence is solvable only for m 2 1,4, 16, 25,31. So, these are the quadratic residues modulo 33 
among the integers which are coprime to 33. 

Give an example of an odd positive integer N whose Jacobi symbol (2) is +1 for all m € Z (where m 
and N are coprime). 

Solution: JN is a perfect square (which includes any integer that is an even natural power of an integer) 
should do (as can be seen from Eq. 15). 

Solve (and analyze the implications of) the following equation involving Jacobi’s symbols (i.e. a is an 
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integer coprime to the odd positive integers M and N): 
(iz) Gay) = Ge) + Ge) +8 
M/\N/~ \M/ \N 
Solution: We have 4 cases: 


e (4) = (<) = 1 and hence 1 = 5 which is not acceptable. 

e (4) = (4) =—1land hence 1 = 1 which is acceptable. 

) = —1 and hence —1 = 8 which is not acceptable. 

£) = 1 and hence —1 = 3 which is not acceptable. 

So in brief, only (4) = (+) = —1 is acceptable and hence the solution of the given equation is: every 
integer a (coprime to M and N) which is a quadratic non-residue of both M and N (see points 7 and 
8 in the preamble). 


1.12 Mobius Inversion 


Mobius inversion can be summarized in the following conditional statement: 


F=f > fe) =e (4) F@=Yu@F (5) (weN) (24) 
d| d|n din 
Problems 


1. Prove the Mobius inversion formula which is given by: 


f(n) = ona) F(“) (néN) 
d|n 


where ju is the Mobius function and F is the summatory function of f, ic. F(n) = yp, f(d).?8! 


Solution: We have: 
Lo F(F)=Lu@ YD FOY=V DY ws) (25) 
dln d\n ) 


6|(n/d d\n 6|(n/d) 


where we used the definition of summatory function (which is given above) in the first step. Now, let 
us analyze the double sum in the last step of this equation. This double sum means that we take all 
the (product) combinations of j(d) and f(6) where d represents all the divisors of n while 6 represents 
all the divisors of n/d. In other words, we need to loop over all the divisors (i.e. d) of n in combination 
with all the divisors of n/d (i.e. 6). However, if we note that “all the divisors of n” are the same as 
“all the divisors of n/d” (noting that d is looping over all the divisors of n from 1 to n inclusive) then 
this double loop (representing the double sum) can be done equivalently (although the order of the 
generated combinations generally differs) by taking all the (product) combinations of (5) and f(d) 
and hence we can continue Eq. 25 as follows: 


Ve@F(F) = Va@ VY 1H=K VY eM1H=TK VY nO s@ 


d\n d\n 6|(n/d) d\n 6|(n/d) d\n 6|(n/d) 
= |X f@]] dX 2) 
d\n 6|(n/d) 
Now, )'5\(n/a) H(6) = 0 (see Problem 3 of § 2.6.5 of V1) except when n/d = 1 (i.e. d=) and hence: 


LF] | x) YF] |] YO )] = [FO] [OO eo 
dln 


6|(n/d) nin 6|(n/n) 6|1 


[28] For more details about the “summatory function”, see Problem 15 of § 10. 
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= [4(n)| > Ho] = f(n) x 1= f(n) 


which completes the proof. 
It is worth noting (see Eq. 24) that the Mobius inversion formula may be given as: 


f(r) =o oF) FO 


d\n 


since both d and n/d represent all the divisors of n since each divisor d is matched by a corresponding 
divisor n/d noting that d x (n/d) =n (see Problem 19 of § 1.9 of V1). 
Verify the Mobius inversion formula with regard to: 


(a) The divisor function a(n). (b) The tau function 7(n). 


Solution: 
(a) a(n) is the summatory function of f(d) = d. Hence: 


SHO FG) = SoH o(G) = La S> £H)=Yu@ YD 6=H DY 


d|n 6|(n/d) d\n 6|(n/d) d\n 6|(n/d) 


> S- p(d)d = Sod » p(d)} = pee. xl=nxl=ne= f(n) 


d\n 6|(n/d) d\n 6|(n/d) nin 


where the explanations are as given in Problem 1. 
(b) 7(n) is the summatory function of f(d) = 1. Hence: 


2 Ho FG) = dH 7(G) = La i f=] ug. Ste Sie 


d\n 6|(n/d) din 6|(n/d) d|n 6|(n/d) 
= Sy) eOx1S=/¥ 1) | SS | =H 11] TST xe sym) 
d\n 6|(n/d) d\n 6|(n/d) n\n 


where the explanations are as given in Problem 1. 
a—1 


. Derive the formula ¢(p*) = p* — p (see Eq. 42 in V1) by using the Mobius inversion formula. 


Solution: Let n = p® and hence: 


n=p*=S > 6(d)= 5 d(p*) (26) 
k=0 


d\p* 


where step 2 is from Eq. 45 of V1 (with n = p*; also see Problem 1 of § 2.6.4 of V1), while step 3 is 
because the divisors of p® are p,p',...,p%. Now, we have: 


4 a ee oy . 
op") = on rad oh) P(E) = ae) Fo) = ep 
aH P k=0 k=0 
= p(p?)p*° + nlp oP eet en e+ u(p®) p?-* 

pt en 0 LQ= = p* ae a 1 
where: 
step 1 is from the Mobius inversion foray 
step 2 is because the divisors of are p°,p',...,p%, 
step 4 is from Eq. 26 fie. F(p**) = Dap A é(d VSO?) ry 
step 6 is because pu(p°) = (1) = 1 and p(p') = (-1)' = —-1 ae aie pee a = 0 (since they 


are not square free). 


Chapter 2 
Miscellaneous 


1. Determine the parity of a” + b” + c* for all a,b,c € Z and all m,n,k € N°. 
Solution: We note first that we consider 0° as undefined and hence any case of 0° is not considered in 
the following. Now, let represent the parity of a,b,c (as well as the parity of a™ +b" +c") with e for 
even and o for odd. Also, let represent m,n, k with 0 when m,n, k is 0 and ignore its symbol otherwise 
(e.g. e°0°e represents the case when a, b,c is even, odd, even with m = n = 0 and k ¥ 0 noting that 


e°0"e represents sum not product). Accordingly, the parity of a™+b”"+c* is given by the following table: 


eee =0 e®e®0°=0 8088 =0 ~~ €®80°0° =0 —o®8e®e®=0 08 e®80®=0 08088 =0 080°. =0 
ee e=e e°e°o=0 e°o°'e=e e°0°o=0 oe°e=e 0° e°o=0 o°o°e=e 0° 0° o=0 
e°ee® =e e°eo" =e e°oe° =0 e°00° =o o'ee® =e o°e0° =e 0° 0e9 =o 0° 00° =o 
ee%e® =e ece°0° =e e0°e® =e €0°0° =e 0e°e® =o 0e°0° =o 00°e° =o 00° 0° =o 
e°ee=o0 e°eo=e e°0e=e e°00=0 o’ee=o o°eo=e o°0e =e o°00=0 
eee =0 ee°o=e eo’e=o eo’o=e oe’e=e oe°0=0 oo°e=e 00°0=0 
eceo=0 eco" =o eoe® =e e00° =e oee® =e oe0° =e ooe® =o 000° =o 
ece =e e€o = 0 e0e = 0 e€00 =e oee = 0 0e0 = e€ o0e = € 000 = 0 


2. Find all n € Z such that P, = Py = P3 = Py = Ps where: 


) = n° —96n* + 2752n? — 16950n? — 221777n + 2104724 

) n° — 96n* + 2860n? — 22350n? — 214541n + 2685980 
n) = —n?+110n* — 3526n? + 21588n? + 292167n — 2437684 

) 

) 


5 4. 136n4 — 4452n? + 4630n? + 457157n — 424816 
= —n*— 31n? + 3983n? — 10809n — 403288 


II 
| 
3 
| 


Solution: If P, = Py = P; = Py = Ps then: 
P, =P, & Pi =P; & Pi =P, & P, = Ps 
So, it is a problem of solving a system of univariate equations (see § 3.3 of V1). On solving the following 
system: 
P, — P, =0 P, — P3 =0 P,- Py =0 P, — Ps =0 
we get: n = —9,13,46. So, we have P, = Py = P3 = P, = Ps for these values of n. 

3. Determine the sign of the polynomial f(n) = —n° +58n4 + 462n? — 4913n? — 4972n — 5376 for all n € Z. 
Solution: If we factorize f(n) to its simplest factors (i.e. linear and non factorizable quadratic) then 
we get: 


f(n) = (n+ 12)(7 — n)(n — 64)(n? +n +41) 
We can now build the following sign table: 


n= < —12 | —12 7 64 | > 64 
n+ 12 = nee 
7-—n + + i] Oe Sy = 
n— 64 orl se 
ntint+i + + |+tl ++] + + 
(7) a ee Os ee ES 
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Or 


As we see, the sign of f(n) is given in the last row, i.e. f(n) is positive for n < —12 and 7 <n < 64, 
f(n) is negative for -12 <n <7 and n > 64, and f(n) =0 for n = —12,7, 64. 

Find a formula for the number of sets N, of (distinct) natural numbers of size k (> 2) whose sum of 
elements is equal to a given natural number JN,,. 

Solution: We have at least three methods to tackle this Problem: the use of generating function, the 
use of recursive formula and the use of combinatorics argument. In the following, we discuss the first 
method and only give the result of the second method.!?°! 

For Ny, < Ree we have zero set, and hence in the following we assume N,, > uae, i. Now, let 
No = ye and N,, = No +n (where n = 0,1,2,...). The generating function f, of the sequence of 
N, for a given k is given by: 


f(z, k) = k 


For example: 


1 
fg(Z,2) = (=i) fg(z,3) = GQ —2z(— 2) — 2) 


Accordingly, the number of sets N,(k,N,) (ie. Ns as a function of k and N,,) are given by the 
coefficients c,, of the series expansion of the generating function f,(z,k) at z = 0 (ie. Taylor series). 
For instance, the Taylor series of f,(z,3) is given by: 
fo(z,38) =1t 2+ 227 +32? + 4274 452? + 728 + 82" + 102° +1229 +147"? +... 
and hence (noting that for k = 3 we have No = 1+2+3=6 and thus Ny = 10 and Nog = 15) we have: 
N,(3,6) = cp =1 N,(3, 10) =e, = 4 N,(3, 15) = cg = 12 
Regarding the recursive formula we say the following: for N, = No, Ni,...,Nr—1 we have 


N3(k, Nn) a N,(k x 1, Nn) 


(where we should note the difference in the meaning of N,, on the two sides because of the dependency 
of N,, on k) while for N,, > Nz—1 we have: 


N.(k, Nn) = No(k — 1, Nn) + Ne(k, Nn_x) 


. Referring to Problem 4, find all the sets of (distinct) natural numbers of: 


(a) Size 4 with sum 15. (b) Size 7 with sum 32. (c) Size 8 with sum 35. 
Solution: 

(a) We have: k = 4, No =14+24+3+4=10 and N, = 15 and hence n = N, — No = 15-—10=5. The 
coefficient cs of the Taylor series of f,(z,4) is 6 and hence N,(4,15) = cs = 6. These 6 sets are: 
{1,2,3,9} {1,2,4,8} {1,2,5,7} {1,3,4,7} {1,3,5,6} {2,3,4,6} 


(b) We have: & = 7, No = 1+2+3444+5+6+7 = 28 and N,, = 32 and hence n = N,,— No = 32—28 = 4. 
The coefficient c, of the Taylor series of f,(z,7) is 5 and hence N,(7,32) = cy = 5. These 5 sets are: 


{1,2,3,4,5,6,11} {1,2,3,4,5,7,10} {1,2,3,4,5,8,9} {1,2,3,4,6,7,9} {1,2,3,5,6,7,8} 


(c) We have: k = 8, No =14+2+3+44+54+6+4+7+4+8 = 36 and N,, = 35. Since N, < No we have zero 
set, ie. N,(8,35) = 0. 


[29] The combinatorics method is rather messy and requires lengthy explanation and hence we leave it (noting that we may 


discuss it in the future). We refer the reader to the literature about the topics of sequence representation and generation 
using the generating function and z-transform techniques (noting that these topics are out of scope of our book which is 
about number theory). 
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Find all the partitions of the following set into two disjoint subsets such that the product of the members 
of one subset is equal to the product of the members of the other subset: 


{49, 27, 3125, 32, 243, 8, 343, 9, 16807, 25, 125, 4} 


Solution: We prime-factorize these numbers so that we can group and partition them in a way that 
ensures that the number of prime factors (i.e. of any given prime number) in each subset is the same 
as the number of prime factors in the other subset, that is: 


War ae, a ve a, 2; ae ae is ae oe oo) 


So we must have 27, 2° (ie. 4, 8) in one subset and 2° (i.e. 32) in the other, 37,33 (ie. 9, 27) in one 
subset and 3° (i.e. 243) in the other, 57,5° (ie. 25, 125) in one subset and 5° (i.e. 3125) in the other, 
and 77,73 (i.e. 49, 343) in one subset and 7° (i.e. 16807) in the other. So, we can do this partitioning 
in 8 possible ways, i.e. 


{4, 8, 9, 27, 25, 125, 49, 343} {32, 243, 3125, 16807} 
{4, 8, 243, 25, 125, 49, 343}{32, 9, 27, 3125, 16807} 
{4, 8, 9, 27, 3125, 49, 343}{32, 243, 25, 125, 16807} 
{4, 8, 243, 3125, 49, 343} {32, 9, 27, 25, 125, 16807} 


{4, 8, 9, 27, 25, 125, 16807}{32, 243, 3125, 49, 343} 
{4, 8, 243, 25, 125, 16807}{32, 9, 27, 3125, 49, 343} 
{4, 8, 9, 27, 3125, 16807} {32, 243, 25, 125, 49, 343} 
{4, 8, 243, 3125, 16807} {32, 9, 27, 25, 125, 49, 343} 


. Find all natural numbers of the form n? + 3n +1 which terminate in 2021 (where n € N°). 


Solution: These numbers are the solutions of the congruence equation n? + 3n + 1 10000 


n = m+ 10000k where m = 2732, 4140, 5857, 7265 and k € N°. 


2021, i.e. 


. Propose a simple way for the prime factorization of factorials (which should be very useful, and possibly 


the only practical way, for the prime factorization of very large factorials). 

Solution: We propose using the formula of the highest power of a prime p that divides n! (see Eq. 83 
in V1) where p represents all the primes which are less than or equal to n. These calculations can be 
easily done using a spreadsheet or a few lines of computer code. For example, let us find the prime 
factorization of 123!. 

On using the aforementioned formula (with p representing all the 30 primes which are less than 123, 
ie. 2,3,5,...,107, 109,113) we obtain the following prime factorization: 

POST Oe 889 528 sc FO 5c 11 5138 5 17 108 KB? & 207 B19 B87? AL? Se A8? eATe 58? x 
592 x 61? x 67 x 71 x 73 x 79 x 83 x 89 x 97 x 101 x 103 x 107 x 109 x 113. 


. Propose a simple way for calculating the number of digits of factorials (which should be very useful, 


and possibly the only practical way, for calculating the number of digits of very large factorials). 
Solution: The simplest way is to use the rules of logarithms, that is: 


logi9(n!) = logig (11 ‘ = a logio(k) 
k=1 k=1 


where the latter sum can be easily calculated using a spreadsheet or a few lines of computer code. 
Hence, the number of digits in n! is: 
For example, the number of digits of 1000! is: 
1000 
[Sosy | +4 = [er couos] 1 = 2568 
k=1 


What is the number of digits in 5? 


Solution: We have: 
— 54° — 5262144 


2 MISCELLANEOUS 42 


11. 


12. 


13. 


Hence, the number of digits in 5 is: 
[Hozt0 5| +1 = [262144 x log, ) 5] + 1 = |183230.7928] + 1 = 183231 


What is the number of digits in P” and C? (where P” is the number of permutations and C7” is the 
binomial coefficient). 
Solution: Regarding P,” we have: 


Hence, the number of digits of P”” is: 
S- oat) +1 
k=n—-r+1 


For example, the number of digits of PJz3 is: 


723 723 
S- et) +1= s et) +1 = |794.448| +1 = 795 


k=723—288+1 k=436 


Regarding C7?’ we have: 


Hence, the number of digits of C7’ is: 


5 log i(k) — S- oat) +1 
k=1 


k=n—r+1 


For example, the number of digits of C7389 is: 
2109 1562 
S > logio(k) — 55 et) +1 = |4834.723 — 4312.157741| + 1 = [522.566] + 1 = 523 
k=548 k=1 


Find every 10-digit integer the sum of its digits is equal to the product of its digits. 

Solution: Let S be the sum of digits and P the product of digits. We have 3 main cases: 

e S=P=0: since P = 0 then at least one of the digits must be 0 and hence all the digits must be 0 
so that S = 0. So, we have only one possibility which is 0000000000. 

e S = P= 16: we have 1111111144 and its permutations which are 45 in total.!°°! 

e S=P#0,16: we have no 10-digit integer that satisfies this condition because no factorization of P 
(noting that 1 < S < 90 excluding 16) can satisfy the condition S = P. 

So, we have 45 permutations of 1111111144 as well as 0000000000, ie. 46 such integers. Now, if we 
consider the negatives of the 45 permutations of 1111111144 then we should have 91 such integers. 
Identify (or characterize) the integers which have the following number of positive divisors (exactly): 


(a) Infinitely many. (b) Zero. (c) One. (d) Two. (e) Three. (f) Four. (g) Five. 
Solution: 


(a) Only 0 (because 0 can be divided by any other integer). 
(b) None (because any integer can be divided at least by 1). 


[30] The permutations of eight 1’s and two 4’s are given by the multinomial coefficient aa = 45. 
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(c) Only +1 (because if a|b and b 4 0 then |a| < |b| and hence +1 can be divided only by 1 noting that 
any other non-zero integer can be divided by 1 and by its absolute value). 

(d) Primes (because by definition a prime number can be divided only by 1 and itself). 

(e) Squares of primes (because the divisors of p? where p € P are only 1, p and p?). 

(£) Cubes of primes (because the divisors of p? where p € P are only 1, p,p? and p*). Also, composite 
numbers of the form p;p2 where pi, p2 € P and p; # po (because the divisors of p;p2 are only 1, pi, pe 
and p1p2). 

(g) Fourth powers of primes (because the divisors of p* where p € P are only 1, p,p?, p® and p*). 

Find all x,y € Z such that 2¥ = y*. 

Solution: An obvious solution is x = y. So, in the following we search for solutions where x F y. 
In Problem 5 of § 7.3 we find that 7” > y® for all 2 < a2 < y. We also find that 7” < y® when 
(x,y) = (1,y) where N 5 y > 1. So, assuming z,y € N and a < y, the only possibility for 7¥ = y” 
is for z = 2, that is: 2¥ = y? whose only solution (assuming x # y) is y = 4. So, another solution 
to z¥ = y” is (x,y) = (2,4). Now, if we lift the restriction that « < y (noting the symmetry in 
x,y) as well as the restriction that x,y € N (noting that 2 and 4 are even) then we get three more 
solutions, i.e. (x,y) = (4,2), (—2, —4), (—4, —2). So in brief, the solutions of x¥ = y” (where k € Z) are: 


(x,y) = (Ki; ki) (x,y) = (2,4) (x,y) = (4, 2) (x,y) = (-2, -4) (x,y) = (—4, -2) 
Conduct an initial check on the following integers to see if they can be perfect numbers or not: 

(a) 348923082239. (b) 5762859329434. (c) 116398323238. 
Solution: 


(a) All known perfect numbers (up to very large integers) are even and hence this cannot be a perfect 
number because it is odd. 

(b) All even perfect numbers end in 6 or 8 (see point 6 of § 2.8 of V1) and hence this cannot be a 
perfect number because it ends in 4. 

(c) All even perfect numbers (excluding 6) end in 16, 28, 36, 56, 76, or 96 (see point 7 of § 2.8 of V1) 
and hence this cannot be a perfect number because it ends in 38. 

Show that $= 4 = 2 iff «=y=z (where Z3 2,y,27 0),64 

Solution: Regrading the if part, if* =y = z then 7 = 1, 4“ —1 and = = 1 and hence = ¥oZ2=1, 
Regrading the only if part, we prove this part by contraposition where we first consider the case of 
x,y,z € N. So, let assume that the triple equality x = y = z does not hold. This means that one of 
the variables x, y, z must be greater than another one of these variables. So, let assume (without loss of 
generality since it is a matter of labeling) that « is the greater variable. Hence, (with a proper labeling 
of y and z) we have one of the following three cases: 


ex=y> zand hence { # 4 since t = 1 while $ > 1. 
ex >y=z and hence 2 ¥ ¥ since = > 1 while 4 = 1. 
ex>y> z and hence 7 # ; since 7 > 1 while } <1. 
So, in all cases the triple equality j = ¥ = 4 does not hold if the triple equality « = y = z does 


not hold, and hence by contraposition the tiple equality « = y = z does hold if the triple equality 
i= 4 = 2 does hold, ic. iff=f=s 2 then = y =z. 

We finally need to extend from z,y,z €N toZ3 x,y,z 40. Now, we have four cases: 

e All x,y, z are greater than 0: this is the case of x,y,z € N which 4 is already considered. 

e All x,y,z are less than 0: this is equivalent to the previous case because the minus sign will be 
canceled (or rather it has no effect because the ratio of two positive numbers is the same as the ratio 
of their negatives). 

e Only one of x,y, z is less than 0: so assume (with no loss of generality) that « < 0 and hence - and 
= are negative while % is positive and hence they cannot be equal. 

e Only one of x,y, z is greater than 0: so assume (with no loss of generality) that « > 0 and hence a 
and 4 are negative while 4 is positive and hence they cannot be equal. 


Hence, the proposition applies to all Z 5 x,y,z #0 and not only to z,y,z EN. 


[31] The purpose of such “trivial” questions is to learn systematic investigation and analysis. 
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. Find all prime numbers of the following forms: 


(a) n° + 38n? +5n+6 (n€Z). (b) 3° +1 (ne N°). (c) 4"+2 + 2” (n € N®). 
Solution: 

(a) This expression is divisible by 3 for all n € Z (noting that n3 + 3n? +5n+6 = 0 identically). Hence, 
it is composite except if it is equal to 0 (which is neither composite nor prime) or 3 (which is prime). 
So, if this expression is to be prime then we must have n° + 3n? + 5n+6 = 3 for some n € Z. This 
equation has a solution n = —1 and hence 3 is the only prime number of this form (corresponding to 
n=-1l). 

(b) 3" + 1 is even for all n € N° and hence it is prime only when it is equal to 2 (corresponding to 
n = 0 for 3+ 1 and to n= 1 for 3” — 1). 

(c) 4"*? + 2” is even and greater than 2 for all n € N° except when n = 0 where it is equal to 17. 
Hence, 17 is the only prime number of this form (corresponding to n = 0). 


. Find all prime numbers of the following forms: aa, abab, abcabc, abcdabcd, abcdeabcde, abcde f abcde f 


(where a, b,c,d,e, f are digits and a £ 0). 
Solution: All integers of the form aa are divisible by 11 and hence they are all composite except 11 
itself. Regarding the other forms we have: 


abab = 101 x ab abcabc = 1001 x abc abcdabcd = 10001 x abcd 


abcdeabcde = 100001 x abcde abcde f abcde f = 1000001 x abcde f 
Hence, they are all composite. So, the only prime of the given forms is 11. 


. Let n = 9m+4+ 6 (m EN) and r(n) = 4 (where 7 is the tau function). Show that 3m + 2 is prime. 


Solution: We have:!8?1 


k 
r(n) =] [ (@i+1) =4=2x2 


ie. k = 2 and ay = ag = 1. This means that n is square free with two prime factors, that is: 
n = 9m + 6 = 3(3m +4 2) = 3p where p = 3m + 2 is prime. 
Investigate the prime numbers of the following form: 


n times 


p=m...mm (m,néN,n> 1) 


where mm means concatenation not multiplication 
Solution: If k is the number of digits of m then we can write: 


p= 108"—Ym +--+ 10"m + 10°m = m(10""—Y +... + 10" + 10°) 


This is obviously composite if m > 1 since (10*"-)) +... +10* + 10°) > 1 (noting that n > 1). Hence, 
to have a prime we must have m = 1 and thus p = (10""! +---+ 1014+ 10°) =1...11. Now, for n = 2 
we have 1...11 = 11 which is prime. Regarding n > 2, if n is even then 1...11 is divisible by 11 (see 
rule 33 of § 1.9 of V1), while if n is a natural multiple of 3 then 1...11 is divisible by 3 (see rule 25 of 
§ 1.9 of V1) and hence they cannot be prime. In fact, the primality of the natural numbers of the form 
1...11 is a research issue. Those who are interested in further details should refer to the problem of 
repunit numbers (i.e. repeated unit numbers such as 11, 111, 1111) in the literature noting that there 
are several known repunit primes (other than 11). 


[32] We note that n = p® is not a possibility because p? = 9m + 6 (i.e. 3m +2 = 9) has no solution. 
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Find all p such that p, 11p? + 2 and 5p? + 4 are primes. 

Solution: p = 2 is not a possibility (because 11p? +2 and 5p? +4 will be even). Similarly, p = 3 is not 
a possibility (because 11p? + 2 = 299 which is composite). So, let us investigate p > 3. It is obvious 
that for p > 3 we have p i 0 because p cannot be divisible by 3 (since p is supposedly prime). So, 
either p 2 1 or p 39. 

elfp 21 then 5p? +4 = 0 and hence 5p? + 4 is not prime. 

e If p+ 2 then 1lp? +2 £0 and hence 11p? + 2 is not prime. 

So in brief, there is no p such that p, 11p*? + 2 and 5p? + 4 are primes. 


. Find all composite numbers of the following forms (where n € Z): 


(a) n? —2n+1. (b) n! +5. (c) n° +1. 
Solution: 

(a) We have n? — 2n + 1 = (n—1)?. Now, for n = 0 and n = 2 we have (n — 1)? = 1 which is not 
composite. Similarly, for n = 1 we have (n — 1)? = 0 which is not composite. For all other n € Z, 
(n — 1)? is a product of two integers whose magnitude is > 1 and hence it is composite. So in brief, 
(n? — 2n + 1) is composite for all n € Z excluding n = 0, 1, 2. 

(b) We note first that n! is defined only for n € N°. Now, it is obvious that n! +5 is divisible by 5 for 
all n > 4 and hence it is composite for all these values of n. So, all we need is to inspect n! + 5 for 
n = 0,1,2,3,4. Now, for n = 0,1,2,3,4 we have n! + 5 = 6,6,7,11, 29. So in brief, n! + 5 is prime for 
n = 2,3,4 and composite for all other n € N°. 

(c) From Eq. 11 of V1 we can see that (n° + 1) is composite for all n < —2 and n > 1. So, all we need 
is to inspect (n° + 1) for n = —2,—1,0,1. Now, for n = —2,—1,0,1 we have n° + 1 = —31,0,1,2. So 
in brief, (n> + 1) is composite for all n € Z excluding n = —2, —1,0, 1.83 

Show that there are no prime numbers of the following forms (where m,n € Z): 

(a) n?—2n+1. (b) n° — 15n? + 4n + 20. (c) 6m? — 19m?n + 19mn? — 6n?. 
Solution: 

(a) This is a consequence of part (a) of Problem 6 (noting that by definition 0 and 1 are not prime 
numbers). 

(b) This expression is divisible by 5 for all n € Z (noting that n® — 15n3 + 4n + 20 = 0 identically). 
Moreover, this expression is not equal to 0 or 5 (which are the only non-composite numbers divisible 
by 5) (341 for any n € Z. Therefore, this expression is always composite and hence it cannot represent a 
prime. 

(c) Let f(m,n) = 6m3 — 19m?n + 19mn? — 6n3 and hence we have: 


f(m,n) = 6m? — 6n? — 19m?n + 19mn? = 6(m? — n°) — 19(m?n — mn?) 
6(m — n)(m? + mn +n?) — 19mn(m — n) = (m= n) [6(m? + mn + n?) — 19mn] 


= (m—n)(6m? — 13mn + 6n?) = (m—n)(3m — 2n)(2m — 3n) 


I 


Now, a prime number p can be factorized as a product of three integer factors only in 3 different ways, 


ie. 

p= (1)(-1)(-p) = QO)@) = (-1)(-D) 
So, if f = p then we have 3 cases to consider: 
First case: f = (1)(—1)(—p) and hence one of the factors (m—1n), (83m —2n), (2m—3n) must be equal 
to 1 and another factor of these must be equal to —1. So, if we consider the 6 systems of simultaneous 
equations obtained from equating (m — n), (3m — 2n), (2m — 3n) to 1 combined with the equations 
obtained from equating (m — n), (3m — 2n), (2m — 3n) to —1 (noting that a single factor cannot be 


[33] We should note that if “composite” is restricted (by definition) to natural numbers (see § 2.2. of V1) then we should 


exclude all the negatives. We may also add: n> +1 is prime for n = 1 and neither prime nor composite for n = —2,—1,0 
(noting the sign of —31 in the case of n = —2). 


[34] If we consider —5 as well (by ignoring the sign) then we can also confirm that this expression is not equal to —5. 
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equal to 1 and —1 at the same time) then we can identify m and n values that can possibly make f = p. 
These 6 systems with their solutions and the corresponding values of f [in the form (m,n, f )] are given 
in the following table: 


m—-n=1 | 38m—2n=1 | 2m—-3n=1 
m—-n=-1 (3, 4, 6) (—4, —3, 6) 
3m — 2n = —1 | (—3,—4,-6) (—1,-1,0) 
2m — 3n = —1 (4,3, —6) (1, 1,0) 


As we see, f = 0,+6 in this case and hence it is not prime. 
Second case: f = (1)(1)(p) and hence if we follow the argument and procedure of the first case then 
we get the following table (where NS means “No Solution”): 


m—-n=1 | 38m—-2n=1 | 2m—-—3n=1 
m—-n=1 (—1, —2, 4) (2,1, 4) 
3m —2n=1 NS 
2m — 3n=1 


As we see, f = 4 in this case and hence it is not prime. 
Third case: f = (—1)(—1)(p) and hence if we follow the argument and procedure of the first case then 
we get the following table: 


m—-n=-—1 | 38m—-2n=-1 |} 2m—-3n=-1 
m—-n=-—1 (1, 2, —4) (—2, —1, —4) 
3m — 2n = -1 NS 
2m — 3n = -1 
As we see, f = —4 in this case and hence it is not prime. 


So, in all cases f cannot represent a prime number and hence there are no prime numbers of the given 
form. 


. Show that the gap between two successive prime numbers can be arbitrarily large. 


Solution: It was shown in Problem 8 of § 6.15 of V1 that for any n € N there are n consecutive 
composite numbers. This implies that the gap between prime numbers can be arbitrarily large. So, 
although there is a lower limit on the size of the gap between two successive prime numbers (i.e. 1 in 
the case of twin primes noting the exception of 2, 3) there is no upper limit on the size of this gap. 


. Determine if the following pairs of polynomials are coprime for all n € N, or coprime for none of n EN, 


or coprime for only some of n € N: 

(a) 2n? — 1 and 5n? — 3. (b) 4n3 — 1 and 7n4 +5. 
Solution: 

(a) By Bezout theorem we have: 


ged(2n? = 1,5n” +3) = 5(2n7 — 1) — 2(5n? — 3) =1 


(c) n° + 10n* —n =0 and 3n9 — n. 


Thus, these polynomials are coprime for all n € N. 

(b) For example, these polynomials are coprime for n = 2 and not coprime for n = 1. Thus, these 
polynomials are coprime for only some of n € N. 

(c) These polynomials are even for all n € N and hence they are coprime for none of n € N. 

Find all p,q € P such that 5p? — 8pq + 11q? = 1175. 

Solution: If we treat this equation as a quadratic in p with a discriminant A then we have: 


23500 
Rgry aaron) 
2M BG 


So, we need to consider only q = 2,3,5,7,11. On substituting these values in the given equation and 
solving for p (accepting only prime values for p) we get: (p,q) = (2,11) which is the only solution to 
this Problem. 

Find all p,q,r € P such that: 


(a) p(¢—r) =2(q +r). 


A = 64q” — 20(11q? — 1175) = —156q? + 23500 > 0 a 


(b) p(g+r) =5(q-7). 
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Solution: 
(a) It is obvious that g #4 r because 2(q +71) > 0. Also, p 4 2 because g—r #q+,7 (since it leads to 
r = 0). So, pis an odd prime. Moreover, (¢—1) must be even (because of the 2 on the RHS) and hence 
both qg and r are odd primes. So in brief, p,q,r are odd primes. Rewriting the equation as (noting that 
q+-r is even and p is odd): 

_ 24q+r) 

ar 
we conclude that (q—1) is a multiple of 4. So, based on this equation we can write: 


é d p(aq—r) _ pA(py’...pz*) . 
q—r=A(pt'... pe") qtr= 5 = = k = 2p (pi... pr") 


Now: 
e If we add these equations we get: 


2q =A (py «DE ) + 2p eT ...p,*) + g= (p77...) 24D) => OP app =A = 
q=2+p => p=q-2 


where step 2 is because if g = p{'...p;* (noting that q is prime) then 2+ p = 1 (i.e. p = —1) which is 
impossible. 

e If we subtract these equations we get: 

2r = 2p (pi? ...pe")—A(pt"..-pe") > r=(pi...pe)(@-2) 4 py... pit = s 
r=p—2 > p=r+2 

where step 2 is because if r = pi! ...p;* (noting that r is prime) then p— 2 = 1 (i.e. p = 3) which is 
impossible because q will be 5 (since p = q— 2) and hence r = 1 (which is nonsensical since r is prime). 
So in brief, we have p = q— 2 and p=r-+2. Now, if we remember that 5 is the only prime number 
that is shared by two different pairs of twin primes (see point 3 in the preamble of § 2.2.1 of V1), then 
we can conclude that (p,q,1r) = (5, 7,3) which is the only solution to the given equation. 

(b) If we write this equation as 5(¢— 1) = p(q+7r) and compare it to the equation of part (a) noting 
its unique solution then we can conclude that (p,q,r) = (2,7,3). However, let assume that we do not 
have part (a) and its solution and hence we solve this equation from scratch. 

It is obvious that g > r (since the LHS is > 0). Now, since (¢+1r) > (q—1) then p < 5 and hence we 
have only two possibilities: 

e p = 2 and hence we have 2(q +r) = 5(q—1) which simplifies to 3g = 7r. So, 3 divides r and hence 
r = 3 (noting that r is prime) and gq = 7. Thus, we have the solution (p,q,1r) = (2, 7,3). 

e p =3 and hence we have 3(q +1) = 5(q—1) which simplifies to q = 4r, i.e. q is composite and hence 
it is unacceptable. 

Accordingly, the only solution to the given equation is (p, q,7) = (2, 7,3). 

Find solutions to the following equation: p?(q — 1) = 12(q¢+1r) where p,q,r € P. 
Solution: p 4 2 because 4(q— 1) < 12(¢+1r). p #3 because 9(q — r) < 12(¢ +1). Hence, p is an odd 
prime > 5. 

On comparing the two sides of the given equation we must have: 


gsr=12(pP 2p," ) q+r =p? (pt... pet*) 
On adding and subtracting these equations we get: 
yes (p? + 12) (pi? ...pp*) pe (P12) (WT PR) 
= 2 ~ 2 


Now, since p is odd then p? +12 and p? — 12 are odd (i.e. they are not divisible by 2) and hence 2 divides 
pi... py". Moreover, since p? + 12 and p? — 12 are greater than 1 (since p > 5) then p{!...p,*” must 
be equal to 2 (noting that g and r are primes). Therefore, we must have q = p? + 12 and r = p? — 12. 
On inspecting the low values of p we found the following solutions, i.e. (p,q,1r): 


(5,37,13)  (7,61,37) (13,181,157) (19,373,349) (29,853,829)  (41,1693,1669) — (61,3733,3709) 
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Investigate the prime numbers of the following forms (where n € N): 

(a) n?-1. (b) n? +1. (c) n3 —1. (d) n3 +1. (e) n? —2. 
Solution: 

(a) n? —1 = (n—1)(n +1) which is composite for all n > 2. For n = 1 we have n? — 1 = 0 (which is 
not prime), while for n = 2 we have n? — 1 = 3 (which is prime). So, the only prime of the form n? — 1 
is 3. 

(b) There are many primes of the form n? + 1 (e.g. 2, 5, 17) and it is conjectured that there are 
infinitely many primes of this form. 

(c) n3 —1 =(n—1)(n? +n+4+1) and hence it is composite for all n > 2. For n = 1 we have n?—1=0 
(which is not prime), while for n = 2 we have n° — 1 = 7 (which is prime). So, the only prime of the 
form n° — 1 is 7. 

(d) The only prime of the form n? +1 is 2 (corresponding to n = 1) because n? +1 = (n+1)(n?-—n+1) 
which is composite for all n > 1. 

(e) If n is even then the only prime of this form is 2 (corresponding to n = 2) because n? — 2 is even. 
If n is odd then we have many primes of this form (e.g. 7, 23, 47) and it is conjectured that there are 
infinitely many of them. 

Show that any divisor of a Mersenne number M, = 2? — 1 (where p is an odd prime) is of the form 
2kp +1 (where k € N). 

Solution: Let q be a prime number dividing M, (and hence q is odd since M, is odd). Now, by 
Fermat’s little theorem we have q|(2%~! — 1). Moreover: 


gcd(2? — 1,291 — 1) = 28e(P-a-)) _ 1 (see Problem 2 of § 13) 


Noting that q supposedly divides both 2? —1 and 27~!—1, q must divide their ged which is 28°4(?4-)) —1 
(see Problem 10 of § 2.4 of V1). Now, since qg is an odd prime then gcd(p,q — 1) > 1 which implies 
gcd(p,q—1) = p, i.e. pis a factor of g—1 and hence p|(q—1). So, we can write g—1 = sp where s must 
be an even natural number because q— 1 is even (noting that q is an odd prime as indicated earlier and 
because p divides g— 1). Hence, we can write gq = 2kp +1 (where k € N). This means that any prime 
divisor of M, is of the form 2kp + 1. However, this should apply even to the composite divisors of M, 
because the composite divisor is a product of prime factors where each one of these prime factors is of 
the form 2kp+ 1 and hence their product must be of this form, e.g. 


(2kip + 1)(2kop + 1) = 4k, kop + 2kip + 2kop +1= 2(Qhike + ky + kg)p +1 


Note 1: the theorem of this Problem can be used to prove that there are infinitely many primes because 
if there are only finitely many primes with p being the largest of them then M, (which must be greater 
than p) is composite. However, according to the theorem of this Problem any prime divisor of /, must 
be of the form 2kp + 1 which must be greater than p in contradiction to the claim that p is the largest 
prime. |35] 

Note 2: the theorem of this Problem is very useful for the search of Mersenne primes (or composites) 
since it can be used to accelerate the search for Mersenne primes. The idea is that Mersenne numbers 
which are composite are divisible only by factors of the form 2kp +1. This restriction on the form 
of divisors limits the possibilities of potential divisors substantially, i.e. if a Mersenne number is not 
divisible by any factor of the form 2kp + 1 then it must be prime (otherwise it is composite). This will 
be illustrated in Problem 15. 


[35] Tt is worth noting that we can find many proofs in the literature about the infinitude of primes, e.g. the proof of Euclid 


which we discussed in Problem 12 of § 2.2 of V1 and the proof about the coprimality of Fermat numbers which we 
discussed in Problem 7 of § 2.2.3 of V1 (as well as the proof indicated in the present note; also see Problem 18). These 
proofs can be classified as direct proofs (i.e. they are intended to prove the infinitude of primes; e.g. the proof of Euclid) 
and indirect proofs (i.e. they are intended to prove something else but their outcome implies the infinitude of primes; 
e.g. the proof of Problem 7 of § 2.2.3 of V1 and the proof of the present note). In fact, some of the proofs of propositions 
about the infinitude of primes of certain forms and types are also proofs of the infinitude of primes (assuming that these 
proofs do not presume the infinitude of primes or based on such presumption). 
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Determine if the following Mersenne numbers are prime or composite: My7 and Mo3. 

Solution: Regrading M17, we need to test only the primes of the form 34k+1 which are < /Mq7 ~ 362, 
ie. p = 103, 1387, 239, 307. None of these primes divides Mj7 and hence M7 is a Mersenne prime. 
Regrading Mp3, we need to test only the primes of the form 46k + 1 which are < (M23 ~ 2896. The 
first of these primes is 47 which divides Mp3 and hence M23 is a composite Mersenne number (with no 
need for doing more tests). 

Let m and n be coprime integers. Show that 2m +n and 3m + 2n are coprime. 

Solution: Let A = 2m+4+n and B= 3m+4 2n. Accordingly: 


2A—-B=m and 2B—-—3A=n 


Now, if we note that m and n are coprime and we use the rules of gcd (as given in the preamble of § 
2.4 of V1) then we have: 


1 = gcd(m,n) = ged(2A — B,2B — 3A) = gcd(B — 2A,2B — 3A) 
= gcd(B — 2A, [2B — 3A] — [B — 2A]) = gcd(B — 2A, B— A) 
= gcd(B —-2A,[B— A] — [B -— 2A]) = gcd(B — 2A, A) = ged(2A — B, A) = ged((2A — B] — A, A) 
( 


= gcd(A— B, A) = gcd([A — B] — A, A) = gcd(—B, A) = gced(B, A) = gcd(A, B) 


ie. 2m-+n and 3m + 2n are coprime. 

Show that any multi-digit twin primes (i.e. excluding 3,5 and 5,7) must end with 1 and 3 (like 11,13) 
or with 7 and 9 (like 17,19) or with 9 and 1 (like 29,31). 

Solution: A multi-digit integer whose last digit is 0,2,4,5,6,8 must be composite because it is either 
even (> 2) or divisible by 5 (> 5). Hence, the last digit of any multi-digit prime must be 1,3,7,9. Now: 
e If a prime ends in 1 then its potential twin must end either in 9 or in 3, and both these possibilities 
are acceptable (because the potential twin ends with an acceptable last digit of a prime). 

e If a prime ends in 3 then its potential twin must end either in 1 (which is considered in the previous 
point) or in 5 (which is not acceptable because the “twin” is divisible by 5). 

e If a prime ends in 7 then its potential twin must end either in 5 (which is not acceptable because the 
“twin” is divisible by 5) or in 9 (which is acceptable because the twin ends with an acceptable last digit 
of a prime). 

e If a prime ends in 9 then its potential twin must end either in 7 or in 1 (where both these possibilities 
are considered in the previous points). 

Show the following (where n € N): 


B 


(a) n! and n! +1 have no common prime factor. (b) Any prime factor of n!+ 1 is > n. 


Solution: 

(a) If n! and n! +1 have a common prime factor then this factor will divide both of them and hence it 
will divide their difference which is 1. This contradiction should prove the given proposition. 

(b) If n!+1 has a prime factor < n then this prime factor will be common to both n! and n!+ 1 which 
contradicts the result of part (a). 

Note: the result of part (b) is an indirect proof for the infinitude of primes because we can always find 
a prime > n that divides n! +1. Also see note 1 of Problem 14. 

List some of the famous conjectures related to prime numbers. 

Solution: For example: 

e Goldbach conjecture which states: every even integer > 2 can be written as the sum of two primes. 
e Twin primes conjecture which states: there are infinitely many twin primes. 

e Mersenne primes conjecture which states: there are infinitely many Mersenne primes. 

e The n? +1 conjecture which states: there are infinitely many primes of the form n? + 1 where n € N. 


Chapter 4 
Representation of Numbers 
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. Show that ifn € Z is any integer multiple of 4 then n = 7xy — xyz for some x,y,z € Z. 


Solution: For example, if s = 1 and y = 4 then we have: 
n= Try — vyz = ary(7-—2z) =1x 4x (7-—z) =4(7- 2) 


Now, if we note that (7 — z) can represent any integer then we can see that n can represent any integer 
multiple of 4. This implies that if n is any integer multiple of 4 then we can always find x,y,z € Z such 
that n = Txy — xyz. 


. Show that if p € P is of the form p = 3n+1 then it cannot be expressed as 2x7 +3y? (where n, x,y € N). 


Solution: p is obviously greater than 3. Now, 2x? + 3y? can be congruent (mod 3) only to 0 and 2. 
However, since p is prime (and greater than 3) it cannot be congruent (mod 3) to 0. Also, if p is 
congruent (mod 3) to 2 then we must have: 3n+ 1 392 (ie. 1 3 2) which is nonsensical. So, if 
p = 3n-+1 then it cannot be expressed as 2x? + 3y?. 


. Give some examples of pairs (a,b) of distinct natural numbers such that ab is a perfect square and 


a — 2b is a perfect (positive) cube. 

Solution: This sort of problems can be easily solved computationally by writing a simple code or script 
to search for examples of such pairs. However, let us try a more rational (or analytical) approach. Let 
(for simplicity) assume that ab and a — 2b are natural powers of primes, i.e. ab = p?° and a — 2b = q* 
(where p,q € P and s,t € N). Accordingly (noting that c,d € N): 


p=q=2 > a = 2° and b = 24 > a—2b= 9° — 2441 —> 


a — 2b = 2¢+1(Q¢-4-1 _ 11) > c-d-1=1 > c=d+2 

Now, if we try d = 1,2,3,... we can find many examples. For instance, d = 2,5,8,11,14 produce the 
following examples of (a, b) pairs: 

(16, 4) (128, 32) (1024, 256) (8192, 2048) (65536, 16384) 


In fact, every pair (a,b) = (2*+3*, 2?+3%) where k € N° should meet the given requirement. 

Find the smallest positive integer k which is equal to twice a cube (of an integer) and thrice a square 
(of an integer). 

Solution: We have k = 2m? = 3n? (m,n € N). It is obvious that m is a multiple of 3 (and hence 
m = 3y where 4 € N) while n is a multiple of 2 (and hence n = 2v where vy € N). Hence, we have 
373 = 2v?, i.e. v = /9p3/2. Now, if we try the smallest values of then we find that yp = 2 yields 
y=6.and hence-k = 2(3'%.2)? = 3(2«6)? = 432. 


. Find all n € Z such that: 


(a) f(n) =n? —n+1 is a perfect square. (b) g(n) = n3 +3n+ 1 is a perfect cube. 
(c) h(n) =n? + 3n —1 is a perfect square. 
Solution: 
(a) We have three main cases: 
en =0,1 and hence f(n) = 1 which is a perfect square. 
en <0 and hence: 
nv <(—n+1)<(n-1)P 
which means that f(n) is not a perfect square (because there is no perfect square between two consec- 
utive perfect squares). 
e n> 1 and hence: 
(n—1)? <(n? —n+1) <n? 
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which means that f(n) is not a perfect square (as in the previous point). 

So in brief, f(n) is a perfect square only for n = 0 and n= 1. 

(b) If we follow the method of part (a) then we conclude that g(n) is a perfect cube only for n = 0 
because: 


(n—1)? < (n?4+3n4+1) <n? (for n <0) & n? < (n?+3n+1) <(n+1)® (for n> 0) 


noting that there is no perfect cube between two consecutive perfect cubes. 
(c) Because h(n) is a perfect square, we have n? + 3n — 1 = m? (where m € Z). Hence (noting that 
N = 2n and M = 2m): 
An? + 12n —4 = 4m? > An? +12n = 4m? +4 > N?+6N = M?+4 > 
N?+6N+9=M?+13 > (N +3)? = M?+13 > (N +3)? -M?=13 > 
(N+3-—M)(N+3+M) =13 > 
Noting that 13 = (—1)(—13) = (1)(13) and considering all the 4 possibilities (i.e. with regard to equat- 
ing the factors on the two sides in both orders), we get 4 systems of equations in N and M. On solving 
these systems we get: (N,M) = (—10,—6), (—10,6), (4,6), (4,6). So, h(n) is a perfect square only 
for n = —5 and n = 2 (corresponding to m? = 9). 

6. Find all x,y € N° such that x? + 4y and y? + 42 are both perfect squares. 
Solution: We have four cases to consider: 
ex =y=0and hence (2, y) = (0,0). 
ex —=OandyF 0, ie. 4y and y? are perfect squares. Noting that 4 is a perfect square, any y = k? 
(k € Z) is a valid solution. Hence, (x, y) = (0, k?). 
ez #0 and y=0: from the previous point (noting the symmetry) we have (a, y) = (k?,0). 
ex >Oand y > 0 and hence:!*4 

(x +1)? < (a? + 4y) > (x? +22 +1) < (a? 4+ 4y) > (2a +1) < 4y 


Now, 22+1 is odd while 4y is even and hence the equality is not possible. Accordingly, we must have:!97] 
(a + 2)? < (x? + 4y) = (x? + 4x + 4) < (a? + 4y) = (x+1)<y 

By a similar argument (or by symmetry) we must also have (y +1) < x. However, this contradicts 
(+1) < y because (a +1) < y implies x < y while (y+ 1) < x implies y < x. This contradiction 
means that we have no solution in this case. 
So in brief, x? + 4y and y? + 4x are both perfect squares only for (x,y) = (0,k?) and (x,y) = (k?,0) 
where k € Z. 

7. Le A=a2?+yt+2z,BE=rty?+zandC=2+y+2? (where z,y,z € Z). Show that A, B,C cannot 
be perfect squares simultaneously if: 
(a) All of x,y, z are > 0. (b) One of x, y, z is < 0 and the other two are > 0. 


(c) Exactly one of x, y, z is 0. 

Solution: We note first that no perfect square can lie between consecutive squares, i.e. the squares of 
two consecutive integers. For example, if k is an integer then there is no perfect square between k? and 
(k +1)? or between k? and (k — 1)?. 

(a) This is because x? and (x + 1)? are consecutive squares and hence if A is a perfect square then it 
cannot lie between them. This similarly applies to B with regard to y? and (y + 1)? and to C with 
regard to z? and (z + 1)?. Now, if we note that A,B,C are greater than x”, y?, 27 (respectively) then 
we must have: 


(e@+1)? < (a? +y+2) + (2¢ +1) < (y+z) 


[36] In this argument we are using the fact that no perfect square can lie between consecutive squares, i.e. the squares of two 
consecutive integers. For example, if k is an integer then there is no perfect square between k? and (k+ 1)? or between 
k? and (k — 1)?. In brief, 2? < (a? + 4y), moreover (x? + 4y) cannot be between x? and (a + 1)? and hence we must 
have (a + 1)? < (a? + 4y). 

[37] Again, we are using the fact that no perfect square can lie between consecutive squares, i.e. (# + 1)? < (a? + Ay), 
moreover (x? + 4y) cannot be between (a +1)? and (a +2)? and hence we must have (a + 2)? < (a? + 4y). 
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y+1)* 
(241) 


(x+y* +2) > (2y + 1) 
(x+y +27) > (2z + 1) 


IN IA 


Now, if we add the three inequalities on the right (side by side) we obtain: 
2e+y+z)+3<Aet+y+z) rd 3<0 


which is nonsensical. So, we conclude that A,B,C cannot be perfect squares simultaneously if all of 
v,Yy,z are > 0. 

(b) Noting the symmetry in the variables, it is sufficient to consider the case of x < 0 and y,z > 0. 
Moreover, we can assume (with no loss of generality) that y < z. Now, we have three cases: 

e |x| < y and hence: 


(v-1)? < (a? +yt+2) = (—2@ + 1) < (y+2) 
+1) < (e+y?+z) > (2y+1) < (+2) 
r+IP < @tyt2) 4 +1) <(e+y) 


On adding the three inequalities on the right (side by side) and simplifying we obtain —47 + 3 < 0 
which is nonsensical noting that x < 0. 
ey < |x| < z and hence: 


(@-1)? < @+y4+2) 4 (2et1) <yt2) 
Gal Gar ey) = (—2y+1) < (g@ +z) 
(g+-y+27) < 2? => (a+y) <0 


Now, the first inequality minus the second inequality plus the third inequality lead to 2y < 0 which is 
nonsensical noting that y > 0. 
e |x| > z and hence: 


(ex-1) < (@?+y+4+2) > (—2a +1) < (y+z) 
(tty +z) < y? a (a +z) <0 
(@tyt+2*) < 2 > (x+y) <0 


On adding the three inequalities on the right (side by side) we obtain 1 < 0 which is nonsensical. 

So, we conclude that A, B,C cannot be perfect squares simultaneously if one of x,y,z is < 0 and the 
other two are > 0. 

(c) Let us assume that only x« = 0 (noting that the cases of only y = 0 and only z = 0 can be obtained 
from the case of only x = 0 due to the symmetry of A, B,C in the variables x,y,z). This means that 
(y+z), (y? +2) and (y+ 2”) are perfect squares. Now, y and z cannot be both < 0 because (y + 2) is 
supposedly a perfect square. So, we must have either y, z > 0 or one of y, z is > 0 and the other is < 0. 
Accordingly: 

e y,z > 0 and hence: 


(y? + 2) > (2y+1)<z 
(y + 27) => (2z2+1)<y 


(y+1)? 
(z+1) 


IAN IA 


On adding the two inequalities on the right (side by side) and simplifying we obtain (y + z+ 2) < 0 
which is nonsensical noting that y, z > 0. 
ey > 0 and z < 0 and hence: 


(y—1)? = z<(-2y+1) 
(y + 27) => (-2z+1)<y 


IN IA 
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On adding the two inequalities on the right (side by side) and simplifying we obtain —z < —y which is 
nonsensical noting that y > 0 and z < 0. 

ey <0 and z > 0: this is similar to the previous case (noting the symmetry). 

So, we conclude that A, B,C cannot be perfect squares simultaneously if exactly one of x, y, z is 0. 


-Let A=ax*+y+2z, B=Eaty?+zandC=2+y+2? (where z,y,z € Z). Investigate (with regard to 


the sign of x,y, z) the possibility of A, B,C being perfect squares simultaneously. 

Solution: We have eight cases: 

e All of x,y,z are 0: this is possible because 0 is a perfect square. 

e Two of x,y,z are 0 and the other is positive: this is possible, ie. (x,y,z) = (k?,0,0), (0,k7,0), 
(0,0,k?) where k € Z. 

e Two of x,y,z are 0 and the other is negative: this is impossible because (where we exploit the 
symmetry to generalize the argument) if « < 0 and y = z = 0 then A is a perfect square but B and C 
cannot be perfect squares because they are negative. 

e Exactly one of x,y, z is 0: this is impossible (see part c of Problem 7). 

e All of x,y,z are < 0: this is possible, e.g. (a, y, z) = (—3, —4, —4), (—2, —2, —2). 

e Two of x,y,z are < 0 and the other is > 0: this is possible, e.g. (x, y, z) = (2, -2, —2). 

e One of x,y,z is < 0 and the other two are > 0: this is impossible (see part b of Problem 7). 

e All of x,y,z are > 0: this is impossible (see part a of Problem 7). 


. Find all a,b € Z such that (a + b), (a? + b), (a +?) are all perfect squares. 


Solution: According to part (c) of Problem 7 these cannot be perfect squares simultaneously if ab 4 0. 
So, the only possibility of these being perfect squares simultaneously is when ab = 0, i.e. (a,b) = (k?,0) 
and (a,b) = (0,k?) where k € Z. 

Find all n € Z such that 4n4 + 8n? + 12n? + 8n+ 4 is a perfect square. 

Solution: We have: 


I 


4n* + 8n° + 12n? + 8n+4 [n* + 2n? + 3n? + 2n + 1] 
[n4 + (2n° + 2n”) + (n? + 2n+ 1)] 


[(n?)? + 2n®(n +1) + (n+ 1)?| 


= 4[n?+(n+1)]° =2? (n? +n41) = [2 (nr? +n4+1)] 


Hence, 4n4 + 8n° + 12n? + 8n +4 4 is a perfect square for all n € Z. 

Find all n € Z such that the following expression is a perfect cube: n? + 2n? +41. 

Solution: We use in the following solution the fact that no perfect cube can lie between consecutive 
cubes, i.e. the cubes of two consecutive integers. For example, if & is an integer then there is no perfect 
cube between k? and (k + 1)? or between k® and (k — 1). 

Let: 


nm < n?+2n?+n4+1 < (n+1)? 
nm < n?4+2n?4+n41 < n?43n?4+3n41 
0 < Qn?+n41<3n?4+3n41 


The solution of the last inequality is n < —2 and n > 0. This means that n? + 2n? +n+1 cannot be a 
perfect cube if n < —2 or n > 0 because it is between two perfect cubes, and hence n? + 2n?++n+1 can 
possibly be a perfect cube only for n = —2,—1,0. On testing these values we find that n?+2n?+n+41 
is a perfect cube for all these values, (i.e. m = —2,—1,0) and hence these are the solutions to our 
Problem. 

Find every integer n that has the following forms simultaneously: n = 5+ 14k, n = 3+ 23s and 
n = 7+ 33t (where k,s,t € Z). 

Solution: We are required to solve the following system of simultaneous congruence equations: 


14 23 33 
n=5 n=3 n=7 
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The solution of this system (which can be obtained by the Chinese remainder theorem) is n 10828 9119. 
So, every n = 2119 + 10626u (where u € Z) meets the stated requirement. 

Find all n € N° such that the following expressions are perfect cubes: 

(a) n! +5. (b) n! +7. (c) n! — 14. 


Solution: 
(a) This is equivalent to solving the Diophantine equation m? = n! +5. Now, for n > 6 we have n! £0 


and hence m3 = 5. However, m3 = 5 has no solution. So, if there is any solution then we must have 
0<n< 6. On testing these values of n we find that only n = 5 is a solution. So, n! + 5 is a perfect 
cube only for n = 5. 


(b) This is equivalent to solving the Diophantine equation m? = n!+7. Now, for n > 8 we have n! 20 


and hence m3 = 7. However, m° = 7 has no solution. So, if there is any solution then we must have 
0<n<8. On testing these values of n we find that only n = 0,1 are solutions. So, n! + 7 is a perfect 


cube only for n = 0,1. 


3 


(c) This is equivalent to solving the Diophantine equation m’ = n!— 14. Now, for n > 3 we have n! 20 


and hence m3 4 —14. However, m3 4 —14 has no solution. So, if there is any solution then we must 
have 0 < n < 3. On testing these values of n we find that only n = 3 is a solution. So, n! — 14 is a 
perfect cube only for n = 3. 

Show that (n° — 4) cannot be a perfect square for any n € Z. 

Solution: For n < 2 we have (n° —4) < 0 and hence it cannot be a perfect square. Regarding n > 2, we 
note that being a perfect square is equivalent to m? = n° — 4 for some m € Z. However, this equation 
has no solution.8*! Hence, (n> — 4) cannot be a perfect square for any n € Z. 

Find all the natural numbers which can be expressed as n° + 5n — 1807 and end in 1121. 

Solution: These numbers are the solutions of the following congruence equation: 


10000 


n°? + 5n — 1807 1121 


The solutions of this equation are n = 32 + 10000k where k € N° (see § 3.2.1 of V1). 

Show that every N 3 n > 2 can be written as n = pk or as n = 4k (where p is an odd prime and k € N). 
Solution: If n is odd then n = pk (for some odd p € P and k € N). 

If n is even then n = 2s (where s € N). Now, if s is even then s = 2k and hence n = 4k, while if s is 
odd then s = tp (where t € N) and hence n = kp (where k = 2t). So, is all cases we can write n as 
n = pk or as n = 4k. 

Show that the sum of two odd squares cannot be a perfect square. 

Solution: If m = 2s +1 and n = 2t+1 (where s,¢ € Z) then: 


m+n? = 4s? +48+14+ 424+ 4t+142 
and hence it cannot be a perfect square because the residue of a square (mod 4) is either 0 or 1. 
Show that any square of an odd number can be written as 8k + 1 where k € N°. 
Solution: An odd number n can be written as n = 2s + 1 (where s € Z) and hence: 


n® = (28 +1)? = 4s? +48 4+1=4(s? +8) +1=4(2k)+1=8k4+1 


where step 4 is because (s? + s) is even (and > 0). 


[38] For example, m 


2 2 n5 — 4 has no solution and hence m? = n® — 4 has no solution (see § 2.7.6 of V1). 


Chapter 5 
Diophantine Equations 


This chapter is essentially a continuation to our investigation of Diophantine equations (e.g. their types 
and the methods of their solution) which we started in the first volume of this book. So, we mostly build 
(and elaborate) on the material of the first volume about Diophantine equations. 


5.1 General Issues about Diophantine Equations 


1. It is useful (and recommended) to narrow the domain or/and range of solution when tackling a Dio- 
phantine problem (and indeed any number theory or mathematical problem in general). (99 Try to 
suggest some criteria and considerations that can help in narrowing the domain/range of solution (and 
hence they should be considered in this effort). 

Solution: The following is just a sample of the criteria and considerations that should be taken into 
account in this context: 

e Sign considerations: e.g. if the domain/range can be limited to positive or negative numbers. 

e Parity considerations: e.g. if the domain/range can be limited to even or odd numbers (or even to 
neither and hence we can conclude that there is no solution). 

e Magnitude considerations, e.g. if the domain/range of solution has an upper or a lower limit or a 
bounded interval. 

e Obvious solutions considerations: e.g. considering the small integers (i.e. those in the neighborhood 
of 0) solutions by using inspection and intuition. 

e Special and limited cases considerations: e.g. solutions at 0 or infinity or in the absence of certain 
variable(s). 

e Algebraic manipulations and techniques considerations, e.g. factoring or division/multiplying by a 
factor could reveal the impossibility or necessity of specific solutions. 

Also see § 6.4. 

2. Motivated by Problem 1, try to narrow the domain/range of solution of the following Diophantine 
equation: 5a? + 4y? — 9 = 0 (where z,y € Z). 

Solution: For example, the domain should be limited by the following restrictions (noting that 52° + 
Ay? = 9): 

e At least one of x and y must be > 0. 

e x = 0 is not a possibility (because 4y? = 3? has no solution). 

e y = 0 is not a possibility (because 52° = 3? has no solution). 

e x must be odd (to avoid parity violation). 

From the first 3 points we conclude that we must have either x > 0 and y > 0, or > 0 and y < 0, or 
x <Oand y>0. Now: 

If « > 0 and y > 0 then (from magnitude considerations) x and y cannot be > 1 and hence we must 
have (a, y) = (1,1,) which is a valid solution. 

If « > 0 and y < 0 then by simple inspection we may find (a, y) = (13, —14) which is another solution 
(although this does not prove that there is no other solution of this kind). 

If e < 0 and y > 0 then by inspection we do not find a solution of this kind (although this does not 
prove that there is no such solution). 

So in brief, this approach of narrowing and inspection can lead us to building the solution step by step 
(with the possibility of reaching through this to a general logical/mathematical argument that proves 


[391In fact, narrowing the domain of solution does not only make the search for solution easier (by excluding certain 
possibilities) but can lead to a clue or an insight about the solution or its nature. 
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that what we found is the entire solution). 

3. A common approach for solving a Diophantine equation is to compare it to a similar equation whose 
solutions are known or whose solutions are easier to obtain. Use this approach to infer the solutions of 
the following Diophantine equations by comparing them to the solutions of 52° + 4y? — 9 = 0 which we 
found in Problem 2: 

(a) 523 — 4y3 +9 =0. (b) 5a° + 4y° +9 =0. 

Solution: 

(a) If we multiply the given equation by —1 we obtain 5(—a)? + 4y3 — 9 = 0. On comparing this 
equation to the equation of Problem 2 we can easily conclude that the solutions of the given equation 
that correspond to the two solutions found in Problem 2 are (#,y) = (—1,1) and (a, y) = (—13, —14). 
(b) If we multiply the given equation by —1 we obtain 5(—2x)? + 4(—y)? — 9 = 0. On comparing this 
equation to the equation of Problem 2 we can easily conclude that the solutions of the given equation 
that correspond to the two solutions found in Problem 2 are (x,y) = (—1,—1) and (az, y) = (—18, 14). 
Also see § 6.4. 

4. What we mean by “solving a Diophantine equation’? 

Solution: “Solving” (or “finding the solution”) of a Diophantine equation should mean proving (by an 
irrefutable logical/mathematical argument) that there is no solution (ie. when there is no solution) or 
finding all the solutions (either explicitly or through a sort of closed form formula or formulae) with an 
incontestable argument that there are no other solutions. So, a Diophantine equation is not solved, for 
instance, by finding a number of solutions (e.g. through inspection or through computational search) 
even if we know for sure that the equation has no other solutions. 

5. Discuss initial sensibility checks and the importance of applying them when tackling a Diophantine 
equation problem. 

Solution: It is important (and highly recommended) to conduct initial (and basic) sensibility checks as 
a first step in tackling a Diophantine equation problem before going through the process of solving the 
problem in detail. The purpose of these checks is to assess the sensibility of the equation quickly (by 
inspecting its general characteristics) to see if it is possible to have a solution or not. These initial checks 
may also reveal the obvious solutions of the equation easily without effort or use of any complicated 
treatment. In fact, applying an initial sensibility checks investigation can save a lot of time trying to 
solve an equation that has no solution or has an obvious solution and hence it does not require any 
effort to solve. In the following points we outline some of the most common initial sensibility checks: 
e Parity checks: these should be regarded as the first item in the list of sensibility checks. This is 
due to their simplicity and intuitivity. For example, if we are asked to find the general solution of 
the Diophantine equation x+ + 4y? — 7x? — 12y + 7 = 0 (where x,y € Z) then before we try to solve 
this equation by using the familiar rules and traditional methods of solving polynomial Diophantine 
equations (in two variables) we should simply check the parity of this polynomial, and hence we can 
easily conclude (by checking the parity) that this equation has no solution because the polynomial is 
always odd and hence it cannot be equal to 0 which is even. 

Parity checks can also reduce the possibilities that to be considered (or the domain or the range of 
the problem). For example, the equation 18" + 16¥ = 19% (where x,y,z € N°) can have a solution 
(in principle) but because of parity considerations any potential solution must have either « = 0 (and 
y #0) or y= 0 (and x 4 0). So, we have only these possibilities to consider which by simple inspection 
should lead to the only solution, i.e. (a, y, z) = (1,0, 1). 

e Primality and composity checks: for example, if we conduct an initial primality check on the 
Diophantine equation 127? + 99y? = 7159 (where x,y € Z) then it should become obvious that this 
equation has no solution because 7159 is prime while 127? + 99y? = 3(4x? + 33y?) which is composite 
and hence they cannot be equal considering their prime factorization. 

e Sign and magnitude checks: for example, the Diophantine equation 3x+ + y? + z! = 0 (where 
x,y,z € Z) has obviously no solution because 324 +y? cannot be negative and hence when it is added to 
z! (which is always positive) the result cannot be zero. Similarly, it is fairly obvious that the Diophantine 
equation + + A + 2=7 (where x,y,z € Z and zyz 4 0) has no solution because of a magnitude issue 
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(ie. the left hand side cannot be greater than 6). Also, the equation 13x? + 6y? + 524 = 0 (where 
x,y,z € Z) has the obvious (and only) trivial solution (i.e. x = y = z = 0) because any sum of (positive 
multiples of) even natural powers of integers must be a positive natural number unless all the integers 
are 0. 

e Simple divisibility checks: for example, it is fairly obvious that the equation x4 + y4 — 2? —y? = 34 
(where x,y € Z) has no solution because the left hand side is divisible by 4 [noting that 24 — 2? = 
(x? — x)(a? + x) where both factors are even and this similarly applies to y* — y?] while the right hand 
side is not divisible by 4. 

e Simple modularity checks: we mean by this using modular arithmetic rules and techniques to 
inspect and test the solvability of the given Diophantine equation (where we largely exploit and benefit 
from the rules that we outlined in § 2.7.6 of V1). For example, it should be fairly obvious (to someone 
with modest experience in solving Diophantine equations) that the Diophantine equation 207? + 21y? = 
22 (where x,y € Z) has no solution because by a simple modularity inspection (i.e. via reducing the 


equation in modulo 5) we find that this equation implies y? 2 2 which obviously has no solution (because 
2 is a quadratic non-residue of 5) and hence the original Diophantine equation is not solvable. |4° 
Also see Problem 7 of § 6.1 as well as § 6.4. 
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1. Show that the Diophantine equation x? — y? = z3 has a solution (x,y) for any z (where z, y, z € Z). 
Solution: We have: 


3 _ 2+2z8 42% 24-228 42? 22(22 42241) (2? -224+1) 
= 4 4 7 4 4 
2(z+1)]? z(z—1)]? 
cara ia 


So, for any z € Z we have x = 2(z + 1)/2 and y = z(z — 1)/2 that satisfy this equation [noting that 
2(z +1) and z(z—1) are even]. The obvious implication of this result is that any cube (of an integer) 


can be expressed as a difference of two squares (of integers).|4!] 
2. Solve the following Diophantine equations (where x, y € Z): 
(a) 2° — 4x4 + 7x? —1ly-9=0. (b) 10a? + 2x — 8y? = 0. (c) c+ay+y=0. 
(d) 2 + y* = 4096. (e) 2° — y® = 16807. (f) 2? + 4x + y* — 14y + 48 = 0. 
(g) ay — vy? — 13 = 0. (h) x? + y? = 43275. (i) 2? —y® —18=0. 


Solution: 
(a) If we write this equation as x° —4x4+7x?—9 = 11y then we are looking for all x € Z such that P(x) = 


«® —4a4 +72? —9 is a multiple of 11. Now, P(x = 0,1,2,3,4,5,6, 7, 8,9, 10) + 2,6,9, 6,4, 10,8, 2,4, 0,4. 
Therefore, x =9+ 11k and y= eo) and hence the solutions are (where k € Z): 


(x,y) = (94+ 11k, 14641k° + 54571k* + 80586K° + 58883k? + 21267k + 3033) 


(b) It is obvious that « = y = 0 is a solution. So, in the following we consider non-trivial solutions. We 
convert this equation to a Pell equation form (see § 1.2) by transforming «, that is: 


[40] Tt is worth noting that we can consider parity checks (which we investigated in the first point) as an example of simple 
modularity (or modular arithmetic) checks. In fact, we can consider parity checks as the simplest modularity checks 
(since parity checks are based on the modular arithmetic of 2 which is the least modulo in modular arithmetic). However, 
parity checks (unlike common modularity checks) are not limited to explicit modularity inspection and checks, and hence 
from this perspective we may consider parity checks as more general than simple modularity checks. 

[41] In fact, if we exclude z = 0 then we can make a more specific statement, i.e. any cube can be expressed as a difference 
of two distinct squares. 
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10x? + 2x — 8y? =0 > 10027 +20r—80y?=0 + 10027+202+1—-1-80y?=0 > 
(102 +1)?-1-80y?=0 + X?%-80y?=1 


This is a Pell equation. Now, 80 = [8;1, 16]. On inspecting the successive rational fraction approxi- 
mations on the continued fraction ladder we find that the first approximation [8; 1] = 9/1 satisfies the 
given equation (since 9? — 80 x 1? = 1) and thus (Xi, y1) = (9,1). Now, to find the solutions (a, y) of 
the original equation we need to use the reverse transformation, i.e. x = (X —1)/10. However, the last 
digit of X,, is 9 for odd n and 1 for even n (see § 1.2), and hence to have an integer solution for x, we 
take r, = (—X, — 1)/10 for odd n and rp = (Xy, — 1)/10 for even n. Some of the solutions are: 


nm | (XnsYn) (2nsYn) 

1 | (9,+1) (—1,+1) 

2 | (161, +18) (16, +18) 

3 | (2889, +323) (—289, +323) 

4 | (51841, +5796) (5184, +5796) 

5 | (930249, +104005) (—93025, +104005) 
6 | (16692641, +1866294) | (1669264, +1866294) 


(c) An obvious solution is (7, y) = (0,0). Now, let ry 4 0. If we divide by x and divide by y then we 
get (respectively): 


y x 
1+y+2=0 —~+x2+1=0 
zt y 


i.e. x divides y and y divides x. Hence, y = +a (see rule 9 of § 1.9 of V1) and thus: 


1l+y+1=0 +1+2+1=0 


Now, the +1 case leads to (x,y) = (—2,—2) while the —1 case leads to (x,y) = (0,0) which is not 
acceptable because of the assumption xy 4 0 (noting that this solution is found already). 

So in brief, the solutions are (x, y) = (0,0) and (a, y) = (—2, —2). 

(d) If we write this equation as 24+y* = 8* then it should be obvious that this equation has no solution 
in natural numbers (according to Fermat’s last theorem; see § 2.9.5 of V1). Now, if we note that the 
power (i.e. 4) is even then it should also be obvious that this equation has no solution for any xy 4 0. 
So, we must have either « = 0 and y 4 0 (and hence y = +8) or « £0 and y = 0 (and hence x = +8). 
So, the only possible solutions are: (x, y) = (0,+8) and (a, y) = (+8, 0). 

(e) We note first that 16807 = 7° Now, we have 6 cases to consider: 

ex=y=0: ie. 0-0 = 16807 which is obviously impossible. 

e x,y > 0: if we write this equation as x° = y? + 7° then it is obvious that it has no solution (by 
Fermat’s last theorem; see § 2.9.5 of V1). 
e x,y <0: if we write this equation as —|x|° = —|y|° + 7° (which is equivalent to |y|° = |z|° + 7°) then 
it is obvious that it has no solution (by Fermat’s last theorem). 

ex >Oand y <0: if we write this equation as x° + |y|> = 7° then it is obvious that it has no solution 
(by Fermat’s last theorem). 

ex <Oand y > 0: if we write this equation as —|z|° — y> = 16807 then it is obvious that it has no 
solution (noting that the LHS is negative while the RHS is positive). 

ex=Oand y 40 (orx 40 and y= 0): ie. —y® = 16807 and hence y = —7 (or x? = 16807 and hence 


C=) 

So in brief, we have only two solutions: (x,y) = (0,—7) and (2, y) = (7,0). 

(f) We have: 

x? +4er + y? — 14y +48 =0 > (x +2)? + (y—7)? =5 > KAY? = 5 


Now, we have 8 solutions for (X,Y), that is: 
5 = (—2)? + (1)? = (—1)? + (42)? = (+1)? + (+2)? = (+2)? + (41)? 


Hence, we have 8 solutions for (x,y), that is: 
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ew 


(g) If we write this equation as x7y — zy? = 13 then we can see that the LHS is always even while the 
RHS is odd and hence this equation has no solution. 

(h) The square of an integer is congruent (mod 4) either to 0 or to 1 and hence the LHS is congruent 
(mod 4) to 0 or 1 or 2. Now, if we note that 43275 is congruent (mod 4) to 3 then it should be obvious 
that this congruence has no solution. 

(i) Let us write this equation as x? — 18 = y°®. Now, the residues of 2? — 18 (mod 11) are: 4, 5, 8, 
2, 9, 7, 7, 9, 2, 8, 5 while the residues of y® (mod 11) are: 0, 1, 10, 1, 1, 1, 10, 10, 10, 1, 10. Hence, 


ret 
x? —18#y° which implies that the equation has no solution (see § 2.7.6 of V1). 


. Solve the following Diophantine equations (where x,y € Z): 


(a) ee +y3-—x-—y=0. (b) a +y?+r+y=0. (c) a8 +a?—-y—y? =0. 
(d) ce +y%+a?+y?=0. (e) 2 +y3—a2?-y? =0. (f) 2? —xy+6r-—y+2=0. 
Solution: 

(a) We have: 

(x° +y°)—(w@+y) =0 ~~ (2+ y)(x? — ay +y*) — (x+y) =0 = 


(«+ y)(2* — ay +y*?—1) =0 
So, either x + y = 0 or x? — xy + y* — 1=0. Hence, we have two cases: 

ex+y=O0 and hence y = —2. 

e x? — xy + y? — 1 =0 which is equivalent to (x — y)? + ry —1=0. Accordingly: 

If (zc — y)? =0 then x = y and hence zy = 2? =y?=lie. r=y=—-lorz=y=1. 

If (a — y)? = 1 then ry = 0, ie. x = y = 0 (which is inconsistent) or z = 0 (and hence y = +1) or 
y = 0 (and hence x = +1). 

If (x — y)? > 1 then if we write the equation x? — ry + y? —1=0 as 27 +y? = ry+1 then z and y 
must have the same sign because otherwise the LHS will be greater than 1 (noting that the difference 
between x and y must be greater than 1 in magnitude) while the RHS will not exceed 1. Now, if we 
write the equation (x — y)? +ay—1= 0 as (a—y)?—1 = —zy then the LHS must be positive while the 
RHS must be non-positive (noting that x and y presumably have the same sign). So, this contradiction 
should lead to the conclusion that there is no solution for (xz — y)? > 1, and hence we have no other 
solutions. 

So in brief, the solutions are (where k € Z): 


(x,y) = (k, —k) (x,y) =F (Gee =) (x,y) = (1, 1) (x,y) = (0, +1) (x,y) = (+1,0) 
(b) We have: 
(a +y°)+(@+y)=0 ss («+ y)(2* — ay +y*) + (@+y) =0 =e 


(2+ y)(2? —xy+y?+1) =0 
So, either x + y = 0 or 2? — xy +y?+1=0. Hence, we have two cases: 

ex+y=O0 and hence y = —2. 

ex? — xy +y? +1 =0 which is equivalent to (2 — y)? + xy +1=0. Accordingly: 

If (x — y)? = 0 then x = y and hence ry = x? = y? = —1 which is impossible. 

If (x—y)? =1 then r—y = +1, ie. ce =y—1 or x = y+1 which lead to y? -—y+2 =O0or y?+y+2=0. 
These equations have no integer solution. 

If (ce —y)? > 1 then if we write the equation 2? —xy+y?+1=0as x*+y?+1= zy then z and y must 
have the same sign because otherwise the LHS will be positive while the RHS cannot be positive. Now, 
if we write the equation (x — y)? + zy+1=0as («— y)? +1 = —zy then the LHS must be positive 
while the RHS must be non-positive (noting that « and y presumably have the same sign). So, this 
contradiction should lead to the conclusion that there is no solution for (x — y)? > 1. 

So in brief, the only solution is: (a, y) = (k, —k) where k € Z. 

(c) If we write the equation as (x? — y?) + (x? — y”) = 0 then it is obvious that x = y is a solution. So, 
let us consider the other case, i.e. x 4 y: 

If c =0 then y? +y? = y?(y+1) =0, ie. (#,y) = (0,—1). 
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> 


If x = 1 then y® + y? — 2 = 0 which has the solution y = 1 (but it is not acceptable because « # y 

although it is included in the previous solution x = y). 

If =—1 then y? + y? = y?(y +1) =0, ie. (x,y) = (—1,0). 

Now, we show that |z| > 1 is not a possibility except when x = y (which we obtained already). If 

we write the equation as x?(x + 1) = y?(y +1) then it should be obvious that (2 +1) and (y+ 1) 

must have the same sign (noting that x? and y? have the same sign and noting as well that y = 0 is 

not a possibility). Now, if we note that x and (a + 1) are consecutive integers and y and (y + 1) are 

consecutive integers then we must have x = y which is the solution that we obtained already. 

So in brief, we have only 3 solutions: (x,y) = (k,k), (0,—1), (—1,0) where k € Z. 

(d) We have 4 (comprehensive) cases: + = 0 or = +1 or |z| > 1. So, let us consider these cases: 

If c = 0 then y? + y? = y?(y+1) =0, ie. (x,y) = (0,0) and (a, y) = (0, -1). 

If = 1 then y? + y? + 2 = 0 which has no solution. 

If ¢ = —1 then y? + y? = y?(y +1) =0, ie. (a, y) = (—1,0) and (2, y) = (—1,-1). 

Now, we show that |x| > 1 is not a possibility (i.e. it does not lead to new solutions). If we write the 

equation as 2?(2+1) = —y?(y+1) then it should be obvious that (+1) and (y+1) must have opposite 

signs (noting that x? and y? have the same sign and noting as well that y = 0 is not a possibility). 

Now, if we note that x and (# + 1) are consecutive integers and y and (y+ 1) are consecutive integers 

then we must have 2? = y? (ie. 2 = ty) andx+1=-—y-—1 (ie. x = —y— 2). On substituting 

x = +y in the equation x? + y*? + 2? + y? = 0 we get only (x,y) = (0,0) and (x,y) = (—1,—-1) which 

we obtained already. On substituting x = —y — 2 in the equation x° + y? + 2? + y? = 0 we get only 

(x,y) = (—1,-1) which we obtained already. 

So in brief, we have only 4 solutions: (x, y) = (0,0), (0,-—1), (—1,0), (—1,-1). 

(e) Let « = —X and y = —Y. Now, if we substitute this in the given equation then we get: 
X83 —Y%— X*_-Yy2 =0, ie. X37 +Y3+4+ X?+4+Y? =0. The solutions of this equation (accord- 

ing to part d) are: (X,Y) = (0,0), (0,—1), (—1,0), (—1,-—1). So, on transforming back to x and y we 

get: (a, y) = (0,0), (0,1), (1,0), (1,1). 

(f) If we write this equation as x? + (6 — y)x + (2 — y) = 0 then it is a quadratic in x and hence its 

discriminant must be a perfect square (say k”), that is: 


k? = (6 — y)? —4(2—y) >» k? = y? —8y+28 > k?=(y—4)?+12 > 
k? — (y— 4)? = 12 > [k-(y-4)|[k+(-4] =12 3 (k-y+4)(kt+y-4) =12 
Now, if we factorize 12 as 12 = (+1)(412) = (42)(+6) = (+83)(+4) and consider all the possibilities 


of these numeric factors equaling the two factors on the LHS (considering both orders) then by solving 
the resulting twelve systems of simultaneous equations in & and y (accepting only the integer solutions) 
we get: (k,y) = (—4,2), (—4,6), (4,6), (4,2). Now, if we insert these values of y (i.e. y = 2 and y = 6) 


in the given equation we get: x? + 42 = 0 (whose solutions are z = 0 and x = —4) and 2? -4=0 
(whose solutions are x = +2). Hence, the solutions of the given equation are: 

Solve the following Diophantine equations (where x,y,z € Z): 

(a) cy + yz = wyz. (b) a+ y+2= xyz. (c) x?yz — 8xy2z—2z+1=0. 
(d) «® — y® + 21623 = 0. (e) 2? + y? + 2? = 237327. 

Solution: 


(a) If y = 0 then (2, y, z) = (m,0,&) is a solution where m,k € Z. 

If y #0 then we have x + z = xz and hence: 

e If x =0 (z =0) then z = 0 (a = 0) and hence (x, y, z) = (0,7, 0) is a solution where Z 35 n 4 0. 

e If «#0 then x = z(# — 1) and hence z|x. Similarly, z = x(z — 1) and hence z|z. This means x = z 
(noting that z = —z is not a possibility) and hence we have 2x = xz, i.e. z = x = 2. Thus, we have 
another solution: (#, y,z) = (2,n,2) where Z3 n 40. 

So in brief, we have 3 solutions: (m,0,k), (0,7,0) and (2,n,2) where m,n,k € Z and n £ 0. 

(b) If zyz = 0 then we have the following solutions: (2, y, z) = (m,—m,0), (m,0,—m) and (0,m,—m) 
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where m € Z. So, in the following we assume xyz 0. 
Let us first assume that |x| < |y| < |z|. In the following we will show that (with this condition) x must 
be equal to +1. This is because for all the possibilities of |2| > 1 we have |x + y+ 2| < |ayzl, eg. 


[£24242] < |(+2)(+2)(+2)| |+24+2+3] < |(+2)(+2)(+3)| [£24343] < |(+2)(+3)(+3)| 


Now, we have 2 cases to consider: 
e x = 1 and hence we have 1+ y+ z= yz, ie. y+1= 2(y—1). This equation means (y — 1)|(y + 1) 
and hence: 


y-l y-l 
ie. (y—1)|2 and hence (noting that y 4 0) y = 2 or y = —1 or y = 3. On substituting « = 1 and 
y = 2,—1,3 in the given equation we get the following solutions: (x,y,z) = (1,2,3), (1,—1,0) and 
(1,3,2). However, because z # 0 and we are currently assuming |x| < |y| < |z| we can accept only 
(x,y,z) = (1, 2,3). 
e x = —1 and hence we have —1+y+z = —yz,ie. l—y =z(1+y). This equation means (1+y)|(1—y) 
and hence: 

1l-y 2 


l+y ~ y+l 
ie. (y+ 1)|2 and hence (noting that y 4 0) y = —2 or y = —3 or y = 1. On substituting « = —1 and 
y = —2,—3, 1 in the given equation we get the following solutions: (x, y, z) = (—1, —2, —3), (—1, —3, —2) 
and (—1,1,0). However, because z 4 0 and we are currently assuming |x| < |y| < |z| we can accept 
only (x, Y, z) = ele —2, =); i.e. (x, Y, z) _ =a, 2, 3). 
So, assuming that |z| < |y| < |z| we have only 2 (zero-free) solutions: (x,y,z) = +(1,2,3). Now, if 
we lift the condition |x| < |y| < |z| (noting the symmetry in x,y,z) by permuting 2, y,z (and hence 
permuting the values in these 2 solutions) then we get the following 12 solutions: 
+(1,2,3) +(1,3,2) +(2,1,3) +(2,3, 1) +(3, 1,2) +(3,2, 1) 
(c) If we write this equation as: z(x?y — 3ry? — 1) = z — 1 then we can see that (?y — 3xy? — 1) is 
always odd and hence if z is odd then the LHS is odd while the RHS is even, while if z is even then the 
LHS is even while the RHS is odd. Hence, this equation has no solution. 
(d) If we write this equation as (x?) + (6z)? = y? then (by Fermat’s last theorem)!4#! it is obvious 
that it has no “non-zero” solutions (i.e. solutions with xyz 4 0). Regarding the zero solutions we have 
three cases: 
e x = 0 and hence: 
—y? + 21623 =0 > y® = 21623 > y® = (62z)° > y = 62 
So, the solution in this case is (x, y, z) = (0, 6k, &) where k € Z. 
e y = 0 and hence: 
x® + 21623 =0 — (x7)? = (—6z)3 — x? = —6z — (6k)? = —6(—6k?) 
So, the solution in this case is (x,y, z) = (6k, 0, —6k?) where k € Z. 
e z =0 and hence: 
x —y> =0 > y> = «7 > eet Cah > y=u 


So, the solution in this case is (x,y, z) = (k,k?,0) where k € Z. 

So in brief, we have three main solutions: 

(x,y, z) = (0, 6k, k) (x, y, 2) = (6k, 0, -6k?) ye) R30) 
(e) The number 237327 on the RHS is congruent (mod 8) to 7. Now, the square of an integer is con- 
gruent (mod 8) either to 0 or to 1 or to 4 and hence the LHS cannot be congruent (mod 8) to 7. Hence, 
this equation has no solution (see § 2.7.6 of V1). 


[42] Regarding the possibility of y and z being negative, we can exchange their positions and hence we deal with natural 
solutions. Regarding the possibility of y being positive and z being negative, we can move the z term to the RHS and 
again dealing with natural solutions. Regarding the possibility of y being negative and z being positive, the equation 
will obviously have no solution because the LHS is positive while the RHS is negative. 
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5. Find all x,y,z € Z such that 2? + y? = z? and z,y, z are consecutive integers. 
Solution: We have six cases: 
ex<y<zand hence y=2+1 and z=2+42. Thus, we have: 
x? + (+1)? =(4+2)? _ x? —22r—-3=0 > (x +1)(4-— 3) =0 
ie. 2 = —1 and x = 3. Therefore, we have only two solutions: (x,y, z) = (—1,0,1) and (3,4, 5). 
ex<z<yand hence y=2+2 and z=2+1. Thus, we have: 
x? +(x +2)? =(x+1)? > x+2r+3=0 
which has no solution. 
ey <2 < z: this is similar to the first case (with the exchange of x, y which are symmetric). Therefore, 
we have only two solutions: (x,y,z) = (0,—1,1) and (2, y, z) = (4,3,5). 
ey<z<a: this is similar to the second case (with the exchange of x, y which are symmetric). There- 
fore, we have no solution. 
ez<a<yand hence y=2+1 and z=2-1. Thus, we have: 
x +(a+1)? =(x-1)? — x? +42 =0 _ x(x +4) =0 
ie. 2 = 0 and x = —4. Therefore, we have only two solutions: (x,y, z) = (0,1,—1) and (—4, —3, —5). 
ez< y<«: this is similar to the previous case (with the exchange of x,y which are symmetric). 
Therefore, we have only two solutions: (x, y, z) = (1,0,—1) and (—3, —4, —5). 
So in brief, we have only eight (x,y, z) solutions which are: 
(-1,0,1) (3,4,5) (0,-1,1)  (4,3,5) (0,1,-1)  (-4,-8,-5) = (1,0,-1) — (--3, —4, -5) 
It is worth noting that these results mean that (3, 4,5) is the only Pythagorean triple with consecutive 
integers. 

6. Solve the following Diophantine equation (where m,n € Z): 


3n?m + 2n2m — 7m = mon + 5m3n + mn 


Solution: An obvious solution is m = 0 with n being an arbitrary integer, i.e. (m,n) = (0,k) where 
k € Z. If m4 0 then we can divide the two sides by m and obtain: 


3n3 + 2n? — 7 = n(m? + 5m? +1) 


This equation has no solution due to parity violation, i.e. (m° + 5m? +1) is always odd and hence if n 
is even then we have: odd = even while if n is odd then we have: even = odd. 
So in brief, we have only the solution (m,n) = (0,4) where k € Z. 

7. Let f(x,y) = 1202° + 274a4y + 22523 y? + 85x7y? + 15ry* + y°. Are there x,y € Z such that f is equal 
to the following integers: 
(a) 21. (b) 27. (c) 181. (d) 45. (e) —105. (f) 63. 
Solution: In essence, this is a Diophantine equation problem where we are supposed to investigate if 
there are x,y € Z that make f equal to these integers. Now, let us factorize f: 


f(x,y) = 120n° + (154 + 120)aty + (71 + 154)a7y? + (144 71)e?y3 + (1 4+ 14)2y4 + y° 
= (1202° + 15424y + 71ay? + 14a?y3 + ey*) + (120a4y + 1542%y? + 71a? y3 + 14ay* + y°) 
= ¢(120ar* + 15423 y + 71x?y? + day? + y*) + y(12024 + 1542%y + 71a?y? + 14ry? + y*) 


= (x+y) [12024 + 154a°y + 71a?y? + lay? + y4] 

= (x+y) [12024 + (94 + 60)a3y + (24+ 47)x?y? + (2+ 12)zy? + y'] 

= (x + y) [(1202* + 94a%y + 2407y? + Qary?) + (6023 y + 47xy? + 122y* + y*)] 
= (x+y) [20(602x° + 47x7y + 12xy” + y®) + y(602° + 47x7y + 12zy* + y°)| 

= (a+ y)(2x + y) [60a + 47x7y + 12xy? + y°] 

= y)(2x + y) (60x? + (27 + 20)a7y + (3 + 9)ay? + y?] 

=(a+y)(2xe4+ y) [(602° + 27x7y + Bay”) + (20x7y + Ory? + y°)] 
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= y)(2x + y) [3a(20x? + 9xy + y*) + (20a + 9xy + y”)] 
=(a+y)(Qxe4+ y)(3a y) [20a + 9xy ty | 
= (x + y)(2x + y)(3a + ‘ [202? + (44 5)ay + y?] 
= (@ + y)(2x + y)(3@ + y) [(20a? + dary) + (Say + y*)] 
= y)(2x + y)(3x + y) [4a(5a + y) + y(5z + y)| 
+ y)(2x + y)(3x + y)(4a + y)(5x + y) 


As we see: 

Ifz=y=Othen f =0. 

If =Oand y #0 then f =y° £0. 

If «#0 and y=0 then f = 1202° £ 0. 

If ¢ £0 and y 4 0 and one of these five factors is zero (e.g. when y = —2) then f = 0. 

If ¢ £0 and y £0 and none of these five factors is zero then f 4 0 is a product of 5 distinct factors. 
So in brief, either f = 0, or f = y® 4 0, or f = 1202° 4 0, or f = abcde where a,b,c, d,e are distinct 
non-zero integers. 

(a) It is obvious that 21 4 0, 21 4 y°® and 21 4 1202°. Moreover, if we consider all the possible 
factorizations of 21 into distinct integer factors then we have: 


21. °= 


I 


As we see, 21 can be factorized only in 2 or 3 or 4 distinct integer factors and hence it cannot be equal 
to abcde. Therefore, f cannot be equal to 21. 

(b) It is obvious that 27 4 0, 27 4 y® (noting that 27 = 3°) and 27 4 120z°. Moreover, if we consider 
all the possible factorizations of 27 into distinct integer factors then we have: 


24 = 


I 
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( 
(9) = (-1)(-8)(9) = (-1)(8)(-9) = ()(-3)(-9) 
1)(—1)(-38)(9) = (1)(-1)(3)(-9) 


As we see, 27 can be factorized only in 2 or 3 or 4 distinct integer factors and hence it cannot be equal 
to abcde. Therefore, f cannot be equal to 27. 

(c) 181 is prime and hence it is obvious that 181 4 0, 181 4 y® and 181 4 120a°. Moreover, any prime 
number p can be factorized as a product of only two or three distinct integer factors, ie. p = (1)(p) or 
p = (—1)(—p) or p = (1)(—1)(—p). Hence, 181 cannot be equal to abcde. Therefore, f cannot be equal 
to 181. 

(d) 45 4 0, 45 4 y° and 45 4 120x°. However, in principle 45 can be equal to abcde because 45 can be 
factorized into 5 distinct integers, that is: 


45 = (1)(—1)(3)(-3)(5) 


Now, (« + y) must be equal to one of these five numeric factors while (2x + y) must be equal to one 
of the remaining four numeric factors. So, if we consider all the 20 systems of simultaneous equations 
obtained from the five possibilities of s+y = (1), (—1), (3), (—3), (5) with the four remaining possibilities 
of 27+y = (1), (—1), (3), (—3), (5) then we can identify x and y values that can potentially make f = 45. 
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These 20 systems with their solutions and the corresponding values of f [in the form (x,y, f )] are given 
in the following table: 


e+ty=1|ar+y=-l e+ty=3 ety=-—3 e+y=s 

2a+y=1 (2,-3,-105) | (—2,5,—45) (4,—7,-1755) | (—4,9, -1155) 
2a+y = —1 | (—2,3,105) (—4, 7, 1755) (2, —5, 45) (—6, 11, 8645) 
2a+y=3 (2,-1,945) | (4,-5, -3465) (6, —9, —25515) (—2, 7, 45) 
2% + y = —3 | (—4,5,3465) | (—2,1,—945) | (—6,9, 25515) (—8, 13, 84645) 
2ea+y=5 (4, —3,9945) | (6,—7, 21505) | (2,1,10395) | (8,—11, —118755) 

As we see, f can take the value 45, i.e. when (x,y) = (2,—5) and when (x,y) = (—2,7). So, there are 

x,y € Z that make f = 45. 

(e) From the table of part (d) we can see that f can take the value —105, e.g. when (x,y) = (2, —3). 


So, there are x,y € Z that make f = —105. 
(f) 63 £0, 63 4 y° and 63 4 120z°. However, in principle 63 can be equal to abcde because 63 can be 
factorized into 5 distinct integers, that is: 


63 = (1)(—D(3)(-3)(7) 


Now, if we follow the procedure of part (d) by building a similar table (where x+y = 5 and 2a+y=5 
are replaced by x + y = 7 and 2x + y = 7) then we find that f cannot take the value 63. So, there are 
no x,y € Z that make f = 63 (despite the fact that 63 can be factorized into 5 distinct integers, i.e. 
the possibility of factorization is a necessary but not sufficient condition for f to take the given integer 
value). 


. Show that if (a,b, c) is a primitive Pythagorean triple then exactly one of a, b, c is divisible by 3, exactly 


one of a,b,c is divisible by 4, and exactly one of a, b,c is divisible by 5. 
Solution: Regarding the divisibility by 3, we have x?(x 2 0,1,2) = 0,1,1. Thus, either c? 2 0 
and hence a? 2 0 and b? = 0 (which is impossible because this means that all the three numbers are 


divisible by 3 in contradiction to being primitive) or c? 2 1 and hence one of a,b must be congruent 
(mod 3) to 0 and the other must be congruent (mod 3) to 1 or to 2, ie. exactly one of a, b,c (i.e. a or 
b) is divisible by 3. 

Regarding the divisibility by 4, it was shown (in Problem 3 of § 4.1.4 of V1) that if (a,b,c) is a 
primitive Pythagorean triple, then there are coprimes m,n € N of opposite parity with m > n such 
that (a,b,c) is given by Euclid’s formula, i.e. (a,b,c) = (2mn,m? — n?,m? +n). This means that a 
is divisible by 4. Moreover, it was shown (in Problem 2 of § 4.1.4 of V1) that if (a,b,c) is a primitive 
Pythagorean triple then a and b have opposite parity (and hence c is odd). This means that only a is 
divisible by 4, i.e. exactly one of a,b,c is divisible by 4. 

Regarding the divisibility by 5, we have x?(x 2 0,1, 2,3, 4) 2 0,1,4,4,1. Now: 

If c2 2 0 then one of a?,b? must be congruent (mod 5) to 1 and the other must be congruent (mod 5) 
to 4 (noting that a? 2 0 and b? = 0 is not possible because this contradicts being primitive) and hence 
exactly one of a, b,c (i.e. c) is divisible by 5. 

mod 5) to 0 and the other must be congruent (mod 5) 
is divisible by 5. 

If c? 2 4 then one of a?,b? must be congruent (mod 5) to 0 and the other must be congruent (mod 5) 
to 4 and hence exactly one of a, b,c (i.e. a or b) is divisible by 5. 

So, in all cases exactly one of a, b,c is divisible by 5. 


If c2 = 1 then one of a?,b? must be congruent 
to 1 and hence exactly one of a, b,c (i.e. a or b 


ee ee 


. Find all the solutions of the Diophantine equation: ax + xy + by = c where a,b,c,x,y € Z and ab £ 0. 


Solution: We have ax + xy + by = c and hence ax + xy + by +ab=ab+c, ie. (2+b)(y+a) =ab+e. 
Now, if we consider all the possible 2-factor factorizations of (ab + c) in both orders and equate one 
factor to (2 +6) and the other factor to (y+ a) then we get all the possible solutions. 

For example, if a = b = 1 and c=7 then we have 7+ y+ y =7 and hence 7+ xy+y+1 =8, ie. 
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(a +1)(y+1) =8. Thus: 
(z + 1)(y + 1) = (-1)(—8) = (-8)(-1) = (1)(8) = (8)(1) = (-2)(-4) = (-4)(-2) = (2)(4) = (4)(2) 


On considering these eight possibilities we get the following eight (x, y) solutions: 


(—2,—9) (—9, -2) (0,7) (7,0) (—3, -5) (—5, -3) (1,3) (3, 1) 
Solve the following Diophantine equations in two variables (where x,y € Z): 

(a) «7 —6ry — 32+ 9y+5=0. (b) 3a°y — 3a? + 2227y — 7 + Qlry — 8y+1=0. 
(c) 7x? — vy? +13 =0. (d) 2? —xvy+6r-—y+2=0. 


Solution: The common feature of these equations is that we can separate the two variables in a way 
that changes the problem from being a Diophantine equation problem to a polynomial divisibility prob- 
lem. This essentially converts the problem from being a two-variable Diophantine equation problem to 
a one-variable divisibility problem (which is generally easier to solve). 

(a) We have: 


x — 6ry — 32+ 9y+5=0 > x? — 32 +5 = 6ry — 9y > y = Esets 


Now, the solutions of the divisibility problem (6x — 9)|(a? — 32 +5) are x = —4,1,2,7 (see § 6.4 of V1). 
Hence, the solutions of the given Diophantine equation are: (a, y) = (—4,—1), (1,—1), (2, 1), (7, 1). 
(b) We have: 

3a3y — 3x7 + 222"y —7Tx+2l2zy—3yt+1=0 > 3a3y42222y+2lry—-—3y=327+7r-1 9 


— __3a74+7o=1 
Y = 35310002 4212—3 


Now, the solution of the divisibility problem (32° + 22x? + 21x — 3)|(3x? + 7x — 1) is e = —1 (see § 6.4 
of V1). Hence, the solution of the given Diophantine equation is: (x,y) = (—1, 1). 
(c) If we write this equation as 2? = -7°, then we must have (y? — 7)|13, ie. y? — 7 = £1,413. 
However, there is no integer solution to any of these four equations. Hence, the given equation has no 
solution. 

(d) This equation was solved in Problem 3 by treating it as a quadratic in x. In the present Problem 
we will solve it as a divisibility problem, that is: 

x? —ayt+6r—y+2=0 > g%-4-ayt+6r-yt+6=0 > 2?-4=2y-6rt+y-—6 > 
x? —4=(y—6)(x+1) > oy 6= «=! 

Now, the solutions of the divisibility problem (a + 1)|(x? — 4) are x = —4,—2,0,2 (see § 6.4 of V1). 
Hence, the solutions of the given Diophantine equation are: (x,y) = (—4, 2), (—2,6), (0, 2), (2, 6). 
Solve the following Diophantine equations in two variables (where x,y € Z): 

(a) «7? — y? — 122% —-3y+1=0. (b) 23 —a2?-y-1=0. 

(c) at — y? + 2y? + 32 +9 =0. (d) x? — 2y? — 7x? + 6y-—11=0. 
Solution: The common feature of these equations is that we can separate the two variables and hence 
this Problem is like Problem 10. However, unlike Problem 10 we do not have the luxury of converting a 
two-variable Diophantine equation problem to a one-variable divisibility problem because we have two 
equal polynomial expressions in two separate variables. So, we usually need to invent and employ some 
algebraic (and possibly non-algebraic) tricks (or techniques or considerations). Some of these tricks (or 
techniques or considerations) are considered in the following solutions. 

(a) We have: 


x? — y? — 12% —-3y+1=0 
x? — 122 + 36 = y? + 38y + 35 
(2x — 12)? = (2y)? + 12y + 140 
Key? S131 


xg? — 1227 =y*+3y-1 > 
(2 — 6)? = y? + 3y + 35 
(22 — 12)? = (2y + 3)? +131 => 
(X-Y)\(X+Y)=131 


fe - at. sh 
a 
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where X = 22 — 12 and Y = 2y+ 3. Noting that 131 is prime, we have 4 possibilities of factorization: 
(X —Y)(X + Y) = (—1)(—181) = (—131)(—1) = (1)(131) = (131)(1) 
On solving the four 2-equation systems representing these 4 possibilities we get the following solutions: 


(X,Y) = (—66, —65), (—66, 65), (66, 65), (66, —65) 


Now, if we use the reverse transformation: (X,Y) +> (z,y) = (4%, +53) then we get the following 


solutions: 


(x,y) = (—27, —34), (—27, 31), (39,31), (39, —34) 


(b) If we write this equation as y = x? — x? — 1 then the solutions are: (x,y) = (k, k? — k? — 1) (where 
k € Z) and hence we have infinitely many solutions, i.e. one solution for each integer value of x. Some 
of these solutions are: 

(—3, —37) (—2, -13) (—1, -3) (0, 1) (1, -1) (2,3) (3, 17) 
(c) Let us separate the variables by writing the equation as: 1+ +3x = y? —2y?—9. If we now factorize 
the two sides we get: «(a3 + 3) = (y — 3)(y? + y +3). So, we have two possibilities (noting that 2 and 
y are free to vary): 

e x = (y—3). Now, if we substitute this in the original equation and simplify we get: y+ — 13y? + 
56y? — 105y + 81 = 0 whose (integer) solution is y = 3 and hence x = 0. 

ex=(y?+y+3). Now, if we substitute this in the original equation and simplify we get: 


y® + dy” + 18y° + 40y° + 91y* + 119y? + 167y? + 11ly + 99 =0 


which has no (integer) solution. 

So in brief, this equation has only one solution, i.e. (2, y) = (0,3). 

(d) If we write this equation as: 2° — 7x? = 2y? — 6y + 11 then we can see that the LHS is even while 
the RHS is odd and hence it has no solution. 

Solve the following Diophantine equations in three variables (where x, y, z € Z): 

(a) l4zy—42+12y+z=10. (b) ety? +23 =58.  (c) 4a? + 16y? — 92? -12r7 + 8y+10=0. 
Solution: 

(a) If we write this equation as z = 10 — 14ay + 4x — 12y then the solutions are: (x,y, z) = (k, s, 10 — 
14ks + 4k — 12s) (where k,s € Z) and hence we have infinitely many solutions, i.e. one solution for 
each pair of integer values of x and y. Some of these solutions are: 


(—5,0, —10) (-1, 4, 14) (0,1, —2) (1,3, —64) (3, —7, 400) (11, 0,54) 


(b) If we reduce this equation modulo 9 we get: #3 + y? + 23 24. Now, the cube of an integer can be 
congruent (mod 9) only to 0, 1 and 8. Noting that no combination of 3-term sum of these numbers (i.e. 
0, 1 and 8) can be congruent (mod 9) to 4, we conclude that this equation has no solution (see § 2.7.6 
of V1). 

(c) We have: 


4x? + 16y? — 927 —1244+8y+10 = (4¢7 — 12449) +4 (16y? + 8y +1) — (32)? 
= (2¢—3)? + (4y +1)? — (82)? =0 


ie. (2v—3)? + (4y+1)? = (3z)?. However, the sum of two odd squares cannot be a perfect square (see 
Problem 17 of § 4). Hence, this equation has no solution. 

Find a natural number n such that the Diophantine equation 3x + 5y = n has exactly 5 solutions in 
natural numbers (i.e. x,y € N). 

Solution: The simplest approach is to tackle this Problem computationally by searching for the values 
of n that produce exactly 5 natural solutions. If we do this then we will find (for example) that 
n = 68, 71, 73, 74, 76, 77, 90 solve this Problem. For instance, 3x+5y = 90 has the following five natural 
solutions: (a, y) = (5,15), (10,12), (15,9), (20,6), (25,3). 
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16. 


17. 


Solution: This is a 4-variable Diophantine equation problem, i.e. «+ y+2+w = xyzw where 
x,y,z,w € Z. Now: 

e If zyzw = 0 then we have the following solutions: (x,y,z,w) = (0,k,s,—-k —s), (k,0,s,—k — 8), 
(k,s,0,-k—s), (k,s,-k—s,0) where k,s € Z. 

e If zyzw 4 0 then let assume for the time being that |x| < |y| < |z| < |w|. Now, if |z] > 1 or |y| > 1 
then jr+y+z+w| < |xyzu, e.g. 


|H24242+42| < |(£2)(+2)(+2)(+2)| |H1424+2+42| < |(41)(+2)(+2)(+2)| 


Hence, we must have x = +1 and y = +1. 
Similarly, if |z| > 2 then |ja +y+z+v| < |ryzul, e.g. 


|£141+3+43] < |(4£1)(+1)(+3)(+8)| [f1£143+44] < |(41)G41)(+3)(4)| 


Hence, we must have z = +2. Now, if we test the 8 combinations of these values of x, y, z (considering 
the conditions xyzw 4 0 and |z| < |y| < |z| < |w] as well as x, y, z,w € Z) then we find only 3 solutions 
which are: (x,y,z,w) = (1,1,2,4), (1,-1,-2,-2), (—1,1,-2,-2). Now, if we lift the condition 
|x| < |y| < |z| < |w| (noting the symmetry in z,y,z,w) by permuting x,y, z,w (and hence permuting 
the values in these 3 solutions) then we get 24 solutions in total (i.e. 12 + 12 noting that the last two 
solutions produce the same permutations). 

Show that the product of every Pythagorean triple is divisible by 60. 

Solution: Non-primitive Pythagorean triples are scaled-up versions of primitive Pythagorean triples 
(because any non-primitive triple can be reduced to primitive by dividing by the common factor)|4] 
and hence it is enough to prove this proposition for primitive Pythagorean triples. Now, from the result 
of Problem 8 we can conclude that every Pythagorean triple has factors of 3, 4 and 5 and hence their 
product must have a factor of 3 x 4 x 5 = 60, i.e. every Pythagorean triple is divisible by 60. 

Show that the Diophantine equation x?—y?+ 2? = w has a solution (a, y, z) for any w (where 2, y, z,w € 
Z). 

Solution: w is either odd or even. Now, 2n+1= (n+ 1)? —n? +0? (where n € Z) can represent any 
odd number, while 2n +2 = (n+ 1)? — n?+4+ 1? can represent any even number. So, if we choose z = 0 
when w is odd and choose z = 1 (or z = —1) when w is even then we can find « = n+1 and y = n (for 
some n € Z) that satisfy 2? — y? + 2? = w. The obvious implication of this result is that any integer 
can be expressed as a sum of two squares (of integers) minus a square (of an integer). 

Solve the following Diophantine equations (where x, y € Z): 


(a) a? + 2y+ 2y+2=0. (b) 4x2 + 42 —-15-y2 =0. (c) 3 — 4y4 +2=0. (d) 27 +42 = y?. 
Solution: 

(a) This is a quadratic equation in x whose discriminant is y? — 8y — 8. So, if this equation has a 
solution then this discriminant must be a perfect square, i.e. y? — 8y — 8 = m? (where m € Z). Hence: 
y? — 8y=m7?4+8 > y? — 8y +16 =m? +24 > (y — 4)? = m? + 24 > 
(y — 4)? — m? = 24 > (y-4—m)(y-4+m) = 24 

Now, 24 = (—1)(—24) = (1)(24) = (—2)(—12) = (2)(12) = (-—8)(-8) = (3)(8) = (—4)(-6) = (4)(6). 
So, if we consider equating these 8 factorizations (in both orders) to the factors on the LHS then 
we obtain 16 systems of simultaneous equations. On solving these systems of equations we find the 


following integer solutions for y (noting that we ignore the non-integer solutions): y = —3,11,—1,9 
(corresponding to m? = 25, 25,1,1). Thus, the solutions (zx, y) of the given Diophantine equation are: 
(—1,-3) (4, —3) (—3, 11) (—8, 11) (0, —1) (1,-1) (—4, 9) (—5, 9) 
(b) We have: 


[43] Tf should be obvious that all non-primitive Pythagorean triples can be obtained from the primitive Pythagorean triples 


by multiplying the three numbers of the primitive triples by a natural number k > 1, and hence non-primitive triples 
can be reduced (or scaled down) to their primitive form by dividing them by this common factor k. 
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y? = 4a? + 4x — 15 > y? = (2a + 1)? — 16 > y® = (2x — 3)(2x +5) 
Now, (2a+5) —(22—3) = 8 which means that the gcd of (27+5) and (2%—3) is a divisor of 8. However, 
both (2% + 5) and (2x — 3) are odd and hence the only possible divisor of 8 (and hence a gcd of these 
factors) is 1. This means [noting that y? = (2x — 3)(2x +5)] that (2x +5) = a? and (22 — 3) = 0 
(where a,b € Z) and hence: 


a — b8 = (a—b)(a? + ab +b) = 8 = (-1)(—8) = (1)(8) = (-2)(-4) = (2)(4) 


Now, if we consider these 4 factorization possibilities in both orders then we have 8 systems of simulta- 
neous equations (e.g. a — b = —1 and a? + ab + b? = —8). Of these 8 systems the only solvable system 
in integers is a—b = 2 and a? +ab+b? = 4 which leads to (a,b) = (0, —2) and (a,b) = (2,0). However, 
neither of these solutions leads to an acceptable solution for 7 and y and hence the given Diophantine 
equation has no solution. 

(c) If we reduce this equation modulo 4 we get x? +2 ~ 0 which has no solution and hence the given 
Diophantine equation has no solution (see § 2.7.6 of V1). 

(d) We have x? + 4x — y? = 0 which is a quadratic in x and hence: 


— 44 16 + 4y? a5 


2 


za 4+y? 


Now, we have two cases: 

ey =0 and hence xz = 0, —4. 

e y # 0 and hence we have no solution. This is because 4+ y? must be a perfect square which is 
impossible because y? is a perfect square and hence 4+ y? cannot be a perfect square because the 
difference between two (non-trivial) perfect squares cannot be 4.!44) 

So in brief, the given equation has only two solutions: (x,y) = (0,0) and (2, y) = (—4,0). 

Find the necessary and sufficient conditions for the following Diophantine equation to have a solution: 


xz? +pyt+tc=0 (p is odd prime coprime to c) 
Solution: Regarding the necessary condition, if this is solvable then by reducing it in modulo p we 
get 227 +c20, ie. x? 4 —c. This means that —c must be a quadratic residue (mod p). 


Regarding the sufficient condition, we will show that this condition is also sufficient. If —c is a 
quadratic residue (mod p) then 2? +c ? 0 must be solvable, ie. we must have some x € Z such that 


z?+c#0. This means that «? +c = +py (for some y € Z), ie. «2 4 py +c = 0 has an integer solution 


(x,y) which means x? + py +c = 0 is solvable. 

So in brief, the necessary and sufficient condition for the given Diophantine equation to have a solution 
is that —c is a quadratic residue (mod p). 

Find all x,y,z € Z that satisfy the following equation: ry + 7z+ yz = ryz. 

Solution: We have 3 main cases to consider: 

e xyz = 0 and hence (2, y, z) = (0,0,k) or (0,4,0) or (k,0,0) where k € Z. 

e xyz # 0 and all x,y,z are positive (ie. x,y,z € N). If we divide the two sides by xyz we get 
4 + 7 + 4 = 1 whose solutions were obtained in Problem 7 of § 4.1.10 of V1. 

e xyz #0 and not all x, y, z are positive (i.e. at least some of them are negative). If we divide the two 
sides by xyz we get 4 + 7 + 4 = 1 and hence at least one of x, y, z must be > 0 (because otherwise the 
LHS will be < 0). In fact, we must have exactly two variables > 0 because otherwise the LHS will be 
<1. Now, we have two cases: 

One of the positive variables is 1 and hence the other two variables (i.e. the other positive and the 
negative) must be equal in magnitude and opposite in sign, ie. (x,y,z) = (1,k,—k) or (k,1,—k) or 
(k, —k, 1). 

Both positive variables are > 1 and hence the LHS will be < 1 (i.e. we have no solution). This is 


[44] We note that the only solutions to the Diophantine equation m 


2 


—n? =4 are (m,n) = (£2, 0). 
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because the maximum value of the sum of the terms involving these variables is 1 (ie. 1/2 + 1/2) and 

hence the sum of the three terms must be less than 1. 

So in brief, the solutions (x, y, z) are (where k € Z): 

(0, 0, k) (0, k, 0) (k, 0,0) (2, 3,6) (2,6, 3) (3, 2,6) (3, 6, 2) (6, 2, 3) 

(6,3, 2) (2,4, 4) (4, 2, 4) (4, 4, 2) (3, 3,3) (1,k,—k) (k,1,—k) (k,—k, 1) 

Find all x,y,z € N such that 2? + y? — z? = 0 and 60|(ayz). 

Solution: It is obvious that (x,y, z) is a Pythagorean triple and hence from the result of Problem 15 

we conclude that the solutions to this Problem are all the Pythagorean triples. 

Create a 2-variable polynomial Diophantine equation which has the following solutions: (x, y) = (3,5), 

(—11, 21), (1, 12). 

Solution: A simple way for solving this type of problems is to use a “graphical approach”, e.g. we 

assume that the equation is a parabola passing through these three points. So, if the parabola is rep- 

resented by the equation y = az? -+bx+c then we have the following system of linear equations in a, b, c: 
5=9a+3b+c 21=12la—1lb+c 12=a+b+c 

whose solution is (a,b,c) = (—11/56, —19/7, 835/56). On inserting these values in the equation 

y = ax? + br +c and multiplying by 56 we get: 56y + lz? + 1522 — 835 = 0. So, this Diophantine 

equation meets the stated requirement. 
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Show that the following Diophantine exponential equations have no solution (where a, y € N°): 

(a) 5° +7= 6%. (b) 77 +3 = 8%. (c) 8 +5 = 9%. (d) 807 +3 = 121%. (e) 39% + 2 = 49". 
Solution: We note that none of these equations have a solution when xy = 0. Hence, in the following 
we assume ry £# 0. 


a) In modulo 5 we have 0 + 2 = 1 and hence the given Diophantine equation has no solution. 


( 
(b) In modulo 7 we have 0 + 3 = 1 and hence the given Diophantine equation has no solution. 
(c) 

( 

( 


In modulo 8 we have 0 +5 = 1 and hence the given Diophantine equation has no solution. 


d) In modulo 4 we have 04+ 3 “1 and hence the given Diophantine equation has no solution. 


e) In modulo 13 we have 0 + 2 = (—3)¥ which has no solution [noting that (—3)¥= 01.23.45 2 
1, 10,9, 12,3, 4] and hence the given Diophantine equation has no solution. 


. Show that the following Diophantine exponential equations have no solution (where x, y, z € N): 


(a) 21° + 37¥ = 467. (b) 38” + 43¥ = 797. (c) 22% + 71¥ = 837. 
Solution: 
(a) In modulo 5 we have 1 + 24 21 (ie. 24 2 0) and hence the given Diophantine equation has no 


5 
solution (noting that Qy=0,1,2,3 5 1,2,4,3 and hence 2¥ 4 0). 
(b) In modulo 3 we have 2” + 1 3] (ie. 2” a 0) and hence the given Diophantine equation has no 
3 
solution (noting that g¢=01 24 2 and hence 2° 4 0). 
(c) In modulo 7 we have 1+ 1 £ 6 (i.e. 67 z 2) and hence the given Diophantine equation has no 


7 
solution (noting that g2=01 2 1,6 and hence 67 # 2). 


. Find all x,y € N° such that: 


(a) 2° —3¥ =1. (b) 3° — 2 =1. 

Solution: 

(a) We have two cases: 

e x is odd: if we reduce the equation in modulo 3 we get 2—12 1 (if y= 0) or 2—0 21 (if y > 0). 
So, the only solution is (x, y) = (1,0). 

e x is even: ie. 4*—3¥ = 1 (where x = 2k with k € N°). The only solution to this equation is k = y = 1 
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(see part a of Problem 3 of § 4.1.7 of V1). So, the only solution is (x, y) = (2,1). 
So in brief, the given equation has only two solutions: (x,y) = (1,0) and (2,1). 
(b) We have two cases: 

e x is odd: if we reduce the equation in modulo 8 we get: 


3-141 (ify =0) 3-221 (ify=1) 3-421 (ify =2) 3-021 (ify > 2) 

So, the only solution in this case is (x,y) = (1,1). 

e x is even: ie. 3°* — 2¥ =1 (where x = 2k with k € N noting that x = 0 is impossible). Accordingly: 
37% _1 = 29 + (3* — 1)(3* +1) = 24 

ie. 3° —1 = 2™ and 3% +1 = 2” (where m,n € N with m < nand m+n=y). Now, if we subtract the 


first of the last two equations from the second we get 2 = 2” —2™, ie. 2=2™(2"-™ — 1). The only 
solution to the last equation is m = 1 and n = 2 and hence y = 3. So, the only solution in this case is 
(x,y) = (2,3). 

So in brief, the given equation has only two solutions: (x,y) = (1,1) and (2,3). 

Find all x, y € N° such that: 


(a) 107° +7 = 2%. (b) 47 -—7=9%. (c) 37-8 =11". (d) 57-9 = 2Y. 
(e) 4° — 34 = 7. (f) 5% — 34 = 2. (g) 3% —5¥ = 4. 
Solution: 


(a) We obviously have parity violation unless: 
ex =O0and y £0 and hence we have 1+ 7 = 2¥, ie. (x,y) = (0,3). 
e x #0 and y = 0 and hence we have 10* + 7 = 1 which has no solution. 
So, the only solution to the given equation is (x, y) = (0,3). 
(b) This equation has no solution if zy = 0. Hence, in the following we assume xy £ 0. 
If we reduce the equation in modulo 5 we get (—1)* — 2 2 (—1)¥ and hence x must be even (say x = 2k 
where k € N) and y must be odd. Hence: 
42k __ 7 — gy > Atk _ 7 — 324 a 42k _ 32u —7 > (4* — 39)(4* + 3%) =7 
Now, if we consider the factorization of 7 then we can easily conclude that the only possibility is 
4® — 3¥ = 1 and 4* 43% =7,ie. k=y=1. 
So, the only possible solution to the given equation is (a, y) = (2,1). 
(c) If zy = 0 then we have only one solution, i.e. (x, y) = (2,0). So, in the following we assume wy 4 0. 
If we reduce the equation in modulo 3 we get 0+1 2 (—1)¥ and hence y must be even, i.e. 3° —8 = 117° 
(where s € N). 
If we reduce the equation in modulo 4 we get (—1)* — 0 3 (—1)?8 
32% — 8 = 1178 (where k € N). Accordingly: 

37* — g§ = 1178 = 32% _ 1178 = 8 > (3* — 119)(3* +115) =8 
Now, if we consider the factorization of 8 then we can easily conclude that the only possibility is 
3° —11§ = 2 and 3*+11° =4, ie. k= 1 and s =0 and hence (z, y) = (2,0). However, we are currently 
assuming xy 4 0 (noting that this solution is obtained already). 
So, the only solution to this equation is (x, y) = (2,0). 
(d) This equation has no solution if cy = 0. Hence, in the following we assume xy # 0. 


and hence x must be even, i.e. 


If we reduce the equation in modulo 3 we get (—1)* —0 2 (—1)¥ and hence « and y must have the same 
parity. 


If we reduce the equation in modulo 5 we get 0+1 = 2%. Now, 2¥=0,12,3 3 1,2,4,3 and hence we must 


have y 20 (say y = 4s where s € N). But since x and y have the same parity then « must be even 
(say x = 2k where k € N). Accordingly: 

5 oO > Bee = 9 = .4?s > 52k — 428 — 9 > (5* — 48)(5* + 48) =9 
Now, if we consider the factorization of 9 then we can easily conclude that the only possibility is 
5% 4° =1and5*+4°=9 ie. k=s=1. 
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So, the only solution to this equation is (x, y) = (2,4). 
(e) This equation has no solution if zy = 0. Hence, in the following we assume xy 4 0. 


If we reduce the equation in modulo 4 we get 0 — (—1)¥ 4 ~1 and hence y must be even (say y = 2s 
where s € N). Accordingly: 


ae eee > Prag ay > (27 — 3°)(27 + 3°) =7 
Now, if we consider the factorization of 7 then we can easily conclude that the only possibility is 
2° — 3° =1 and 274+3°=7,ie. © =2ands=1. 
So, the only solution to this equation is (x, y) = (2,2). 


(£) In modulo 9 we have 5% 0123-45 2 1°5.7,8,4,2. Also: 
3¥ 21 (if y =0) 3Y 23 (ify =1) 3¥ 20 (if y > 1) 
So, 5” — 3¥ can be congruent to 2 (mod 9) only in the following two cases: 
0 5° 25 and 3¥ 2 3: ie. 5° — 3! = 2 which has only the solution (x,y) = (1,1). 
05" 22 and 3¥ 20: ie. 25 and y > 1. Hence, we have (where k, s € N°): 
Bo+6k _ (9)3° = 2 at 17 — (9)3° 22 > (9)3° 2 15 za 
sf SO" 15 + ae 2 25815 3° 211 


The last congruence has no solution (noting that 3950,1,2,3,4,5 28 1,3, 9, 27, 25, 19). Hence, we have no 
solution in this case. 
So in brief, the given equation has only one solution: (x, y) = (1,1). 
(g) In modulo 9 we have 3°=9!>! 2 1,3,0 and 59912345 2 1.5.7,8,4,2. So, 3° — 5¥ can be con- 
gruent to 4 (modulo 9) only in the following two cases: 
e 3° 23 and 5¥ 28: ie. 3! —5¥ =4 which has no solution. 
e 3° 20 and 5¥ 25: ic. e > 1 and y £1. Hence, we have (where k, s € N°): 
(9)3° — 5146s — 4 > (9)3° 5 24 > (9)3° = 9 > 
3° 29" x9 > 3° 225 x9 3°21 
The last congruence has the solution s = 6a (where a € N°). Accordingly: 
37-5Y¥=4 + 37462_ Fy = 4 4 8 3748@_4=5¥ 4 = (31484 _ 2)(3143¢ + 2) = 5Y 
ie. 31434 2 =5”™ and 3!+34 +2 = 5” (where m,n € N° with m <n and m+n=y). Now, if we add 
the last two equations we get: 
7A 6 ged eee On > 2(S288) Se Tse he) 

Thus, m must be zero (because there is no factor on the LHS that can match a natural power of 5) and 
hence we have: 

Bret 2 > Se a8 > a=0 
ie. « = 2 and hence 3? — 5¥ = 4 whose solution is y = 1. 
So in brief, the given equation has only one solution: (x, y) = (2,1). 


. Find all x,y, z € N° such that: 


(a) 3° + 4¥ = 87. (b) 4° — 2% = 15°. (c) 4° — 3% = 15°. (d) 4° + 15¥ = 27. 
(e) 4° +54 = 6%. (f) 137 + 9¥ = 14°. (g) 3° + 4Y = 5°. 
Solution: 


(a) We obviously have parity violation unless: 

e y = 0 and z ¥ 0 and hence we have 3” + 1 = 8%. On reducing this equation in modulo 7 we get 
374121 (i.e. 3” = 0) which has no solution. So, we have no solution in this case. 

ey #0 and z =0 and hence we have 3” + 4¥ = 1. The LHS is obviously greater than 1 and hence we 
have no solution in this case. 

So in brief, this equation has no solution. 
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(b) We obviously have parity violation unless: 
e x =0 and y 40 and hence we have 1 — 2¥ = 15* which obviously has no solution because the LHS is 
negative while the RHS is positive. 
ex #0 and y = 0 and hence we have 4” — 1 = 15%. Now, if we reduce this equation in modulo 5 we 
get (-1)?-1 2 0 and hence x must be even (say « = 2k where k € N). Accordingly: 

Pr = 15" + (4* — 1)(4* +1) = 15? 
Now, the difference between (4* — 1) and (4* +1) is 2 (noting that 4* — 1 and 4* + 1 cannot match 157 
in factorization sensibly unless 4* — 1 = 3 and 4* + 1 = 5) and hence the only possibility is k = z = 1. 
So in brief, the only possible solution to the given equation is (2, y, z) = (2,0, 1). 
(c) If both y and z are greater than zero then we have no solution because in modulo 3 we have 1—0 20 
which is nonsensical. Hence, if we have any solution then y or z must be zero. So, we have two cases: 
e y = 0 and hence 4” — 1 = 15*. This equation was solved in part (b) where we found that the solution 
is (x,y, z) = (2,0, 1). 
e z =0 and hence 4” — 3¥ = 1. This equation was solved in Problem 3 of § 4.1.7 of V1 where we found 
that its only solution is « = y = 1. Hence, in this case we have (x,y, z) = (1, 1,0). 
So in brief, the only solutions to the given equation are (x,y,z) = (2,0,1) and (1, 1,0). 
(d) We obviously have parity violation unless: 
ex #0 and z = 0 and hence 4” + 15¥ = 1. This case has obviously no solution because the LHS is 
greater than 1. 
e x =0 and z £0 and hence 1+ 15¥ = 27. Now: 
If y = 0 then we have z = 1 and hence (2, y, z) = (0,0, 1). 


If y > 0 then on reducing the equation in modulo 3 we get 1+ 0 3 2 and hence z must be even (say 
z = 2k where k € N) because 27-01 3 1,2. Therefore, we have: 
1+15¥ = 274 > 15¥ = 2?* _] > 15¥ = (2* —1)(2* +1) 


Now, the difference between (2* — 1) and (2* + 1) is 2 and hence one of these factors must be of mag- 
nitude 3 and the other of magnitude 5 (noting that no other possibility can match the factorization 
of 15¥). Simple inspection will reveal that k must be 2 (ie. z = 4) and hence y = 1. So, we have 
(x,y,z) = (0,1, 4). 

So in brief, the given equation has only two solutions: (x,y,z) = (0,0,1) and (a, y, z) = (0,1, 4). 

(e) We obviously have parity violation unless: 

ex #0 and z =0 and hence we have 4” + 5¥ = 1. The LHS is obviously greater than 1 and hence we 
have no solution in this case. 

ex = Oand z F¥ Oand hence we have 1+5” = 6%. On reducing this equation in modulo 4 we get 1+1 4 
and hence z must be 1 (because 2¥=°!>1 4 1,2,0) and so we get the solution (x,y,z) = (0,1, 1). 

So in brief, the given equation has only one solution: (x, y, z) = (0,1, 1). 

(f) We have two main cases to consider: 

e xyz = 0: it is obvious that z must be greater than 0 to avoid parity violation (as well as magnitude 
violation). Moreover, x and y cannot be both 0 because the LHS will become less than the RHS. So, 
EITHER: 

x = 0 and y ¥ 0 and hence we have 1+ 9¥ = 14’. If we reduce this equation in modulo 4 we get 
1+1 27 whose only solution is z = 1 (noting that 27=°1>1 213 0). However, 1+ 9¥ = 14! has no 
solution and hence x = 0 and y # 0 do not lead to a solution to the given Diophantine equation. OR: 
xz # 0 and y = 0 and hence we have 13 + 1 = 14”. If we reduce this equation in modulo 4 we 
get 1 +1 + 2% whose only solution is z = 1 (noting that 27=01>1 41, 2,0). Accordingly, we have 
13” + 1 = 14! whose solution is « = 1 and hence the given Diophantine equation has the solution 
(x,y,z) = (1,0, 1). 

e xyz #0: in modulo 4 we have 1 +1 + 2? and hence z must be 1 (noting that 27=9!>1 4 1,2,0). So, 
we have 13” + 9¥ = 14! which has no solution because the LHS is greater than the RHS (noting that 
xz >Oand y> 0). 
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So in brief, the given equation has only one solution, i.e. (x,y,z) = (1,0, 1). 

(g) We have two main cases to consider: 

e xyz = 0: it is obvious that x = y = z = 0 is not a possibility. Similarly, exactly two of the three 
variables are zero is not a possibility. Regarding the case of exactly one of the three variables is zero, 
we have: 

z = 0 and hence 3” + 4¥ = 1 which has no solution because the LHS is > 1. 

y = 0 and hence 3” + 1 = 5* which is impossible because of parity violation. 

x = 0 and hence 1+ 4¥ = 5%. Now, in modulo 3 we have 1+ 1 3 9% and hence z is odd (say z= 2t+1 
where t € N°) noting that get 3 1,2. So we have (see Eq. 12 in V1): 


1+4¥ 5741 5 aw SBT (5-1) HA 


Now, if y = 1 then we have 1 = ae 5* and hence t = 0, ie. z = 1. So, we have the solution: 
(x,y,z) = (0,1,1). But if y > 1 then we have 4¥~! = aay 5*. On reducing this equation in modulo 
4 we get 0 2 re 1 which is nonsensical because the sum on the RHS is odd. So, we have no more 
solutions in this case. 
e xyz #0: if we reduce the equation 3” + 4¥ = 5* in modulo 3 we get 0+ 1 3 (—1)* and hence z must 
be even (say z = 2t where t € N). Also, if we reduce the equation 3” + 4¥ = 5* in modulo 4 we get 
(-—1)* +0 * 1 and hence x must be even. So in brief, both « and z are even. Accordingly: 
3” + 4¥ = 5% > Bp 27 = 57 > baba BP > (5¢ — 2¥)(5¢ + 2¥) = 37 
ie. 5 — 2Y = 3™ and 5¢ + 2¥ = 3” (where m,n € N° with m <n and m+n=2). Now, if we add the 
last two equations we get: 
25) = 33" > 2(5') = 3" (14+37 ™) 
Thus, m must be zero (because there is no factor on the LHS that can match a natural power of 3) and 
hence we have: 
Bf 249 =1 and 5f + 2Y = 3° 
Now, if we reduce the equation 5¢ — 2¥ = 1 in modulo 3 we get: 
(-1)'—(-1)" = 1 
So, t must be odd and y must be even. Now: 
If y = 2 then from the equation 5! — 2¥ = 1 we get t= 1 (ie. z = 2) and hence x = 2. So, we have the 
solution (x,y, z) = (2, 2, 2). 


If y > 2 then if we reduce the equation 5! + 2¥ = 3° in modulo 8 we get 5! +0 = 1 (since a is even 


noting that 37-9! © 1, 3) and hence t must be even (noting that pio Sy 5). But this contradicts 


what we found earlier that t is odd. So, this contradiction leads to the conclusion that y cannot be 
greater than 2. 
So in brief, the only solutions to the given equation are (x,y,z) = (0,1,1) and (2, 2, 2). 
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1. Find all the solutions of the following Diophantine equations (where x € Z and y € N°): 


(a) a +a24+1=3%. (b) 2? +a24+1= 4%. (c) a? +a+1=5%. 
Solution: 

(a) We have three cases to consider: 

e y = 0 and hence x? + x = 0 whose solutions are x = 0 and x = —1. Hence, (x,y) = (0,0) and 
(x,y) = (—1,0) are solutions. 

e y = 1 and hence x? + « — 2 = 0 whose solutions are = —2 and x = 1. Hence, (x, y) = (—2,1) and 


(x,y) = (1,1) are solutions. 
ey > Land hence z?+a+1 = 9(3¥~2). Now, if we reduce this equation in modulo 9 we get x?+2+1 2 0 
which has no solution and hence the original equation has no solution. 
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i) 


ew 


> 


So in brief, the given Diophantine equation has only those four solutions. 

(b) We have two cases to consider: 

e y = 0 and hence (from part a) we get (x,y) = (0,0) and (a, y) = (—1,0). 

e y > 0 and hence on reducing the equation x? + « + 1 = 4¥ in modulo 4 we get a7 +2+1 * 0 which 
has no solution and hence the original equation has no solution. 

So in brief, the given Diophantine equation has only those two solutions. 
(c) This is exactly like part (b) (but we reduce in modulo 5 instead of modulo 4) and hence the only 
solutions are (x, y) = (0,0) and (a, y) = (—1,0). 


[45] 


. Let x,y € N°. Show that 4” — 3¥ = z has no solution for z = 2,4,5,6,8,9, 10, 11, 12. 


Solution: We note first that if zy = 0 then there is no solution to 4” — 3¥ = z for any one of these 
values of z (as direct test can easily reveal) and hence in the following we assume x, y > 0. 

Now, (4” — 3¥) is odd for all x,y € N and hence z cannot be 2, 4, 6, 8, 10, 12. Hence, 4* — 3¥ = z has 
no solution for z = 2,4,6,8, 10,12. 

Regarding 4* — 3¥ = 5, if we reduce this equation modulo 3 we get 1” 2 2 which has no solution and 
hence 4% — 3¥ = 5 has no solution (see § 2.7.6 of V1). This similarly applies to 4% — 34 = 11 and hence 
4” — 3¥ = 11 has no solution. 
Regarding 4* — 3¥ = 9, if we reduce this equation modulo 3 we get 1” 2 0 which has no solution and 
hence 4” — 3¥ = 9 has no solution. 


. Solve the following Diophantine equations (where m,n € N° and k € Z): 


(a) 7 = 8” + 2k. (b) 7” = 8" +k. 

Solution: 

(a) We have 4 main cases: 

em=n=0: the solution is (m,n, k) = (0,0, 0). 

em=0andn > 0: there is no solution due to parity violation. 

em > 0 and n=0: the solutions are (m,n, k) = (m,0, +), e.g. (1,0,3), (2,0, 24), (3,0, 171). 
em> 0 and n> 0: there is no solution due to parity violation. 

(b) We have 4 main cases: 

em=n=0: the solution is (m,n, k) = (0,0, 0). 

e m=O and n > 0: the solutions are (m,n, k) = (0,n, 1 — 8”), e.g. (0,1, —7), (0,2, —63), (0,3, —511). 
em > 0 and n=0: the solutions are (m,n,k) = (m,0,7” — 1), e.g. (1,0 ei (2,0, 48), & 0, 342). 


em->0Oand n> 0: the solutions are (m,n, k) = (m,n,7” — 3°), 6 e.g. (1,1,-1), (1 1,2,—57), (2,1, 41), 
(2,2, -15). 

Find all x,y € N° and z € Z such that: 

(a) 27 — 34 = 2?. (b) 27 + 3¥ = 2”. 

Solution: 


(a) We consider and inspect the following cases: 

e x =0: the only solution (by inspection) is (x, y, z) = (0,0,0) because the LHS must be non-negative. 
e x = 1: the only solutions (by inspection) are (x,y,z) = (1,0,+1) because the LHS must be non- 
negative. 
e x = 2: the only solutions (by inspection) are (x,y,z) = (2,1,+1) because the LHS must be non- 
negative. 


y=0,1 & 


e x > 2: there is no solution. This is because in modulo 8 we have 2" = 0 and 3 — $1, 3. Accordingly: 


2” — 3¥ = 2? > 0-122? or 0-32 22 > 722 or 52 2? 
Noting that 7 and 5 are quadratic non-residues of 8 (see § 1.6) we conclude that there is no solution to 
the given Diophantine equation for x > 2. 


So in brief, the given Diophantine equation has only the above five solutions. 
(b) We consider and inspect the following cases: 


[45]In fact, we can obtain this result more easily by noting that y must be zero (to avoid parity violation) and hence we 


must have only those two solutions. 
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e x = 0: the only solutions are (x, y, z) = (0,1, +2). This is because 3¥ = 2? — 1 = (z —1)(z+1) which 
implies (considering the factorization of 3¥ noting as well that y = 0 is not a possibility) that one of 
the factors (z — 1) and (z + 1) must be of unity magnitude (noting that the difference between z — 1 
and z+ 1 is 2) and hence z = +2 which leads to the given solutions. 


e x = 1: there is no solution. This is because in modulo 3 we have 2! + 0 = z? which has no solution 
since 2 is a quadratic non-residue of 3. 
e x = 2: there is no solution. This is because in modulo 8 we have 2? +3¥ = z?. However, gy=01 S 1,3 
and hence we have either 5 = z? or 7 = z? which have no solution because 5 and 7 are quadratic 
non-residues of 8. 
ex > 2: the only solutions are (x,y, z) = (3,0, +3) and (4,2,+5). This is because in modulo 8 we have 
a & 0 and 39=01 3 1,3 while 2? = 0,1,4 and this implies that if we have any solution then y = 2k 
(where k € N°). Accordingly, the given Diophantine equation becomes: 

Va ie Sad > ee eee a > 2° = (z — 3*)(z + 3*) 
ie. z—3* = 2” and z+3* = 2” (where m,n € N with m <n and m+n = 2)./61 Now, if we subtract 
the first of the last two equations from the second we get: 

2(3*) = 2" —2™ = 3k = gm—lgn—m _ 1) 

Now, 3* is odd and hence both 2”~! and (2”~™ — 1) must be odd, and this implies m = 1 and hence 
3* = 2-1 _ 1. Accordingly: 
If n = 1 then we have 3* = 2!~! — 1 = 0 which has no solution (noting that k € N°).|47 
If n = 2 then we have 3* = 2?-! — 1 = 1 which has only one solution, i.e. k = 0. As a result, we have 
xe=mt+n=14+2= 3 and y = 2k = 2(0) = 0 and hence (2, y, z) = (3,0, +3). 
If n = 3 then we have 3* = 23-1 — 1 = 3 which has only one solution, i.e. k = 1. As a result, we have 
x=mt+n=14+3=4and y = 2k = 2(1) = 2 and hence (2, y, z) = (4, 2,45). 


If n > 3 then we have 2”-! © 0 and hence we get 3* = 0 —1 27 which has no solution since the 


residues of 3° (modulo 8) are either 1 or 3 and hence 3* Z 7. This means that there is no solution to 
the given Diophantine equation for n > 3 (i.e. x > 4). 
So in brief, the given Diophantine equation has only the above six solutions. 

5. Find all x,y € N° and z € Z such that: 
(a) 3° — 4¥ = 2?. (b) 4% — 34 = 27. (c) 4” + 3¥ = 2?. (d) 3° 454 = 2”. 
Solution: 
(a) For « = 0 the only solution (by inspection) is (x,y,z) = (0,0,0) because the LHS must be non- 
negative. 
For x > 0 there is no solution. This is because if we reduce the given equation in modulo 3 we get 
~12 2 (ie. 22 2%) which has no solution because 2 is a quadratic non-residue of 3 (see § 1.6). So, 
the only solution to the given equation is (x, y, z) = (0,0, 0). 
(b) For x = 0 the only solution (by inspection) is (x,y,z) = (0,0,0) because the LHS must be non- 
negative. 
For x = 1 the only solutions (by inspection) are (x,y,z) = (1,1,+1) because the LHS must be non- 
negative. 
For x > 1 there is no solution. This is because if we reduce the given equation in modulo 8 we get 


0-14 2 or 0-33 2? (ie. 72 2? or 5 = 2?) since 3¥=01 51 3. However, neither of these congruences 
has a solution because 7 and 5 are quadratic non-residues of 8 (see § 1.6). So, the only solutions are 
(x,y, z) = (0,0,0) and (1,1, +1) 
(c) If we write this equation as 


2* + 3¥ = z? (where X = 2z) then this equation is the same as the 


[46] Although z € Z we can make z € N at this stage noting that z is squared and hence its sign does not matter; moreover 
within the imposed conditions z cannot be 0. We should also note that 2” + 32" = z? implies that z is odd and hence 
2—3* £1. 

[47] In fact, we can also rule out this possibility by the condition m < n noting that m = 1. 
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equation of part (b) of Problem 4 (with X replacing x). Now, if we note that X = 2x then we can 
conclude (by using the solutions of part b of Problem 4) that the only solutions to the given equation 
are (x,y,z) = (0,1, +2) and (2,2, +5). 

(d) We have three cases to consider and inspect: 

ex=0: ie. 5¥ =z? -1=(z-—1)(z +1). Noting that the difference between (z — 1) and (z + 1) is 2, 
we can see that no value of z can make these expressions non-negative powers of 5. Hence, we have no 
solution in this case. . 

e x = 1: if we reduce the equation in modulo 3 we get 5¥ 2 z2. Now, 5¥=9! 2 1,2 and hence y must 
be even (noting that 2 is not a quadratic residue of 3). So, the original equation becomes 3 + 5?" 
(where k € N°), ie. 3 = 2? —5?* = (z — 5*)(z+5*). Therefore, one of the factors (z — 5*) and 
(z +5*) must be of magnitude 1 while the other must be of magnitude 3. Simple algebraic inspection 
shows that we must have k = 0 (and hence y = 0) and z = +2. So, the only solutions in this case are 
(x,y,z) = (1,0, £2). 

ex > 1: we note first that z must be even (because the LHS is even) and hence z 


= 72 


? is a multiple of 4. 


Now, if we reduce the equation in modulo 4 then we get 3” + 1 = 0, So, if we note that gr=01 4 1,3 
then x must be odd (say x = 2s+1 where s € N). Hence, the given equation becomes 37°*1 + 5¥ = 2?. 
Now, EITHER: 


y = 0 and hence: 

gett el Sag? > Berle gy? aa > 328+1 = (z—-1)(z +1) 
However, the difference between (z — 1) and (z +1) is 2 and this implies that 37°*! must be made of 
a factor of magnitude 1 and another factor of magnitude 3, i.e. s = 0 which is impossible because we 
are currently assuming x > 1 (i.e. s € N) although we should note that this will lead to the previous 
solutions, ie. (x,y,z) = (1,0,+2). OR: 


y > 0 and hence if we reduce the equation 32°+! + 5¥ = 2? in modulo 5 then we get 328+! 2 z? which 


has no solution. This is because 328+} 2 2,3 (corresponding to s odd and s even) and hence we must 
have 2? = 2,3 which has no solution because 2 and 3 are quadratic non-residues of 5. This means that 
for x > 1 we have no solution. 

So in brief, the given Diophantine equation has only the two solutions: (2, y, z) = (1,0,+2). 
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1. Find all z,y € Z that satisfy the following equations: 
(a) /a+ Jy =5. (b) f/x — /y =5. (c) — vy = 5. (d) Jat Wy=5. 
(e) Ya+ vy = 13. (f) Ye - vy = 13. (g) 3° + /y = 21. (h) 57 + wy = 128. 


Solution: 
(a) x and y must be perfect squares.|48] So, the easiest way to solve an equation like this is to enumerate 
over the perfect squares x, y = 0,1,4,9, 16, 25 (noting that exceeding 25 will make the LHS greater than 
5). If we do so we get the following (x, y) solutions: 

(0, 25) (1, 16) (4, 9) (9, 4) (16, 1) (25, 0) 
(b) If we write the equation as /z = \/y + 5 and square it we get « = y + 10\/y + 25. Accordingly, y 
must be a perfect square. So, if y = s? (where s € Z) then the solutions are (a, y) = (s?+10|s|+25, s?). 
(c) y must be a perfect cube (say y = s? where s € Z) and hence x = 5+. So, the solutions are 
(x,y) = (5+, 8°). 
(d) We have two cases: 
e y > 0 and hence the only possible values of \/z are 0,1, 2,3,4,5 (noting that other values will make 
the LHS > 5). This leads to the following (x, y) solutions: 


(0, 125) (1, 64) (4, 27) (9, 8) (16, 1) (25, 0) 


[48] Although the algebraic sum of two irrational numbers can be rational (or integer) this does not apply here and hence we 
can assume here that \/x and ,/y must be integers. 
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ey < 0 and hence if y = s? (where s € Z) then /z — |s| = 5, ie. « = (5 + |s|)?. So, the solutions in 
this case are: (x,y) = ([5 + |s|]?, 5°). 
So in brief, the solutions of the given equation are the union of the sets of solutions in these two cases. 
(e) If c = k® (where k € Z) then: 
Vet vy =13 as k+ ¥y = 13 = Vy =13-k aa y = (13 —k)? 
So, the solutions are: (x,y) = (k°, [13 — k]°). 
(f) If we follow the approach of part (e) then we get: (x,y) = (k?, [k — 13]°). 
(g) Let /y = s (i.e. y = 8?) where s € N° and hence s = 21 — 3" where (21 — 3”) > 0 and z € N®. 
It is obvious that only x = 0,1,2 satisfy the condition (21 — 3”) > 0 and hence the solutions are: 
(x,y) = (0,400), (1,324) and (2, 144). 
(h) Let 3/y = 5 (ie. y = 83) where s € Z and hence s = 128 — 5* where x € N°. Therefore, the 
solutions are: (x,y) = (k, [128 — 5*]°) where k € N°. 

. Find all x,y,z € Z that satisfy the following equations: 


(a) Jo+ Jy + Vz =5. (b) Ja- fy— Vz =5. (c) Vet fy—-Vz=5. 
(d) Jet J/yt Wz =5. (e) cr /ytyV/zr =z. (£) 3° +54 — Wz =7. 


iw) 


Solution: 

(a) If we do what we did in part (a) of Problem 1 we get the following (2, y, z) solutions: 

(0, 0, 25) (0, 1, 16) (0, 4, 9) (0, 9, 4) (0, 16, 1) (0, 25, 0) (1, 0, 16) 
(1,1,9) (1,4, 4) (1,9, 1) (1, 16, 0) (4, 0,9) (4,1, 4) (4,4, 1) 
(4, 9, 0) (9, 0, 4) (9, 1,1) (9, 4, 0) (16, 0, 1) (16, 1,0) (25, 0, 0) 


(b) Let 2 = k?, y = s? and z = t? where k, s,t € N°. So, we can write the given equation as k—s—t = 5, 
ie. k=5+8+¢. Accordingly, the solutions are given by: (x,y,z) = ([5 +s +1], s?,t”). For example, 
given s = 2 and t = 7 we get the solution (2, y, z) = (196, 4, 49). 

(c) We have 3 cases: 

e x =z and hence y must be 25. Thus the solutions are: (x,y, z) = (k,25,k) where k € N°. 

e y = z and hence x must be 25. Thus the solutions are: (x,y, z) = (25,k,k) where k € N°. 

ex #zand y #z and hence z,y,z are perfect squares. So, let x = k?, y = s* and z = t? (where 
k,s,t € N°) and hence we can write the given equation ask+s—t=5,ie. t=k+s—5. Accordingly, 
the solutions are given by: (x,y,z) = (k?,s?, [k + s — 5]?). However, we need to impose the condition 
that (k +s) >5. For example, given s = 2 and s =7 we get the solution (x,y, z) = (4, 49, 16). 

(d) We have two cases to consider: 

e z > 0 and hence if we do what we did in part (a) we get the following (z, y, z) solutions: 


(0,0, 125) (0,1, 64) (0, 4, 27) (0, 9,8) (0, 16, 1) (0, 25, 0) (1,0, 64) 
(1, 1,27) (1, 4,8) (1,9, 1) (1, 16, 0) (4, 0,27) (4, 1,8) (4,4, 1) 
(4, 9,0) (9, 0,8) (9,1, 1) (9, 4,0) (16, 0, 1) (16, 1, 0) (25, 0, 0) 


e z < 0 and hence if z = ¢? (where ¢ € Z) then /x + /y — |t| = 5, ie. |t] = “e+ ./y—5 where 
(/z +./y) > 5. Therefore, the solutions in this case are: (x,y,z) = (k?, s?, [5 -—k—s]%) where 
k,s © N° and 5 < (k +3). 

So in brief, the solutions of the given equation are the union of the sets of solutions in these two cases. |#9! 
(e) x and y are perfect squares and hence let x = k? and y = s? where k, s € Z. Therefore, the solutions 
are: (x,y,z) = (k, s?, k?|s| + s?|k]). 

(f) Let %/z =t (ie. z = t?) where ¢t € Z and hence t = 3* +5¥ — 7 where x,y € N°. Therefore, the 
solutions are: (x,y,z) = (k, s, [3° + 5° — 7]>) where k, s € N°. 


[49] We note that the solution in the second case applies even to the solutions of the first case (by keeping the condition 
k, s € N° and dropping the condition 5 < k+ s) and hence we could have considered only one case. However, we preferred 
to deal with two separate cases to show the finitely many solutions in the case of z > 0 and the infinitely many solutions 
in the case of z < 0. 
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Find all x,y € Z that satisfy the following equations: 

(a) $+5=1. (b) 3+ 5 =5. (c) 44+ 
Solution: 

(a) czy £0. On multiplying the two sides by zy we get e+ y = ary, ie. ry—x2—y+1=1 and hence 
(l-2)(1-y) =1. So, l1—-a=-landl-y=-l(ie. ce =y=2) orl—x=landl—-y=1 (ie. 
x = y = 0 which is not acceptable). Therefore, the only solution is « = y = 2. Also see Problem 9 of § 
5.2. 

(b) zy £0. The maximum value of the LHS is 2 (i.e. when x = y = 1) and hence this equation has no 
solution. 

(c) cy 40. Also, x and y cannot be both negative. Hence, we have two main cases: both x and y are 
positive or one negative and one positive. In the following we investigate these cases where we exploit 
the symmetry in x and y: 

e Both positive: x = 1 is not possible because the LHS becomes > 2/3 (noting that y > 0). x = 2 leads 
to the solutions: (x,y) = (2,6) and (x,y) = (6,2). x = 3 leads to the solution: (x,y) = (3,3). c=4 
and x = 5 do not lead to solutions. + = 6 was already found by symmetry. « > 7 do not lead to any 
solution because the LHS becomes either > 2/3 (ie. if y= 1) or < 2/3 (ie. if y > 1). 

e Only one positive: x = 1 leads to the solutions: (x,y) = (1,—3) and (x,y) = (—3,1). « > 1 do not 
lead to any solution because the LHS becomes < 2/3. 

So in brief, we have only 5 solutions: (x, y) = (2,6), (6,2), (3,3), (1, -3), (—3, 1). 

(d) zy £0. Let us use a method similar to the method of part (c) and hence we have three main cases: 
e Both positive: y = 1,2 are not possible because the LHS becomes > 3/4. y = 3 leads to x = 12. 
y =4 leads to x = 4. y = 5,6,7 do not lead to solutions. y = 8 leads to x = 2. y > 8 do not lead to 
any solution because the LHS becomes either > 3/4 (ie. when # = 1) or < 3/4 (ie. when x > 1). 

e Only x positive: x = 1 leads to y = —8. x > 1 do not lead to any solution because the LHS becomes 
< 3/4. 

e Only y positive: y = 1 is not possible because the LHS becomes > 3/4. y = 2 leads to x = —4. y > 2 
do not lead to any solution because the LHS becomes < 3/4. 

So in brief, we have only 5 solutions: (x, y) = (12,3), (4,4), (2,8), (1, -8), (—4, 2). 


. Find all x,y,z € Z that satisfy the following equations: 


(ao kat (beret =2 (c) S++; =3 (dot ptzat 
Solution: We solved these equations in V1 for x,y, z € N (see Problem 7 of § 4.1.10 of V1). So, all we 
need to do here is to consider the possibility of having more solutions with some (but not all) of the 
variables being negative (noting that none of the variables can be 0, i.e. we must have xyz # 0). 

(a) The solutions are the same as the solutions of Problem 19 of § 5.2 (of the present volume) excluding 
the zero solutions, i.e. any (x,y,z) such that xyz = 0. 

(b) If any one of the variables is negative then the LHS will be less than the RHS. Hence, the solutions 
are only those with x,y, z © N (which we found in V1), ie. (x,y, z) = (1, 2, 2), (2, 1,2), (2,2, 1). 

(c) As in part (b), no one of the variables can be negative (for the same reason), and hence the solutions 
are only those with x,y,z € N (which we found in V1), ie. (x,y, z) = (1,1,1). 

(d) This equation has no solution because the LHS cannot be greater than 3, i.e. when e =y=z=1. 


. Investigate the solutions of the following Diophantine equation: 


wytoty _ 
ry2+tyta 


z& 


where x,y,z € N and ais a specific natural number. 

Solution: We have two categories of solutions for this equation: 

(a) Solutions of general type, i.e. those solutions that can be inferred from the form of this equation. 
We can easily identify two solutions of general type: 
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> 


Or 


a 


e (x,y, 2) = (az”, az, z): this is because: 


xeytat+y  (az”)*%(az)+az?+az  a®z?+az*+az  az*+az+a 
= — —= a A 
cy? +yt+a (az?)(az)? +az+a a3z4++az+a aez4 +az+a 


e (x,y,z) = (a?,1,a7 —a+1): this is because: 


x’ytaty (a7)?(1)+a7+(1) atta?+1 (a? +a+4+1)(a? —a+1) é a 
= — — =a a =2z 
ry2t+tyta  (a?)(1)?+(1)+a az#+atl az#+atl 


(b) Solutions of special type, i.e. those solutions that depend (in their existence and nature) on the 
specific a. For example, if a = 5 then (2,y,z) = (11,2,5) is also a solution to this equation while 
if a = 13 then (#,y,z) = (47,1,37) and (49, 2,23) are also solutions. These solutions should be 
investigated within the specific problem (as determined by the specific value of a). 

Investigate the solutions of the following equations: 

(a) | +2y=2 (x, y,2€ Z). (b) 4+ 
Solution: 

(a) It is obvious that y 4 0 and x must be divisible by y. So, if y = s (where Z 3 s £0) then x = ks 
(where k € Z) and hence z = k+ks?. So, the solution of the given equation is (a, y, z) = (ks, s,k+ks?). 
(b) Let =k and y = s where k,s € N. Hence: 


Tan op tre Wiad kts _ 1 _ _ks 
aa S = Boise — 5 oe ks z > 2 = Ets 


Now, since z € N then we must impose the condition that (k + s)|(ks). So, the general solution of the 


pa (ty, 2€N). 


given equation is: (x,y,z) = (k, s, i.) where k,s € N and (k +)|(ks). The following are some of the 
specific solutions: 

(2,2, 1) (3, 6, 2) (4, 4, 2) (4, 12, 3) (5, 20, 4) (6, 3, 2) (6, 6,3) 
It is worth noting that the solution (x,y,z) = (2n,2n,n) (which is a special case of the above general 
solution) applies to all n € N. 


. Find all the solutions of the equation 7 + xy =a (where x,y € Z) for a= 0,1, 2. 


Solution: This equation is the same as the equation of part (a) of Problem 4. So, all we need to do is 
to find k,s € Z such that k + ks? = 0,1,2. Now: 

e For a = 0 we have k + ks? = k(1+ 87) =0. So, k = 0 (noting that 1+.s? 40) and hence the solution 
of the given equation is (x, y) = (0,5) where Z5 5 40. 

e For a= 1 we have k + ks? = 1 which has no solution for k = 0. For k 4 0 we divide the equation by 
k to obtain 1 + s? = 1/k which implies that k|1 and hence k = +1. Now: 

If k = —1 then we have s? + 2 = 0 which has no solution. 

If k = 1 then we have s? = 0 (i.e. s = 0) which is not acceptable. 

So in brief, for a = 1 the given equation has no solution.|®° 

e For a = 2 we have k + ks? = 2 which has no solution for k = 0. For k 4 0 we divide the equation by 


k to obtain 1 + s? = 2/k which implies that k|2 and hence k = +1, +2. Now: 

For k = —1 we have s? + 3 = 0 which has no solution. 

For k = +1 we have s? — 1 =0 (ie. s = £1) and hence (a, y) = (1,1) and (a, y) = (—1,—1). 
For k = —2 we have s? + 2 = 0 which has no solution. 

For k = +2 we have s? = 0 (ie. s = 0) which is not acceptable. 


So in brief, for a = 2 the given equation has only two solutions: (x,y) = (1,1) and (a, y) = (—1,-1). 


. Find all x,y, z € N such that: z=it+irs. 


Solution: If we multiply the two sides by ry we get ryz =x +y+2. Now, we have two cases: 
e z=1 and hence sy =x+y+2. Now, it is obvious that x = 1 or y = 1 is not a possibility (because 
we get 0 = 3). So, we must have z > 1 and y > 1. However, if x > 1 and y > 1 then the LHS of 


[50] Another (and simpler) approach to reach this conclusion is that x and y must have the same sign (because otherwise the 


sum will be negative) and hence (whether x > y or x < y) the LHS must be greater than 1 (noting that ry = 0 is not a 
possibility), i.e. the equation has no solution. 
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ry = «x«+y+2 becomes greater than its RHS if « > 4 or y > 4. So, all we need to do is to test 
the (nine) combinations of « = 2,3,4 and y = 2,3,4 (to see which combinations satisfy the equation 
xy =x+y+2). On doing so we get only two solutions: (x,y,z) = (2,4, 1) and (4,2, 1). 

e z>1and hence the LHS of ryz = x+y +2 becomes greater than its RHS if x > 3 or y > 3. So, all 
we need to do is to test the (nine) combinations of z = 1,2,3 and y = 1,2,3 (to obtain the values of 
z corresponding to these combinations). On doing so we get only three solutions: (z,y,z) = (1,1, 4), 
(1,3,2) and (3,1, 2). 

So in brief, the given equation has only these five solutions. 

Find all x,y,z € N that satisfy the following equations: 


(a) 3+ 2=2. (b) 7+ 24554 
Solution: 

(a) The LHS cannot exceed 10 (i.e. when « = y = 1). Therefore, all we need to do is to solve the 
equation: 3 + i = z for z= 1,2,...,10. Accordingly: 

® 3 + z = 1: we must have x > 3 and y > 7 (because otherwise the LHS becomes > 1). We must also 
have « < 25 and y < 29 (because otherwise the LHS becomes < 1). So, on testing these possibilities 
(ie. a = 4,5,...,24 and y = 8,9,...,28) we find the following four solutions: (x,y,z) = (4, 28,1), 
(6, 14,1), (10, 10,1) and (24,8, 1). 

° 3 + i = 2: by a similar argument to that in the previous point we must have 1 < # < 13 and3<y< 
15, and hence on testing these possibilities we find the following four solutions: (x,y,z) = (2,14, 2), 
(3, 7,2), (5,5,2) and (12, 4, 2). 

e For z = 3,6,7,9 we find no solution. 

e For z = 4,5,8,10 we find the following five solutions: (a, y,z) = (1,7,4), (6,2,4), (2,2,5), (3,1,8) 
and (1,1, 10). 

So in brief, this equation has only these 13 solutions. 

(b) If z > 3 then the LHS becomes less then 4. So, we must have z = 1,2,3 and hence: 

e z= 1 and hence 1 + : = 1. Now, we must have x > 1 and y > 2. However, if y > 2 then we must 


have x < 4. So in brief, we must have x = 2,3 that is: = = 3 (ie. y = 4) and 2 = = (ie. y = 3). So, 
we found the following two solutions: (x,y,z) = (2,4, 1) and (3,3, 1). 

e z = 2 and hence 4 + 2 a 3, i.e. 24 < = 5. Now, we must have y = 1 and hence xz = 2. So, we found 
the following solution: (2, y, z) = (2,1, 2). 

e z =3 and hence + + 7 = 3. The only possibility in this case is x = y = 1. So, we found the following 


solution: («, y, z) = (1, 1,3). 
So in brief, this equation has only these 4 solutions. 


. Find all x,y,z € N that satisfy the following equations: 


(a) F+2+e=1. (b) +242 =2. (c) $+ 2+2=3. 
Solution:!>1] 

(a) The LHS of this equation is greater than 1 because at least one of the variables is greater than or 
equal to another variable and hence one term at least is greater than or equal to 1 and thus the sum 
of the three terms must be greater than 1 (noting that the sum of the other two terms is greater than 
0).521 Hence, this equation has no solution. 

(b) We have two cases to consider: 

e The triple equality x = y = z does hold and hence the LHS of the equation is 3, i.e. there is no 
solution. 

e The triple equality « = y = z does not hold and hence one of the variables x,y,z must be greater 
than another variable. So, let assume (without loss of generality since it is a matter of labeling) that x 
is the greater variable. Hence, (with a proper labeling of y and z) we have one of the following three 
situations: 


*x=y > z and hence 7 = 1 while 4 > 1. So, the LHS is greater than 2, i.e. there is no solution. 


[51] We refer the reader to Problem 8 of § 7.3 for another method for solving this Problem. 
[52] For example, if « > y > z then (a/y) > 1 while if # < y < z then (z/x) > 1. 
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* a >y =z and hence = > 1 while 4 = 1. So, the LHS is greater than 2, i.e. there is no solution. 

x2 >y>zand hence = >1 and 4 > 1. So, the LHS is greater than 2, i.e. there is no solution. 

So in brief, this equation has no solution. 

(c) We have two cases to consider: 

e The triple equality x = y = z does hold and hence the LHS of the equation is 3. So, in this case we 
have the solution (2, y, z) = (k,k,k) where k EN. 

e The triple equality « = y = z does not hold and hence one of the variables x,y, z must be greater 
than another variable. So, let assume (without loss of generality) that x is the greater variable. Hence, 
we have one of the following three situations: 

* x =y > z and hence we have: 

1+$+2=3 a S+2=2 > x? —Qez+27=0 > (x — z)? =0 
i.e. x = z which is a contradiction. Hence, there is no solution. 

xx > y =z and hence we have: 


24+14+4%=3 a z4+¥=2 > x? — Qey + y? =0 > (n—y)? =0 
i.e. © = y which is a contradiction. Hence, there is no solution. 
*x2>y>zand hence x = z+a and y=z+6 where 2<aand1<bwitha> b. Accordingly: 


z 
y 
z 


| a z+a z+0b z 
Fi += = + 
yo «£ z+b Zz z+a 
a®z + ab* + 2abz + 3az? + b?z + 3bz? + 32° 
abz + az? + bz? + 23 
» “elabe hae be? 2")... atzbabt get bas berg? 


abz + az? + bz? + 23 abz + az? 4+ bz? 4+ 23 


aN a?z + ab? + az? +022 4+ b27 + 23 
abz + az? + bz? + 23 

LS wie a?z + ab? + b?z + (az? + bz? + 23) 
abz + (az? + bz? + 23) 


Now, (a?z + ab? + b?z) > abz (noting that a?z > abz since a > b) and hence the last term in the last 
equation is greater than 1, i.e. the LHS of the given equation is greater than 3 and hence there is no 
solution. 

So in brief, the only solution of this equation is (x,y,z) = (k,k,k) where k € N. 
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1. Find all z,y € N that satisfy the following equations: 
1 1 _1 1 ke, ok 1 de, 50 1 ee 
(A) eg = (Des \C) aie agg (a= ag a 
Solution: We note first that the square roots of all positive integers (excluding perfect squares) are 
irrational, and hence if a square root of an integer is rational then the integer is a perfect square (i.e. 
the square root is an integer). 


(a) We have: 

a 1 eee | 1 _1 1 1 _ Vy-2 

Vet Ve 2 > Gea ig Ft Ve 278 <i 
2 2 

1 = y-2 1 _ y-4/yt4 —  xyt4e—4 

(+) =() > ie => J/y= +e 


Therefore, y must be a perfect square (say y = s? where s € N) noting that the RHS is rational. By a 
similar argument (or by symmetry) x must also be a perfect square. Hence: 


2 
—Ay+4 2 
1 yy e Ay 7 4s x ( 2s ) 


x 4y y—4,/yt+4 s?—4s+4 s—2 
Therefore, s — 2 must divide 2s (since x is a perfect square noting as well that 5 is rational). Now, 


s — 2 divides 2s — 4 and s — 2 supposedly divides 2s and hence s — 2 divides their difference which is 4. 
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So, s—2=+1,+2,+4 and hence s = 1,3,4,6 (where we take only the positive values of s). On trying 


2s 
—2 


2 
these values of s on the equation x = (; ) we find that only s = 3,4,6 produce valid solutions to 


the original equation. 
So in brief, the solutions of the given Diophantine equation are: (x,y) = (36,9), (16,16) and (9, 36). 


(b) If we repeat the argument of part (a) with replacing 2 by 3 we get x = (25) and hence s — 3 


divides 9. So, s — 3 = +1,+3,+9 and hence s = 2,4,6,12 (where we take only the positive values of 


2 
s). On trying these values of s on the equation x = (25) we find that only s = 4,6,12 produce valid 


solutions to the original equation. 

So in brief, the solutions of the given Diophantine equation are: (x, y) = (144, 16), (36, 36) and (16, 144). 
(c) We choose to solve this part (more simply) by a logical argument (rather than by a mathematical 
argument as we did in part a), that is: 1/,/z must be 1 because otherwise the LHS will be less than 
1/2 (noting that the highest magnitude that 1/,/z can assume if it is not 1 is 1/2 since x must be a 
perfect square). So, \/x must be 1 (i.e. = 1) and hence \/y must be 2 (ie. y = 4). 

So in brief, we have only one possible solution, i.e. (a, y) = (1,4). 

(d) We argue logically (similar to what we did in part c) that is: 

e 1/,/x cannot be 1 because otherwise the LHS will be either 0 (ie. if 1/\/y is 1) or greater than 1/3 
(ie. if 1/,/y is less than 1 noting that the highest magnitude that 1/,/y can assume if it is less than 1 
is 1/2 since y must be a perfect square). 

e 1/./z cannot be less than 1/2 because otherwise the LHS will be less than 1/3 (noting that the highest 
magnitude that 1/,/z can assume if it is less than 1/2 is 1/3 since x must be a perfect square). 
Therefore, 1/,/x must be 1/2 (i.e. x = 4) and hence 1/,/y must be 1/6 (i.e. y = 36). 

So in brief, we have only one possible solution, i.e. (a, y) = (4,36). 


2. Find all x,y,z € N that satisfy the following equations: 
1 1 dia 1 Dace fl 
Ole tine 2 0) et ar ve 
Solution: 


(a) x,y,z must be perfect squares (for reasons explained earlier). Now: 

If all the square roots are greater than 1 then the LHS will be less than 2, and this implies that at least 
one of the square roots must be 1 (i.e. at least one of the variables must be 1). 

If more than one of the square roots are 1 then the LHS will be greater than 2, and this implies that 
exactly one of the square roots must be | (i.e. exactly one of the variables must be 1). 

If one of the remaining square roots is greater than 2 then the LHS will be less than 2, and this implies 
that one of the remaining square roots must be 2 (i.e. one of the remaining variables must be 4). 
Accordingly, the other remaining variable must be 4. 

So in brief, the solutions of the given equation are: (x,y, z) = (1,4,4), (4,1,4) and (4,4, 1). 

We finally note that a simpler approach is to use the solutions of part (b) of Problem 2 of § 5.6 by 
squaring the variables since the given equation is equivalent to ae + a + z = 2 where X,Y, Z represent 
the square roots of x,y,z. However, we preferred the above approach for the sake of diversity and 
because it is not dependent on having the solutions of another equation (noting that we use the method 
of comparison occasionally; see part b). 

(b) If we write this equation as x aa + = z (where these capital symbols represent radicals of their 
corresponding variables) then we can obtain the solutions of the given equation from the solutions of 
the equation of part (b) of Problem 4 of § 5.6 by squaring the values of the variables of those solutions. 
The following are some solutions (corresponding to the sample solutions given in Problem 4 of § 5.6): 


(4, 4,1) (9, 36, 4) (16, 16, 4) (16, 144, 9) (25, 400, 16) (36, 9, 4) (36, 36, 9) 
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1. Show that the following equations have no solutions (where x € Z and y € N°): 
(a) lla — y! = 13. (b) 15a — 19y! = 538. (c) x? + 13y! = 31. 
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Solution: 
(a) By inspection, this equation has no solution for y < 13. For y > 13 we have 11a 0 whose only 
solution is x = 13k where k € Z. On substituting this in the given equation we get: 


11(13k) — y! = 18 > = 8 = k= elt 


Now, 11 divides y!/13 (noting that y > 13) but it does not divide 1 and hence 11 does not divide 
(y!/13) +1. This means that there is no integer k that satisfies the given equation and hence the given 
equation has no solution. 


(b) By inspection, this equation has no solution for y < 7. For y > 7 we have x ae 6, ie. © =6+7k 
where k € Z. On substituting this in the given equation we get: 

15(6 + 7k) — 19y! = 538 > k = tuts 
Now, 105 divides 19y! (noting that 105 = 3 x 5 x 7 and y > 7) but it does not divide 448 and hence 
105 does not divide 19y! + 448. This means that there is no integer & that satisfies the given equation 
and hence the given equation has no solution. 


(c) By inspection, this equation has no solution for y < 7. For y > 7 we have x? = 3 which has no 
solution. Hence, the given equation has no solution. 


2. Find all the solutions of the following equations (where x € Z and y € N°): 
(a) 2? —y! =2. (b) x? — y! =3. (c) 27—-y!l=1. (d) 16a + 9y! = 121. 
Solution: 
(a) For y > 2 we have x? 2 2. However, x? 4 2 has no solution (because 2 is quadratic non-residue of 
3; see § 1.6). So, if there is any solution then we must have y = 0 (and hence x? — 1 = 2 which has no 
solution) or y = 1 (and hence x? — 1 = 2 which has no solution) or y = 2 (and hence x? — 2 = 2, ice. 
x = +2). So, the solutions are: (x,y) = (+2, 2). 


(b) For y > 3 we have x? 4 3. However, x? = 3 has no solution (because 3 is quadratic non-residue of 
4). So, if there is any solution then we must have y = 0 (and hence 2? — 1 = 3, ie. e = +2) or y=1 
(and hence x? — 1 = 3, i.e. w = +2) or y = 2 (and hence x? — 2 = 3 which has no solution) or y = 3 
(and hence x? — 6 = 3, i.e. x = +3). So, the solutions are: (a, y) = (42,0), (£2, 1), (43,3). 
(c) This is known as Brocard’s problem. The only known solutions are: (#,y) = (+5,4), (£11,5), 
(£71,7). It is unknown if the problem can have more solutions (so the problem is in the research 
domain and hence it deserves the attention of the young ambitious mathematicians). 
(d) For y = 0 and y = 1 we have x = 7. For y > 1 the LHS is even while the RHS is odd and hence 
there is no solution. So, the only solutions to this equation are: (x,y) = (7,0) and (a, y) = (7,1). 
3. Find all the solutions of the following equations (where x,y € Z and z € N°): 
(a) 2x + 3y—62z!= 222. (b) 3a7+5y+152!=17. (ce) a?ty?+2=24.) (d) a? +y?—-2!=3. 
Solution: 
(a) On reducing the equation in modulo 3 we get 2x 20, ie. 2 = 3k where k € Z. 


On reducing the equation in modulo 2 we get y Z 0, ie. y= 2s where s € Z. 
On substituting these into the original equation we get: 


2(3k) + 3(2s) —6z!=222 + 6k+6s—62!=222 4 k+s—2!=37 > s=2!437-k 
So, the solutions are: (x,y,z) = (3k, 2t!+ 74— 2k, t) where k € Z and t € N°. 
(b) On reducing the equation in modulo 5 we get 3x 22, ie. c =4+5k where k € Z. 
On reducing the equation in modulo 3 we get 2y 2 2, i.e. y= 1+ 3s where s € Z. 
On substituting these into the original equation we get: 
3(4+ 5k) + 5(1 + 3s) +152! =17 > 124+ 15k+5+15s4 152! =17 > s=-k—-z! 
So, the solutions are: (x,y,z) = (4+5k, 1—3k— 3t!, t) where k € Z andt € N°. 
(c) z cannot be greater than 4 because otherwise the LHS will be greater than 24. So, all we need to 
do is to consider z = 0,1,2,3,4. On doing so we get the following five solutions: 

(x, y, z) = (—3, +3, 3) (x,y, z) = (0,0, 4) (x,y, z) = (3, £3, 3) 
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(d) For z > 3 we have x?+y? 4 3 which has no solution. So, all we need to do is to consider z = 0,1, 2,3. 


On doing so we get the following twenty solutions: 
(+3, 0,3) (+2, -1, 2) (+2, 0,0) (+2,0, 1) (+2, 1,2) 
(+1, —2, 2) (+1, 2, 2) (0, £3, 3) (0, +2, 0) (0, +2, 1) 
5.9 Trigonometric Diophantine Equations 
1. Find all x,y € Z that satisfy the following equations: 
(a) 3sin (4) — 4sin (4) =1. (b) 5sin (3) + cos(ym) = 3. (c) 2sin (47) + 3cos (4) = 2. 


Solution: 
(a) The sine function of integer multiples of 7/2 takes the values 0, 1,0, —1 corresponding to x = 0,1,2,3 
(and similarly for y). So, the only possibility for the LHS of this equation to be equal to 1 is when 
sin (4*) = sin (4) = —1 so that the LHS becomes 3(—1) — 4(—1) = 1. So, the solutions of the given 
equation are (x,y) = (3+ 4k, 3+ 4s) where k,s € Z. 
(b) The sine function of integer multiples of 7/2 takes the values 0,1, —1 while the cosine function of 
integer multiples of 7 takes the values 1,—1. Accordingly, the term 5 sin (=) takes the values 0,5, —5 
while the term cos(y7) takes the values 1,—1. As we see there is no combination of these values that 
can make the sum of the terms on the LHS to be equal to 3. So, the given equation has no solution. 
(c) If we argue as in the previous parts then 2 sin (+) = 0, 2,0, —2 corresponding to x 4 0,1, 2,3 while 
3 cos (4) = 3,0, —3,0 corresponding to y 4 0,1,2,3. So, their sum is equal to 2 when (z, y) 4 (1,1) 
and (2x, y) 2 (1,3). Hence, the solutions of the given equation are (x,y) = (1+ 4k, 1+ 2s) where 
k,s €Z. 

2. Find all x,y,z € Z that satisfy the following equations: 
(a) sin (4) + 5 cos(ym) = 6 cos(z7). (b) tan (am + 2) + 2sin (ym + 2%) = 2cos (#). 
Solution: 
(a) We have: 


sin (2) =0,1,0,-1 for x40,1,2,3 
5cos(yr) =5,—5 for y=0,1 


6cos(zt)=6,-6 for z20,1 
So, the two sides become equal in the following two cases (where k, s,t € Z): 
(x,y,z) = (14+ 4k, 2s, 2t) (x,y,z) = (384 4k, 14+ 2s, 1 + 2t) 


So, these are the solutions of the given equation. 
(b) We have: 


tan (em + 4) = V3 for allxre Z 
2sin (yt + 22) = V3,-v3 for y=0,1 
2cos (22) = 2, V3, 1,0, -1, -V3, —2, -V3, -1,0,1, V3 for z= 0,1,2,3,4,5,6,7,8,9, 10,11 


So, the two sides become equal in the following two cases (where k, s,t € Z): 

(x,y, 2) = (k, 1+ 2s, 3+ 12t) (x,y,z) = (k, 1+ 2s, 9 + 12t) 
These cases can be combined in the following single formula (which represents all the solutions of the 
given equation): (a, y, z) = (k, 1+ 2s, 3+4 6t). 


Chapter 6 
Diophantine Systems 


In this chapter we investigate some examples of systems of Diophantine equations of various types and 
how they are solved. In fact, this chapter should be regarded as continuation to the previous chapter as 
both chapters are essentially about solving Diophantine equations (i.e. individually or collectively).!>*! 


6.1 General Issues about Diophantine Systems 


1. What we mean by “the solution of a system of Diophantine equations”? 
Solution: A solution of a system of Diophantine equations is a solution that satisfies all the equations 
in the system simultaneously, and hence the solution of a system of Diophantine equations is the set 
of all such solutions. Accordingly, the set of solutions of a system of Diophantine equations (which 
is “the solution of a system of Diophantine equations”) is the intersection of the sets of solutions of 
its individual equations. So, when we tackle a problem of a system of Diophantine equations we are 
actually trying to find the intersection of the sets of solutions of its individual equations. 

2. What we mean by “solving a system of Diophantine equations”? 
Solution: “Solving” (or “finding the solution”) of a system of Diophantine equations should mean 
proving (by an irrefutable logical/mathematical argument) that there is no solution (i.e. when there 
is no solution) or finding all solutions of the system (either explicitly or through a sort of closed form 
formula or formulae) with an irrefutable argument that there are no other solutions to the system. So, 
a system of Diophantine equations is not solved, for instance, by finding a number of solutions (e.g. 
through inspection or through computational search) even if we are absolutely certain that there are 
no other solutions to the system. 

3. Outline the criterion for the solvability of a system of Diophantine equations. 
Solution: As we already said, the set of solutions of a system of Diophantine equations is the intersec- 
tion of the sets of solutions of its individual equations. As a result, a system of Diophantine equations 
is solvable only if its individual equations are solvable, although the converse is not true in general. 
This means that a system of Diophantine equations has no solution if some of its equations have no 
solution, but a system may not have a solution even though all its individual equations have solutions 
(i.e. when the intersection of these solutions is the empty set). In other words, the solvability (i.e. 
having solution) of the individual equations of a system is a necessary but not sufficient condition for 
the solvability of the system itself. 

4. Outline the main methods for solving a system of Diophantine equations. 
Solution: There are two main methods for solving a system of Diophantine equations in number theory: 
e The first method employs a “collective approach” (i.e. by solving the system as a whole) which is 
based on using the traditional methods of solving systems of multivariate equations (as investigated in 
algebra and linear algebra for instance) such as by substitution or comparison or use of the techniques 
of matrices (see for instance § 4.3 of V1). 
e The second method employs an “individual approach”, i.e. by solving the individual equations of the 
system separately (either by the general methods of algebra or by the special methods and techniques 
of number theory as seen for instance in chapter 5) and selecting the solutions that satisfy the system 
as a whole (i.e. by accepting only the solutions which are common to all the equations). In this context, 
we should pay special attention to the method of having (or obtaining) the solution of one equation 
and test it on the other equations in the system (see the last point of Problem 6). 
It should be obvious that any solution found by these methods is acceptable only if it is an integer 


[53] In fact, it is also continuation to the material about this topic which we investigated in the first volume of this book. 
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solution (or sub-integer solution if there are extra conditions imposed on the system by the given 
problem such as being positive or non-negative or within certain range as demanded for instance by 
physical requirements). 

5. Discuss briefly “linear” and “non-linear” systems of Diophantine equations. 
Solution: We note the following: 
e Systems of Diophantine equations can be classified into two main categories: linear (when all the 
equations of the system are linear) and non-linear (when some or all of the equations of the system are 
non-linear). 
e Systems of linear Diophantine equations can be easily solved by the well known (and standard) 
methods of linear algebra where only the integer (or sub-integer such as positive integer) solutions are 
accepted. Other methods (including the methods used for solving systems of non-linear equations) are 
also possible to use in general for solving systems of linear equations (as will be discussed later). 
e Non-linear systems of Diophantine equations can be solved usually by the well known algebraic 
methods of solving systems of equations (which are not restricted to Diophantine equations) such as 
by elimination, comparison and substitution where only integer (or sub-integer) solutions are accepted. 
However, it should be noted that certain methods (which are mostly investigated in linear algebra) 
are not applicable in solving non-linear Diophantine systems since these methods are specific to linear 
systems. 

6. Outline some general recommendations or guidelines that should be followed in solving systems of 
Diophantine equations (especially the non-linear ones). 
Solution: For example: 
e Initial sensibility checks (such as parity or modularity or sign or magnitude checks) are strongly 
recommended (if not required) as the first step in tackling and solving Diophantine systems as well as 
in tackling and solving individual Diophantine equations (see Problem 5 of § 5.1 as well as Problem 7 
of the present section). In many cases, solving the given system of equations does not need more than 
these initial sensibility checks since these checks can reveal that the system either has no solution (e.g. 
because one of the equations has no solution due to parity violation or modularity inconsistency or 
because some of the equations require conditions that contradict the conditions required by the other 
equations) or because the solution becomes so obvious by these initial sensibility checks. 
e It is recommended to test all the obtained solutions on the given system of equations. This is because 
some of the algebraic manipulations which are (usually) required during the process of solving systems of 
non-linear equations (such as raising to powers or multiplication or division by a variable) can introduce 
foreign solutions and hence by testing the obtained solutions we make sure that no foreign solution is 
introduced during these manipulations. 
e Systems of linear equations can be considered as a special case of systems of non-linear equations 
and hence they can be solved by the methods of systems of non-linear equations (when applicable) as 
well as by the methods and techniques which are specific to systems of linear equations (such as by the 
methods of matrices of linear algebra). 
e Unlike linear systems of Diophantine equations, there is no standard (or systematically applicable) 
method or technique for solving non-linear systems of Diophantine equations and hence solving these 
systems is a mix of art and science (where the art is required for selecting the main approach or strategy 
for solving the system while the science is needed for employing and applying the technicalities of the 
selected approach). Therefore, it is recommended to investigate various potential methods or strategies 
before setting off and making the choice of the best (or even applicable) strategy to use. Investing 
some time and effort in this initial investigation can be very rewarding and beneficial and can save 
considerable amounts of time and effort in trying to solve the system in a rather random approach and 
chaotic manner (i.e. by a “hit-and-miss” approach). 
e If the system of Diophantine equations contains an equation whose solution is known (or can be 
obtained easily or more easily) then the best approach for solving the system is to test the solutions 
of that equation on the other equations where only the common solutions (if any) to all equations are 
accepted.54] This is particularly true when some of the equations in the (non-linear) system are linear. 


[54] This is based on the obvious fact that the solution of the system is the intersection of the solutions of the individual 
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This approach usually saves considerable amounts of time and effort in trying to solve the system by 
other methods. In fact, in some cases this can be the only viable method for solving the system. 

7. Discuss (briefly) initial sensibility checks and the importance of applying them when tackling a Dio- 
phantine system problem. 
Solution: Conducting initial sensibility checks as a first step in dealing with Diophantine problems 
applies not only to single Diophantine equations (which we investigated in Problem 5 of § 5.1) but also 
to systems of Diophantine equations. So, if a system contains a non-solvable equation then the system 
is not solvable. Therefore, it is worthwhile to inspect the individual equations of the system (to check 
if they are solvable or not) before trying to solve the system. For example, if we are given the following 
system: 

g+y—24=3 2x + y? — 3y — 622 = 75 (x,y,z € Z) 
then a quick initial inspection should reveal that the second equation has no solution (due to parity 
violation) and hence the system has no solution (with no need for inspecting the first equation or the 
system as a whole). 
It is also worthwhile to inspect the characteristics of the system as a whole (i.e. not only its individual 
equations separately) to see if it is sensible for the system to have a solution or not. For example, if we 
are given the following system of Diophantine equations: 
324 + Ty? +27 =0 x? +y* = 37 (x,y,z €Z) 
then a quick initial inspection should reveal that the first equation has only the trivial solution (i.e. 
x = y = z = 0), while the second equation can have only non-trivial solutions (i.e. it cannot accept 
the trivial solution). This means that the two equations cannot have a common solution and hence the 
system has no solution (although both equations are solvable individually). Initial inspection to the 
system as a whole should also reveal that the following system: 
3x? + by? —z =0 Qa? + Ty4 4+ 2349=0 r+ytz2+1=0 (x,y,z € Z) 

has no solution because if the first equation has a solution then z must be non-negative, while if the 
second equation has a solution then z must be negative. So, the two equations cannot have a common 


solution and hence this system cannot have a solution (although each equation in the system is solv- 
able). 
Also see Problem 5 of § 5.1. 


6.2 Systems of Diophantine Equations 


1. Solve the following systems of Diophantine equations in the unknowns z, y € Z: 


(a) 3x7 + 4y = 19 5a — 2y = 3. 

(b) /x —1ly? = Ary — 1033y? = 411. 

(c) zy +y3a — zy =0 x? + y* —2ey-—2 =0. 

(d) e +y+2xry =0 y>+at+2zry =0. 

(e) 2? -27+4+y=0 x? + y* + 6x — 10y + 30 =0. 

(f) 15a + 132y — 20y = 0 324 + 2y? + 202 = 0 7x° — dy? — 9x3 y = 484. 
(g) x? —3y =19 13y3 + 62 = 11 x+y? =17. 

(h) 3ry + x2? — 5y = 33 5a? + 10ry + lly? = 23 17x + 4xy? = 147. 
Solution: 


(a) From the second equation we get 2y = 5a — 3. On substituting this into the first equation and 
simplifying we get 3x? + 10x — 25 = 0 whose only (integer) solution is 2 = —5 (and hence y = —14). 


equations (see Problem 1) and hence the set of solutions of the system cannot exceed the set of solutions of any one of 
the equations in the system, i.e. the set of solutions of the system is a (proper or improper) subset of the set of solutions 
of any one of the equations in the system. 
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So, the only solution to this system is (x, y) = (—5, —14). Also see part (a) of Problem 1 of § 6.3. 
(b) From the first equation we get 2 = (1ly? +8)”. On substituting this into the second equation and 
simplifying we get 484y° + 704y? — 1033y? + 256y = 411 whose only (integer) solution is y = 1 (and 
hence x = 19? = 361). So, the only solution to this system is (a, y) = (361, 1). 
(c) We have two cases: 
e x =0 and hence (from the second equation) we get y = 0. 
e x £0 and hence: 
If y = 0 then (from the second equation) we get x? — « = 0 whose solution is z = 1 (noting that « 4 0). 
If y 4 0 then (from the first equation) we get: 
xy + yx — ry =0 — xy + y%x = xy — e+y=l1 
The last equation has no solution (noting that « 4 0 and y 4 0). 
So in brief, the given system has only two solutions: (x,y) = (0,0) and (x, y) = (1,0). 
(d) If zy = 0 then (a, y) = (0,0) is a solution. 
If zy £ 0 then on dividing the first equation by x and the second equation by y we get: 
z?+2+42y=0 and y? +5 +22 =0 


This implies that y = +2. On substituting these into the first equation we get:|°5 
x+x2+227=0 and xz? —2—227=0 

On solving these equations we get « = —1 from the first equation (and no integer solution 4 0 from 
the second equation). On substituting « = —1 in any one of the given equations and solving for y we 
gety=-l. 
So in brief, the given system has only two solutions: (x,y) = (0,0) and (x,y) = (—1,-1). 
(e) Someone with modest knowledge in mathematics should immediately realize that the first equation 
represents a parabola while the second equation represents a circle, and hence the problem can be solved 
“sraphically” (possibly with no need to make any plot). If we put these equations in their standard 
forms (so that we can easily identify the shape and position of the graphs they represent) then we have: 

y+3=-(r-1) (a +3)? + (y—5)? =4 
So, now it is obvious that the first equation represents a parabola which concaves down with vertex at 
(x,y) = (1, —3) while the second equation represents a circle with radius 2 and center at (x, y) = (—3, 5) 
and hence they cannot have a common point. Therefore, this system obviously has no solution. Also 
see part (d) of Problem 1 of § 6.3. 
(f) In part (j) of Problem 1 of § 4.1.5 of V1 we obtained the solutions of 15x + 13xy — 20y = 0 which 
are: (x,y) = (2,—5), (0,0), (—10,—1). So, the easiest approach for solving this system is to test the 
solutions of this equation on the other equations in the system where we accept only the solutions 
which are common to all the equations in the system.!°* If we do so we will find out that only the 
solution (x,y) = (2,—5) satisfies all the equations of the system and hence this is the only solution to 
the system. 
(g) We note that the last equation in this system is easy to solve (since we have a few possibilities for 
x and y to satisfy this equation). The solutions of the last equation are: (x,y) = (£1,4), (+1, —4), 
+4,1) and (+4,—1). On testing these eight solutions on the other two equations in the system we find 
that only the solution (x,y) = (4,—1) satisfies the other two equations. Hence, this system has only 
one solution, i.e. (x,y) = (4,—1). Also see part (c) of Problem 1 of § 6.3. 
(h) Initial inspection should reveal that the second equation has no solution because in modulo 5 


— 


this equation becomes y? = 3 which has no solution since 3 is not a quadratic residue of 5. So, this 
system has no solution although the other two equations in the system have a common solution, i.e. 


(x,y) = (7, il); 


[55] The same result will be obtained from substitution into the second equation. 

[56] The justification of this approach is that the solution of the system is the intersection of the solutions of the individual 
equations and hence the set of solutions of the system cannot exceed the set of solutions of any one of the equations in 
the system, i.e. the set of solutions of the system is a (proper or improper) subset of the set of solutions of any one of 
the equations in the system. Also see Problem 6 of § 6.1. 
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2. Solve the following systems of Diophantine equations in the unknowns 2, y, z € Z: 


(a) /e—y? — 27 +13=0 Qy? + 27 — a = 22. 
(b) 2? — x + 3y? + 1423 = 34 6a? + 4ry + 5y? — 2z = 13. 
(c) 7/a + 3,/y + 2\/z = 66 3/z + 5/y — fz = 19. 
(d) 22 + 8y? + 4* =77 x? + 3y? — 5* = 34. 
(e) 23 — y? + 3xy + 23 = 103 32 + 8y? — 22 =191 3y? — 8ry — 3z3 = 101. 
(f) 92? + 2? = 90 132 + lly + 2/z = 15 2x? + By? +32 = 49. 
Solution: 
(a) x must be a perfect square (because of \/x) and hence let « = X? where X € N°. So, the equations 
become 
X-y? —274+13=0 Qy*? +27 — X* = 22 
Now, if we add these equations side by side we get: 
y?—-X*4+X=9 > Ay? — 4X? 4+4X = 36 > Ay? — (4X? — 4X) = 36 > 


Ay? — (4X2 —4X +1) = 35 > Ay? — (2X — 1)? = 35 
So, by factoring the two sides of the last equation we get: 
(2y — 2X + 1)(2y + 2X — 1) = (—1)(—35) = (1)(35) = (-5)(—7) = (5)(7) 


Now, if we consider all these eight possibilities (by comparing the factors on the two sides in both or- 
ders) then we get eight systems of simultaneous equations. On solving these eight systems (accepting 
only the solutions with X > 0) we get the following solutions: 

(X, y) = (9, —9) (9, 9) (0, -3) (1, -3) (1,3) (0, 3) 
(x, y) = (81, —9) (81,9) (0, -3) (1, -3) (1,3) (0, 3) 
On inserting these values in the original equations and solving for z (accepting only the consistent so- 
lutions) we get: (x,y,z) = (0,+38,2) and (x,y, z) = (0,43,—2). So, these four solutions are the only 
solutions to the given system. 

(b) If the first equation has any solution then y must be even, while if the second equation has any solu- 
tion then y must be odd. This parity inconsistency of the system makes the given system non-solvable, 
i.e. it has no solution in integers. 

(c) x,y, z must be perfect squares. If we add twice the second equation to the first equation and simplify 
we get: 


Vie+/y=8 (27) 


Now, it is obvious that \/x and \/y cannot exceed 8 (because otherwise the LHS of Eq. 27 will be > 8). 
So, it is obvious that only the following nine pairs satisfy Eq. 27: 

(x,y) = (0, 64) (1, 49) (4, 36) (9, 25) (16, 16) (25, 9) (36, 4) (49, 1) (64, 0) 
Now, if we try these nine pairs on the equations of the given system we find that all these pairs produce 
valid solutions. So, the solutions of the given system are: (2, y,z) = (0,64, 441), (1,49, 361), (4,36, 289), 
(9, 25, 225), (16, 16, 169), (25,9,121), (36,4, 81), (49,1, 49), (64,0, 25). 

Finally, it is worth noting that this system can be treated as a system of linear equations in /Z, \/j, V/Z 
(where the domain of these roots is the set of non-negative integers) and hence it is solved as such 
(where the final x, y, z solutions are obtained by squaring the values of the variables in the solutions of 
the system of linear equations). 

(d) We must have z > 0. From the first equation, z must be zero (due to parity requirement). So, the 
system becomes: 


2x + 8y? = 76 x? + 3y? = 35 
Now, from the first of these equations we get x = 38—4y?. On substituting this into the second equation 
and simplifying we get: 64y° — 1824y* + 17325y? = 54837 whose only (integer) solutions are y = +3 
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(and hence x = 2). So, the given system has only two solutions, i.e. (x, y, z) = (2, £3, 0). 
(e) We have: 


3 (2° — y° + 3ay + 2°) + (3y° — 8ey— 322) = (3x 103) +101 
303° + ay = 410 
410 
y= = 3x? 
x 


i.e. x is a divisor of 410. Now, the divisors of 410 are 1, 2, 5, 10, 41, 82, 205, 410 and their negatives 
(i.e. 16 divisors in total). So, from the last equation we obtain the value of y corresponding to each one 
of these 16 divisors (which represent the values of x) and hence we get 16 (x,y) pairs. On trying these 
16 pairs on the three equations of the system and solving for z we find that only the pair (a, y) = (5,7) 
produces a consistent result (where z corresponding to this pair is 6). Hence, the only solution of the 
given system is (x,y,z) = (5, 7,6). 

(f) The second equation implies z > 0 while the third equation implies z < 16. So, all we need to do 
is to try the values z = 0,1,...,16 in the first equation to get the corresponding values of x and hence 
obtaining 34 pairs of (+|z|, z). On trying these 34 pairsl®”] in the second and third equations we get 
the corresponding values of y. On doing this we find that only the pair (z,z) = (—1,9) produces a 
consistent result (where y corresponding to this pair is 2). Hence, the only solution of the given system 
is (x,y,z) = (—1, 2,9). 


. Find all x,y € Z such that fi = fo = fz = fa where: 


filz,y) = 2?-—y?+3xry +7788 
folz,y) = 2° — 2y?+ 51x? — 5y — 5652 
fa(z,y) = 2? — 22y + 3xy + 1347 
falz,y) = ay? +y2+55y 4 4146 


Solution: If fi = fo = fs = fa then: fi = fo, fi = fg and fi = f4. So, this Problem can be solved as 
a system of multivariate Diophantine equations, i.e. 

fe =0 tr Je= 0 fi — fa =0 
On solving this system!®*! we find that f; = fo = fs = fa for (x,y) = (—33, 19). 
Class A, B,C of orange cost $1.71, $1.63, $1.51 per kg, while class A,B,C of apple cost $1.57, $1.49, 
$1.42 per kg. An 11% (9%) discount is offered to anyone who buys more than $1000 of orange (apple) 
with the condition that he should buy at least 100 kg of any class he buys in multiples of 100’s (i.e. 
100, 200, 300,...). We bought 1000 kg of orange and 1000 kg of apple and paid $2753.55 where we 
benefited from both discounts on the entire deal. How many kilograms of each class of orange and 
apple we bought? 
Solution: Let a be the cost of 1000 kg of orange before discount and b be the cost of 1000 kg of apple 
before discount. It should be obvious that a and b are integers (noting the 100 kg condition in multiples 
of 100’s). Now, from the discount offer we get: 


0.89a + 0.91b = 2753.55 (28) 


Also, from the price limits and the purchased quantities we get the following inequalities: 
1510 <a < 1710 and 1420 < b < 1570 


Now, if we solve Eq. 28 considering the restrictions imposed by these inequalities we get only one ac- 
ceptable integer solution which is (a,b) = (1598, 1463).°! Accordingly: 


[57] Actually, we try only the integers of these pairs. 
[58] The easiest way to solve this system is by solving the equation f; — fz = 0, i.e. 22y— y? + 6441 = 0. The only (integer) 


solution of this equation is y = 19 and hence x = —33 (where this can be obtained, for instance, from f1 — f2 = 0). 


[59] Fyom Eq. 28 we have a = (2753.55 — 0.91b)/0.89. So, on trying 1420 < b < 1570 we get only two integer solutions: 


(a, b) = (1598, 1463) and (1507, 1552). However, the latter solution is not acceptable because 1510 < a < 1710. 
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e Regarding the orange deal we have the following system of simultaneous equations: 

1.71% + 1.63y + 1.51z = 1598 and x+y+z= 1000 
where x, y, z are the numbers of kilograms of class A, B,C of orange which we bought. On solving this 
system! we get: (x,y,z) = (1.52 — 400, 1400 — 2.5z, z). Now, we must have: 
x > 100 > 1.5z — 400 > 100 > z > 500/1.5 > z > 334 
y = 100 > 1400 — 2.5z > 100 > z < 1300/2.5 > z < 520 


So, z = 400 [and thus (2, y, z) = (200, 400, 400)] or z = 500 [and thus (2, y, z) = (350, 150, 500)]. How- 
ever, the latter solution is not acceptable because it violates the condition of multiples of 100’s. So, 
(x, y, 2) = (200, 400, 400). 
e Regarding the apple deal we have the following system of simultaneous equations: 

1.57X + 1.49Y + 1.427 = 1463 and X+Y-+Z= 1000 


where X,Y, Z are the numbers of kilograms of class A, B,C of apple which we bought. On solving this 
systeml®4 we get: (X,Y, Z) = (0.875Z — 337.5, 1337.5 — 1.875Z, Z). Now, we must have: 
X > 100 > 0.875Z — 337.5 > 100 > Z > 437.5/0.875 > Z >= 500 


Y > 100 > 1337.5 — 1.875Z > 100 > Z < 1237.5/1.875 > Z < 660 


So, Z = 500 [and thus (X,Y, Z) = (100, 400, 500)] or Z = 600 [and thus (X,Y, Z) = (187.5, 212.5, 600)]. 
However, the latter solution is obviously not acceptable. So, (X,Y, Z) = (100, 400, 500). 


6.3 Solving Systems of Diophantine Equations Graphically 


Many systems of Diophantine equations lend themselves to a graphic approach where their solutions can be 
identified and obtained graphically by using graphic tools, considerations and reasoning (possibly without 
need for plotting and creating actual graphs). This is particularly true when we deal with 2-variable 
systems of Diophantine equations of various types (such as polynomials and exponentials). 

The idea of using graphic approach should be obvious, i.e. we plot the graphs (possibly in our mind) 
representing the equations of the system to see where (or if) they meet and hence in most cases we can 
easily see graphically the solutions (if exist) as well as the impossibility of having more solutions (noting 
that graphs of different equations usually meet only in a few points in a certain region of their domain space 
and they depart from each other in all other regions making the impossibility of having more solutions 
definite and certain and hence it is a “graphic proof”). 


Problems 


1. Find (graphically) all the solutions of the following systems of Diophantine equations: 


(a) 32? + 4y = 19 5a — 2y = 3. (x,y € Z) 
(b) 37 —5¥ =2 e+y = 13. (x,y € N°) 
(c) x7 —3y =19 13y? + 62 = 11 oP a? = 17, (x,y € Z) 
(d) 2? -27+4+y=0 x? +y? + 6x —10y+30=0. (x,y € Z) 
Solution: 


(a) If we plot these equations we get what we see in the left frame of Figure 1. From this Figure it is 
obvious that this system has a maximum of two solutions. Now, if we zoom on the point at the upper 
right (see the middle frame of Figure 1) we see that it is not a possible (integer) solution. If we zoom 
on the point at the bottom left (see the right frame of Figure 1) we see that it is a possible (integer) 


[60] We have: 
Tlx + 1.63y + 1.512 — 1.63(@ + y + z) = 1598 — 1.63(1000) > 0.122 — 0.08” = 32 > x = 1.5z — 400 
1.7lx2 + 1.63y + 1.512 — 1.71(@ + y + z) = 1598 — 1.71(1000) > 0.08y + 0.20z = 112 > y = 1400 — 2.5z 
161] We have: 
1.57X +1.49Y + 1.427 — 1.49(X + Y + Z) = 1463 — 1.49(1000) => X = 0.875Z — 337.5 
1.57X +1.49Y + 1.427 — 1.57(X + Y + Z) = 1463 — 1.57(1000) > Y = 1337.5 — 1.87527 
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solution. On testing (x,y) = (—5,—14) on the system we find this is a solution. Hence, we conclude 
graphically that (x,y) = (—5,—14) is the only solution of this system (which is a conclusion that we 
obtained algebraically in part a of Problem 1 of § 6.2). 


Figure 1: The plot of part (a) of Problem 1 of § 6.3. 


(b) If we plot these equations we get what we see in Figure 2. From this Figure it is obvious that this 
system has only one possible solution (noting that x,y € N° because of the exponential equation) which 
(by graphic inspection and verification) is (a, y) = (3, 2). 


Figure 2: The plot of part (b) of Problem 1 of § 6.3. The parts of the curves outside the first quadrant 
should be ignored. 


(c) If we plot these equations we get what we see in Figure 3. This Figure (associated with the aware- 
ness that all the “potential solutions” that belong to the circle are within the plotted area) should lead 
to the definite conclusion that the only solution to this system is (#, y) = (4,—1). This conclusion was 
obtained algebraically in part (g) of Problem 1 of § 6.2). 

(d) In part (e) of Problem 1 of § 6.2, this system was “solved graphically” without visualization (i.e. 
we used a “graphic argument” without plotting any graph). In the present Problem we plot the graphs 
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Figure 3: The plot of part (c) of Problem 1 of § 6.3. 


representing the two equations of this system to confirm our solution in that Problem (see Figure 4). 


Figure 4: The plot of part (d) of Problem 1 of § 6.3. 


6.4. Final Thought about how to Solve Diophantine Problems 


Solving Diophantine problems (whether individual equations or systems of equations) is usually a big task. 

In this final section of this chapter!®! we present a list of recommendations and guidelines that can (and 

should) be used as a reference in tackling Diophantine problems. In fact, most of these recommendations 

are based on (and extracted from) our experience (in the present and previous chapter as well as in V1) 

related to the methods and techniques used in solving Diophantine problems. 

1. Conduct an initial (and basic) sensibility checks (or tests) such as parity consistency checks, simple 
divisibility tests, primality/composity tests, sign tests, and so on (see for instance § 1.11 and § 4.1 of 


[62] We note that this section is mostly about the previous chapter but it was deferred to this position because it is about 
systems as well as equations. 
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10. 


11. 


V1 for some recommendations and guidelines; also see Problem 5 of § 5.1 and Problem 6 of § 6.1 of 
the present volume). Many Diophantine problems do not need in their solution more than an informed 
inspection based on these initial and simple checks and tests and hence it is worthwhile to spend a few 
minutes on doing this sort of initial inspection and tests which can save a considerable amount of time 
and effort in trying to solve the given problem by the use of sophisticated approaches and techniques 
(which may or may not lead to the required result). 


. Use computational tools (such as coding or spreadsheets or software packages) to give you an initial 


impression and insight about the nature of the expected (and sought-after) solution(s). In fact, this 
initial computational inspection can be a great help in identifying and producing a theoretical and 
general argument (or proof or formulation or ...) that solves the problem completely and unequivocally. 


. Use graphic tools (when possible and applicable) for initial inspection of systems of Diophantine equa- 


tions by plotting the equations on the same graph to see if and where they have points of intersection 
(see § 6.3). In fact, the use of these tools can lead to the final solution of the problem without further 
inspection or work. 


. Classify the problem such as linear or non-linear, exponential or polynomial (involving quadratic or/and 


cubic or ...), 2- or 3- --- or n-variable problem, etc. 


. Recall the standard methods of solution for the specific type (as identified according to the recommen- 


dation of the previous point). Use previously-solved problems (related to the identified specific type) 
as prototypes and models to see if it is possible to apply their methods of solution to the problem at 
hand. 


. Consider comparing the given Diophantine equation to a similar equation whose solutions are known or 


whose solutions are easier to obtain and hence obtain the solutions of the given equation with minimal 
effort (or with no effort). See for instance Problem 3 of § 5.1. 


. Look for symmetry in the variables which can be exploited (for instance) in assuming temporarily 


that the variables have a certain increasing or decreasing order. This should facilitate the search for a 
solution (where the final and complete solution can be obtained eventually by permuting the solution 
obtained on the base of ordering assumption). Also look for cyclic pattern in the variables where this 
pattern can be exploited similarly (e.g. by assuming certain ordering in the variables). 


. Consider reducing the domain of solution temporarily until a solution is found (for the reduced domain) 


where this solution can be extended and generalized later on to reach the final and complete solution 
for the entire domain. For example, if we are dealing with a Diophantine equation in the domain of 
integers Z involving variables with even powers then we can start by considering its solution in the 
domain of natural numbers N (instead of Z) where the final and complete solution can be obtained 
trivially later on by extending the domain to the negative integers (noting that even powers do not 
distinguish between positive and negative bases). 


. Consider producting a factored expression involving variables (on the LHS) that is equal to a specific 


number (on the RHS) where the factors involving variables (on the LHS) can be matched with numeric 
factors (on the RHS) to produce systems of simultaneous equations that can be solved to produce the 
solution(s) of the given problem. The number of the possible factors on the two sides should also be 
considered in some problems since it can eliminate certain possibilities for the solution (see for instance 
Problem 7 of § 5.2). Also consider employing divisibility arguments of one side (or of factors of one 
side) by the other side (or by factors of the other side). 

Consider employing modular arithmetic to reduce the given equation in certain moduli where the 
relationship between ordinary and congruence equations (see § 2.7.6 of V1) can be exploited to infer 
the solutions of the given equation (or to conclude that the given equation has no solution). 

Recall basic rules and principles (such as ordering rules and principles). Examples of these rules and 
principles are: 

No (perfect) square can be between consecutive squares, no (perfect) cube can be between consecutive 
cubes, and so on. 

No (perfect) square can be the sum of two odd squares. 

Any (perfect) cube can be expressed as a difference of two squares. 

Fermat’s last theorem can also be considered in this regard since it eliminates certain possibilities of 
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12. 


13. 


14. 
15. 


16. 
17. 


18. 


solution. 

Remember Pell’s equation (see § 1.2) when dealing with quadratic polynomial equations in 2-variables. 
Consider manipulating the equation (if necessary) to put it in a standard Pell’s form (e.g. by scaling 
the equation and completing squares to simplify the expressions and reducing the number of terms as 
well as organizing the equation to identify and recognize the pattern). Also consider the generalized 
form of Pell’s equation (not only its standard form). As soon as we solve the obtained Pell equation 
we can try obtaining the solutions of the original equation by the reverse transformation (where we 
accept only the integer solutions). However, we should keep in mind that the existence of solution to 
the transformed Pell equation does not guarantee the existence of solution to the original equation (see 
§ 1.2) since the reverse transformation may not produce integer solutions. 

Remember Pythagorean triple rules and theorems when dealing with quadratic equations in 3 variables. 
As in the previous point, consider manipulating the equation (if necessary) to put it in a standard 
Pythagorean triple equation form (e.g. by completing the squares or/and by transforming the variables). 
Consider upper and lower bounds on the potential solutions (e.g. when dealing with equations involving 
fractions). 

Consider sign bounds and bounding inequalities (e.g. when dealing with polynomials and exponentials). 
Recall Wilson’s theorem when the equation involves factorial. 

Consider special (or limiting or obvious or eccentric or ...) cases and instances such as when one (or 
more) of the variables is 0 or +1 or goes to infinity. Such considerations can give an insight in the 
solution (or reduce the possibilities or organize the approach of solution or ...). 

Give special attention to the dominating terms which can (for instance) impose limits or determine the 
eventual tendency of the equation. 

Use computational tools (such as coding or spreadsheets or software packages) to check the final answer 
(if necessary) especially when you have some doubt or when the produced argument (or proof or 
formulation or ...) is very messy and susceptible to errors and mistakes. 


Chapter 7 
Inequalities 


7.1 General Issues about Inequalities 


1. Outline some basic rules that govern inequalities and hence they can (and should) be used to solve 
inequality problems in number theory (as well as in other mathematical branches like analysis). 
Solution: For example: 

e We can add and subtract the same quantity to both sides. 

e We can multiply and divide each side by the same (non-zero) quantity but the sense of inequality 
should be reversed if the quantity is negative. 

e The factorial function n! grows faster than the corresponding exponential function a” (where a > 1 
is constant) and hence n! becomes > a” eventually (i.e. at high values of 7). 

e The exponential function a” (a > 1,n > 0) grows faster than the corresponding polynomial function 
(e.g. n°) and hence a” becomes > n° eventually. 

e Higher order polynomials (e.g. n°) grows faster than the corresponding lower order polynomials (e.g. 
n +99) and hence the higher order becomes bigger (in magnitude) than the lower order eventually. In 
particular, any (non-constant) polynomial will eventually exceed (in magnitude) any constant (polyno- 
mial) function. 

e An inequality involving absolute value represents double inequality. For example, |n| < 3 means 
—3 <n <3 while |n| > 3 means n < —3 and n > 3. 

e Taking the absolute value of the two sides of an inequality whose both sides are negative should reverse 
the sense of inequality (because it is equivalent to multiplication by —1). For example, if m,n < 0 and 
m <n then |m| > |n|. 

2. List some tools and techniques that can (and should) be used (at least as a first step) in inspecting and 

investigating inequality problems. 

Solution: The most common tools and techniques are: 

e Graphs (whether in 1D or 2D or 3D depending on the nature of the problem and the number of 
variables) .|®| 

e Tables of values (such as spreadsheets) where the sense of inequality can be observed as a function of 
the value of variable(s). 

e Tables of sign (see for instance Problem 3 of § 2). 

e Coding and programming by using computer languages for systematic search and inspection. In fact, 
this tool is usually more powerful than graphs and tables (especially in multivariate inequalities and 
could be the only viable choice in such cases) since it can inspect a huge amount of possibilities and 
values in reasonable time and with maximum reliability (if vigilance and caution are observed). 

3. Which of the following inequalities is correct /incorrect: 


(a) O279°2"" S30 70"!>, (b) 4321! > 1714251, Keene? Cree. , (dase? = Paes 
Solution: All these inequalities are incorrect because: 
(a) The number of digits of 9279°54 is (see Problem 10 of § 2): 


| 3284 log, 9279| + 1 = |13029.274| + 1 = 13030 
while the number of digits of 3979479 is: 
| 4729 log) 3979| + 1 = |17023.331| + 1 = 17024 


[631 1D graph refers to the common technique of using number line (possibly truncated) to mark the critical values for the 
inequality. 2D and 3D graphs should be obvious (e.g. the x,y and the x, y, z plots which are commonly used in calculus 
and analysis). 
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(b) The number of digits of 4321! is (see Problem 9 of § 2): 
4321 
bs oe) +1 = |13834.990| + 1 = 13835 
k=1 


while the number of digits of 1711251 is (see Problem 10 of § 2): 
| 11251 log,, 17] + 1 = [13843.781| + 1 = 13844 


(c) We have C3388 = C238 because 1397 = 2388 — 991. 
(d) The number of digits of P3427 is (see Problem 11 of § 2): 


1127 1127 
S- oa) +1= S- at) +1 = |1546.669| + 1 = 1547 


k=1127—528+4+1 k=600 


while the number of digits of P}}?4 is: 


1324 1324 
> oa) +1= > oat) +1 = |1349.497| + 1 = 1350 


k=1324—444+41 k=881 


7.2 Univariate Inequalities 


1. Find all n € N° such that n° + 3n4 +2 > nl. 

Solution: The factorial function grows faster than the polynomial functions and hence we expect n! 
to become bigger than (n° + 3n* + 2) at high values of n (see Problem 1 of § 7.1). On inspecting the 
low values of n (say up to n = 10) we find that n° + 3n4 +2 > n! is true only for n = 0,1,...,9. 
To make sure that this does not hold for any n > 9 we can use induction. So, for n = 10 we have 
n® +3n4 +2 <n!. Now, let assume that this is true for a given n > 10 (as it is the case for n = 10) and 
hence we will prove that if so then it must also be true for n+1, ie. (n+1)°+3(n+1)4+2 < (n+1)!. 
On multiplying both sides of n° + 3n4 +2 <n! by n+1 we get: 


(n+1)(n§4+3n*4+2) < 
(n? + n® +3n®+3n4+2n+2) < (n+1)! 
(n™ + 8n° + 2n) + (n° +3n4+2) < (n+1)! (29) 


Also, on substituting (n + 1) in the polynomial (n° + 3n* + 2) we get: 


(n+1)§+3(n+1)*+2 = n®4+6n® + 18n* + 32n3 + 33n? + 18n +6 
(6n® + 15n4 + 32n3 + 33n? + 18n + 4) + (n®+3n4+2) (30) 


So, to prove that (n + 1)® + 3(n + 1)*4 42 < (n +1)! we need (by comparing Eqs. 29 and 30) to show 
that: 


(n™ + 38n° + 2n) > (6n°® + 15n4 + 32n3 + 33n? + 18n + 4) (31) 
Now: 
n’ +3n° +2n 7 1+3n-2 + 2n-6 
6nd + 15n4 + 32n3 + 33n2 +18n+4 ~~ 6n-2 + 15n-3 + 32n-4 + 33n-5 + 18-8 + 4n-7 


> 143n7? + 2n76 


where the last inequality is justified by the fact that for n > 10 the denominator of the last fraction is 
< 1 (as well as positive). Now, since (1 + 3n~? + 2n~°) > 1 the inequality of Eq. 31 is true and hence 
(n+1)§+3(n+1)4 +2 < (n+1)!. So, by mathematical induction we conclude that n° + 3n* +2 <n! 
for all n > 10 and hence n® + 3n4 + 2 > n! is true only for n = 0,1,...,9. 
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2. Find all n € N° such that 5” > n!. 

Solution: The factorial function grows faster than the exponential function and hence we expect n! to 
become bigger than 5” at high values of n (see Problem 1 of § 7.1). On inspecting the low values of n 
(say up to n = 15) we find that 5” > n! is true only for n = 1,2,...,11. To make sure that this does 
not hold for any n > 11 we can use induction (as we did in Problem 1). In brief, if 5" <n! for a given 
n > 11 (as it is the case for n = 12) then on multiplying the two sides of this inequality by n + 1 we 
get: 

(n5" +5”) < (n+1)! (32) 


Also, on substituting (n + 1) in the exponential we get: 
5°41 = 5 x 5% = (4x 5") 45" (33) 
Now, for all n > 11 we have (4 x 5”) < n5” and hence (from Eqs. 32 and 33) we get: 
5mt} = (4 x 5") +5" < (nd5" +5") < (n +1)! 


So, 5” > n! is true only for n = 1,2,...,11. 

3. Find all values of n € N° such that n! > 5" + n° — 10. 
Solution: We note that this inequality is true for n = 0 and n = 1. Moreover, because at high values 
of n the factorial function (n!) grows faster than the exponential and polynomial functions (i.e. 5” and 
n° — 10), we know that n! will eventually exceed both 5” and n° — 10 and their sum. So, we need to 
test the low values of n (i.e. which are > 1) until we reach a “critical” value of n at which n! becomes 
bigger than 5” + n° — 10 and hence we conclude that all values of n equal and bigger than this critical 
value should also satisfy this inequality. On doing this we find that the critical value is n = 12. Hence, 
we conclude that n! > 5" + n> — 10 for all n € N° excluding 2 < n < 11. 

4. Find all n € Z such that P, > Py > P3 > Py where: 


Pi(n) = n*—164n? + 8106n? — 119804n + 416245 
Px(n) = n* —155n? + 7850n” — 144520n + 616704 
P3(n) = —n* +145n3 — 6321n? + 88119n — 211302 
Py(n) = —10n? + 1480n? — 53450n — 54940 


Solution: If P, > Py > P; > P, then: 
PL>P, & Pp >P3 & P3>P, => P,—Po>0 & Po—-P3>0 & P3-P,>0 


Now, if we solve the last three inequalities we get: 
e P, — Pp > 0 for n < —44 and 7 <n < 66. 
e Py — P3 > 0 forn <5 and 25<n< 44and n> 75. 
e P3;—Py>O0forl<n< 78. 
These three inequalities are satisfied simultaneously for n = 26, 27,...,43. 
5. Show that n” > n! for all Na n> 1. 
Solution: We prove this by induction. It is obvious that this inequality is true for n = 2. Now, if we 
assume that it is true for a given N35 n> 1 then we have: 


(n+1)"t? = (n4+1)"(n41) > n™(n41) > nl(n41) = (n+1)! 


ie. (n+1)"t! > (n+1)!. Hence, by mathematical induction this inequality is true for all NS n> 1. 
6. Find n € N such that 10” < 5° < 10"+1, 
Solution: We have: 


log1 56" = 279936 logy 5 = 58" — 10!°810 50" — 1279936 login 5 ~ 1()195666.867 


Hence, n = 195666. 
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7.3 Multivariate Inequalities 


1. Find the condition(s) for the validity of the following relations (where x, y, z € N): 
(a) x7z < ay < yz. (b) x3y? — 23y + 27y — Try > 0. (c) x? — 2ry — 3y? > 0. 
Solution: 
(a) If we start with x? < xy < y? then it is obvious that the condition for the validity of the given 
relation without z (or rather with z = 1) is x < y because both 2? < xy and xy < y? lead (by division 
by x and y respectively) to x < y. Now, if we multiply y? by z (i.e. 2? < xy < y?z) then the validity of 
the relation is not affected (i.e. it is still valid for any z as long as x < y) because the y? side represents 
the higher (and hence “open” or unbounded) end and hence multiplying by z does not impose a new 
restriction. So, a new restriction is imposed only when we multiply x? (which is the lower and “closed” 
or bounded end) by z (noting that z > 1). In other words, the restriction is imposed only on the 
relation x7z < zy. This relation obviously leads (by dividing by x) to xz < y. 
So in brief, the condition for the validity of the given relation is xz < y or x < (y/z). 
(b) If we write the given relation as x3y? + x?y > x?y + 7xy and compare the terms on the two sides 
then it is obvious that x°y? > xy for all x,y. So, any potential violation to the validity of this relation 
should originate only from the last terms on the two sides. Now, it is obvious that x2y > 7xy is valid 
for all z > 7 (regardless of y). So, all we need is to investigate the cases x = 1,2,...,6 with correspond- 
ingly low values of y. On doing this we find that this relation is violated only in the following cases: 
x=1,2,...,6 with y=1, c= 1,2 with y = 2, and x = 1 with y = 3,4,5,6. 
So in brief, the conditions for the validity of the given relation are: (x,y) 4 (m,1), (x,y) 4 (n, 2), and 
(x,y) # (1,k) where m = 1,2,...,6, n= 1,2 and k = 3,4,5,6. 
(c) We have: 


x — 2ay — 3y° 2 0 + g-Ieyt+y—4y>20 4 @-y)?-4y?>0 3 


[(e@-y)-2y][@-y)+24]) 20 +4  (e-3y)(e+y) 20 
Now, («+ y) > 0 and hence we must have (x — 3y) > 0, ie. (a@/3) > y. 
So in brief, the condition for the validity of the given relation is (2/3) > y. 
2. Find all m € N such that m” — n™ > 0 for all n € N°. 
Solution: Only m = 3 meets this requirement. 
For m= 1, m”—n™ <0 for alln > 1. 
For m = 2, m”—n™ <0 forn=3. 
For m > 3, m” —n™ <0 for some n < m. 
3. Find all x,y, z,w € N such that 4 + 7 + + > w. 
Solution: The maximum value of the LHS is 3 (i.e. when « = y = z = 1). So, we have only three 
cases to consider: 
e w = 3: we have only one possibility, ie. (x,y, z) = (1,1, 1). 
e w = 2: at least one of x, y, z must be 1 (say x = 1), while at least one of the remaining variables must 
be < 3 (say y < 3). Now, if y = 1 then z can take any value while if y = 2 then z < 3. Hence, the 
following (2, y, z) triplets and their permutations (due to the symmetry in z, y, z) are valid solutions in 
this case: (x,y, z) = (1,1,a) and (1,2,b) [where a € N and N53 b < 3}. 
e w=1: at least one of x,y,z must be < 4 (say x < 4). 
If  =1 then y and z can take any value. 
If « = 2 then at least one of y, z must be < 5 (say y < 5). If y= 1 or 2 then z can take any value. If 
y = 3 then z can take any value < 7. If y= 4 then z can take any value < 5. 
If « = 3 then at least one of y, z must be < 4 (say y < 4). If y= 1 then z can take any value. If y = 2 
then z can take any value < 7. If y = 3 then z can take any value < 4. 
Hence, the following (a, y, z) triplets and their permutations are valid solutions in this case:!*4! 


(1, a,b) (2,1, a) (2, 2, a) (2,3, c) (2, 4, d) (3, 1, a) (3, 3, e) 


[64] We ignored the triplet (3, 2,c) because it is included by permutation. 
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where a,bDEN,N3c<7,Nad<5,N5e€<4. 

4. Find all x,y, z,w € N such that 4 + 5 + 4 <w. 
Solution: We do not need to solve this Problem independently because the solutions of this Problem 
can be obtained from the solutions of Problem 3 (i.e. the solutions of this Problem are the complement 
of the solutions of Problem 3). 

5. Let zy € N and x < y. Find all (2, y) pairs such that 24 < y”. 
For « = 1 and y > 2 we have: 1¥ < y! for all y > 2. 
For x = 2 and y > 3 we have 24 < y? only for y = 3. 
Regarding x > 3, it is shown in calculus that if 2<a<ythen W/x > ~/y. Now, if we raise both sides 
of the last inequality to xy we get 7” > y”. 
So in brief, if « < y then 2” < y® only when (x,y) = (1, y) and (x,y) = (2,3). Also see Problem 14 of 
§ 2. 

6. Let z= ety ty where x,y € N. Show that if z is to be an integer then z > 2. 
Solution: If z is an integer then it must be a natural number (noting that x,y € N). So, all we need 
to do is to prove that z cannot be 1 or 2. Thus, we have two cases to consider: 
ez=lie. ry=x2?+2+4+y?+4+y which is impossible because if (we assume with no loss of generality 
that) « < y then ry < y? and hence zy < a7 +a2+y?+y. 
e2z=2,ic. 2Wry=a2727+r4+y?+y. Now, zc =y is not a possibility (because it implies x + y = 0) and 
hence let assume (with no loss of generality) that x < y. So, from 2ry = x7 +a2+y?+ y we get: 
sy-a’tay-party + ay—a)ty(e-yy=ety 4 wly-2)=at+y+yl(y—2) 
The last equation is nonsensical because x(y — x) < y(y — 2). 

7. Show that for all x,y,z € N the following relation holds: a bets Ss. 
Solution: If ji, is the arithmetic mean of a set of positive numbers and j1g is their geometric mean 
then the following relation holds: 


Ha 2 Lg (34) 


where the equality holds iff all the numbers in the set are identical (noting that in this case both the 
arithmetic mean and the geometric mean are equal to that “identical” number). Now, ja and pu, for 


the set {z, = =} are: 


zx 
ivy z 
ee ws y= fax bx i= [= vin 
3 yY 2 & LYZ 


On substituting these in Eq. 34 we get: 


x y Zz 
ytetes, “5 BW Pn 
3 yY 2 & 
8. Repeat Problem 8 of § 5.6 using this time the result of Problem 7. 

Solution: 
(a) According to Problem 7, 2 > 3 and hence vy + 4+ 4 =1 has no solution. 
(b) According to Problem 7, re: 2 > 3 and hence +4+4+2=2 has no ee 
(c) According to Problem 7, zy sine oe S 3 where the eeuality holds if P=taZie way=z (see 
Problem 16 of § 2). This means that 5 we have solution only when « = nes = 2%. eHenee, the only solution 
to the equation : +4%+4+2=3 is (a,y,z) =(k,k,k) where k € N (noting that x,y,z € N). 
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Chapter 8 
Congruence Equations 


8.1 General Issues about Congruence Equations 


1. What is the number of solutions a congruence equation can have? 
Solution: A congruence equation can have no solution, or a single solution, or finitely many solutions 
(i.e. in modular arithmetic sense). 
2. Show that m? 4 n? iff m2 +n (where m,n € Z and p € P). 
Solution: If m 2 +n then by squaring both sides (according to the power rule of congruence) we get 
m2 2 2. 
If m? = n? then m? —n? 2 0, i.e. (m—n)(m+n) 2 0 which means that p divides (m—n)(m-+n). So, 
either p divides (m —1n) or p divides (m+n), ie. either m 2 +n or m4 —n. 
3. Show that if n is a quadratic residue of an odd prime p = 4k — 1 (where & € N) then the solutions of 
2 


; P P 
the congruence equation x? = n are x = tnt)/4, 


Solution: We have: 


een=nxtenxn? VY? = nPtD/? = [znerty/4) : 


where we used Euler’s criterion in step 3 (see § 1.9). It is worth noting that since p = 4k — 1 then 
(p + 1)/4 is integer. 


4. Let m = ay and n = av where m,a, w,n,v € Z. Show that if m ~n then jb ‘9 1», where g = gcd(a, k). 
Solution: We have: 


m=n (given) 
k 
ap = av (m = ap, n= av) 
ney) (rule 8 of § 2.7 of V1; see Problem 5 of § 2.7 of V1) 


Note: the result of this Problem implies that we can divide the two sides of a congruence equation by 
an integer a (which is a common factor of the two sides) without affecting the validity of the congruence 
iff ais coprime to the modulo k. 

5. Show that m =n iff m= n for every p € P (where m,n € Z).|®1 
Solution: Regarding the if part, m 2 n means p|(m—1n). Now, whatever the magnitude of (m— n) 
there should be some p whose magnitude is bigger than the magnitude of m —n (due to the fact that 
there are infinitely many primes). Noting that 0 is the only integer that is divisible by an integer which 
is bigger in magnitude, we conclude that m—n =0, i.e. m=n. 
Regarding the only if part, m = n means m — n = 0 and hence p|(m — n) for any p € P since 0 
is divisible by any other integer. The result will follow from the fact that p|(m — n) is equivalent to 
m=n. 
Note: “the only if part” of this proposition is straightforward because if m = n then m ? n for 
every p € P. However, “the if part” of this proposition requires some clarification to avoid potential 
misunderstanding. In the above proof of “the if part” we are implicitly assuming that (m—1n) has a 


[65] In a sense, this proposition is a stronger version of the proposition that we stated in § 2.7.6 of V1 (with minor differences 


in symbolism), that is: « = y iff « = y for all m (where z,y € Z and N 3 m > 1). This is because m should have a 
certain prime factorization where the divisibility by m depends on the divisibility by its prime factors. We did not use 
this stronger version in V1 for the sake of simplicity noting that the version of V1 was sufficient for our purposes. 
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aD 


nN 


oo 


given magnitude and this should suggest that m and n are fixed integers. So, “the if part” is essentially 
about m and n as fixed integers and not about them as integers in whatever shape or form. 

For instance, if n = 0 while m is a function [say m = f(x)] such that for every p € P we have f(x) = kp 
(for some z,k € Z and k # 0) then we have f(x) 4 0 for every p € P (ie. m 4 n for every p € P) 
although f(x) 4 0 (i.e. m 4 n). The explanation of this is that the meaning of zero in a congruence 
is not the same as the meaning of zero in an ordinary equality (and this should shed more light on the 
meaning of zero in the above proof). 

In this regard, we should mention the function f(x) = 6x? + 5x + 1 which is proved in the literature 
to be congruent to 0 for every p € P (ie. 62? + 52 +1 ? 0 has an integer solution for every p € P) 
although 6x? + 52 +1 =0 has no integer solution. In other words, m ? n for every p € P whilem#n 
(where = and ¥ indicate the existence and non-existence of an integer solution 2). 


. Find the number of (modular) solutions of the exponential congruence equation a® 4» (where a,be€ Z 


are given constants, x € N° and k is a modulo that possesses a primitive root and it is coprime to a 
and 0). 

Solution: Let r be a primitive root of k. Now, if we take the index of both sides of the given congruence 
equation (see § 1.5) then we get: 


k k 
Tpr(a®) © Iy,r(b) ss w Inr(a) 2 Ty_(b) 


This is a linear congruence equation which (according to the LCE theorem; see § 3.2.1 of V1) has either 
no solution if d/J;,,,(b) or has d modular solutions [in mod ¢(k)] if d|I,,-(b) [where d is the gcd of 
Tep(a) and 4(k)). 

Find the necessary and sufficient conditions for the following congruence quadratic equation to have 
solutions: 


ax? +br+c20 (a,b,c,x € Z, a #0, pis odd prime coprime to a) 


Solution: Regarding the necessary condition, let assume that the given congruence is solvable and 
hence we have some X € Z such that aX2 + bX +c=0, ie. aX2+0X 2 —c. Now: 


(2aX +b)? = 4a? X? + 4abX + b? = 4a(aX? + bX) +0? 2 4a(—c) +? = 0? —4dac=A (35) 


i.e. we have an integer (2aX + b) such that (2aX +6)? 2 A. This means that the necessary condition 
for the given congruence quadratic equation to have solutions is that its discriminant is a quadratic 
residue of p (where “quadratic residue” here includes 0; see the preamble of § 1.6). 

Regarding the sufficient condition, we will show that this condition is also sufficient, ie. if the 
discriminant is a quadratic residue of p then the given congruence is solvable. So, let us verify this 
claim by proving that if there is some Y € Z such that A ? y? then the given congruence is solvable. 
Now, according to the LCE theorem (noting that 2a and p are coprime; see § 3.2.1 of V1) Y 2 2ax +b 
is solvable, i.e. there is some X € Z such that Y ? 2aX +b. Moreover, from Eq. 35 (read in the 
reverse direction) A ? y? means that the existence of such X is equivalent to the solvability of the 
given congruence. So, we conclude that if the discriminant is a quadratic residue of p then the given 
congruence is solvable. This means that the sufficient condition for the given congruence quadratic 
equation to have solutions is that its discriminant is a quadratic residue of p. 


. Prove the following proposition using modular arithmetic: an integer is divisible by 3 (9) iff the sum 


of its digits is divisible by 3 (9). 
Solution: Let n = dy... dgdido (where dx,...,d2,d1,do are digits) and m = 3 (9). So, we have: 


n = dg...dgd\do = dy x 10° +...+ dz x 107 + dy x 101 + do 


= od xl®+...4¢xV4+axUt+de=a& t+... td+dt+do 


3 


This (read in both directions) should prove the equivalence between the divisibility of an integer by 3 
(9) and the divisibility of the sum of its digits by 3 (9). 
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9. 


10. 


11. 


12. 


13. 


Prove the following using modular arithmetic: an integer is divisible by 11 iff the alternating sum of 
its digits is divisible by 11. 
Solution: Let n = d;...d3dgd,do (where dz,...,d3,d2,d,,dp are digits). So, we have: 
n = dy...d3dod\do = dy x 10" +...+d3 x 10° + dp x 107 + dy x 10’ + do 
dy, x (—1)¥ +... + d3 x (—1)? + do x (-1)? + di x (-1)' + do 
= (—1)*¥d, +... —d3 + dz — dy + do 


a 
a 


l| 


This (read in both directions) should prove the equivalence between the divisibility of an integer by 
11 and the divisibility of the alternating sum of its digits by 11 (noting that the sign does not affect 
divisibility since divisibility is an attribute of the magnitude). 
Show that the congruence equation ax? 2b (where p is an odd prime) is solvable iff a and b are both 
quadratic residues of p or both quadratic non-residues of p. 
Solution: ax? = b implies x? 2 a*b and hence (see Problem 13 of § 1.8)!®! a*b is a quadratic residue 
of p (i.e. 2? 2 a*b is solvable and hence ax? = b is solvable) iff a* and 6 are either both quadratic 
residues of p or both quadratic non-residues of p. Now, a and a* are either both quadratic residues or 
both quadratic non-residues (see Problem 14 of § 1.8). Therefore, ax? = 0 is solvable iff a and b are 
both quadratic residues of p or both quadratic non-residues of p. 
Show that the congruence equation «2 2 mn is solvable iff x2 2 m and x? £ n are both solvable or 
both non-solvable (where p is an odd prime and mn is coprime to p). 
Solution: This is a corollary of Problem 13 of § 1.8 (noting the connection between solvability and 
quadratic residue). 
One of the practical applications of congruence equations is in random number generation which is 
widely used in many branches and disciplines of computer science (and computing in general) and its 
many applications (in theories as well as in real life). In this Problem we outline the basic idea of using 
modular arithmetic in the generation of sequences of (pseudo) random numbers. 
So, let us create a simple modular arithmetic “model” to generate (pseudo) random numbers r; between 
0 and 10000, ic. 0 < ry; < 9999 where i = 1,2,.... This model is based on the following congruence 
equation: 

; = mrj-1 +d 


where ro (i.e. 71-1) is the seed (which determines the progress of the sequence), k (which is equal to 
10000 in our case) is the upper limit of the generated random numbers, m is a natural number between 
land k (ie. 2 << m < 9999), and d is a given integer increment (e.g. d = 713). 

For example, if r9 = 93, m = 381 and d= 11 then our random number generation model will generate 
the following sequence of random numbers: 


5444, 4175, 686, 1377, 4648, 899, 2530, 3941, 1532, 3703, 854, 5385, 1696, 6187, 7258, 5309, 2740, 3951,... 


This random number generation model (or “device”) can be easily implemented in a few lines of computer 
code or in a simple spreadsheet. It is obvious that if the random numbers are required to be between 
0 and 1 (instead of being between 0 and k) then we simply divide these numbers by k. 

Also see Problem 2 of § 18.1. 

Discuss the difference between Legendre’s symbol and Jacobi’s symbol as metrics for determining the 
solvability of quadratic congruence equations. 

Solution: From point 8 in the preamble of § 1.11, we can see that Legendre’s symbol is a full metric for 
solvability of quadratic congruence equations since it can determine its solvability and non-solvability, 
while Jacobi’s symbol is a partial metric for solvability of quadratic congruence equations since it can 
determine only its non-solvability. 


For instance, we can conclude that x? 2 9 is solvable and x? 2! 2 is non-solvable because (4) = land 


[66] Tt is obvious that we are assuming a and p are coprime (noting that otherwise the case is trivial and obvious and can be 


excluded or included according to the convention about quadratic residue; see § 1.6). 
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(sh) =-1 
tol) ~~ 
On the other hand, we can conclude that x? 2 2 is non-solvable because (+) = —1, but we cannot 


conclude that 2? 4 16 and 2? = 5 are solvable (or non-solvable) from the fact that (38) = 1 and 
(3) =1 (noting that the first is solvable while the second is not). 


8.2 Univariate Congruence Equations 


1. Consider the congruence equation ax = 1 (where a,x,m € Z with 1 < a < mand m > 1). How many 
values of a make this congruence equation solvable? 
Solution: According to the LCE theorem (see § 3.2.1 of V1) we must have gcd(a,m)|1 if az = 1 is to 
be solvable. This means that gcd(a,m) = 1, ie. a and m are coprime. Now, the number of integer 
values between 1 and m (inclusive) which are coprime to m is given by ¢(m). So, the number of values 
of a (where 1 < a < m) that make the congruence aa “ 1 solvable is ¢(m). 

2. Let p € P and x € Z. Show that 2? 2 x has exactly p modular solutions. 
Solution: This is no more than (the essence of) Fermat’s little theorem (see § 2.9.3 of V1), i.e. the 
congruence x? ? x is satisfied by the entire residue system of p and hence this congruence has exactly 
p modular solutions (noting that a complete residue system modulo p contains p residue classes, i.e. 
z=0,1,2,...,p—1). 

3. Let x € Z and q,p € P with q < p. Show that the congruence equation x? ? x cannot be satisfied by 


all the residue classes of p, i.e. we must have some x € Z such that x4 af x. 
Solution: In fact, this is an implication (or requirement or instance) of Lagrange’s polynomial roots 
theorem. However, let us establish it in a different way. 
p must have a primitive root (see point 5 in the preamble of § 1.4). Now, “a? 2 «x for every x € Z” 
means that all the residue classes of p satisfy this congruence with natural powers of x (i.e. %7) which 
are less than (p — 1). This implies that p has no primitive root (noting that the order of a primitive 
root of p is p—1). So, this contradiction should lead to the conclusion that the congruence x? Px 
cannot be satisfied by all the residue classes of p. 
Note: the implication of this Problem is that if 27 2 x for all x € Z then q > p. 

4. Show that the only (distinct modular) solutions to the congruence equation 2? ? iarex = 1 and 
re=p-1 (where p is an odd prime). 
Solution: The congruence 2? = 1 has obviously one solution (which is x 2 1 since 1? 2 1) and hence 
it must have exactly two distinct modular solutions (see Problem 1 of § 1.6). We also have: 


(p—1)? = p*-2p +121 


p 
i.e. 2 p—1 is the other solution. It should be obvious that 1 4 (p — 1) because otherwise: 
12 (p-1) = p=2 > p\(p — 2) 
which is nonsensical since p > (p — 2) and (p — 2) 4 0 noting that p is an odd prime.!®7! So, x * 1and 


x = p—1are the only (distinct modular) solutions to the congruence equation x? 4 1. 
Note: we may also prove the given proposition (more easily) by noting that (+1)? = 1 and hence the 


distinct modular solutions of c2 2 1 are x 21landx 2-12 p-1 (noting that modular distinction 


is because p is an odd prime). We may also prove it by using Problem 2 of § 8.1, ie. if «2 4 1? then 


x = +1 (where « 2 —1 2 p—1 noting again that modular distinction is because p is an odd prime). 


5. Show that if n € Z is a solution of the congruence equation n? + 6n? +n +6 = 0 then n cannot be the 
difference of two squares. 


Solution: The only solution to n? + 6n? +n +6 ~odisn 42 (see § 3.2.1 of V1). Now, if n is the 


[87] We may similarly say: p ? 2 means 0 2 2 which is nonsensical because p is an odd prime. 
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. Show that the congruence equation n° — 11n* + 36n? 


105 


difference between two squares then we have 4 possibilities regarding the parity of the squares (where 
m,k € Z): 


ca 


n= (2m+1)? — (2k+1)? 20 n = (2m)? — (2k)? 20 


n= (2m + 1)? — (2k)? 21 n= (2m)? — (2k +1)? 33 


As we see, there is no n which is a difference between two squares that is congruent (mod 4) to 2, and 


4 


hence if n is a difference between two squares then it cannot be a solution to n° + 6n? +n+6=0. 


. Let P(x) (where x € Z) be an n“” degree polynomial none of its coefficients is zero. Create examples 


for the following:!*! 
(a) n=2 and P 49 (k = 3,5,7,11) has root 0 for all these moduli. 
(b) n =3 and P £0 (k =2,6,9, 13, 15) has root 1 for all these moduli. 


(c) n= 3 and P “ 0 has the following roots (and possibly other roots): 1, 3, 4, 7, 10. 
Solution: 
(a) If we start with a quadratic whose constant coefficient is 0 (say x? — x) then it is obvious that 


a—2X0 (k = 3,5, 7,11) has root 0 for all these moduli. Now, if we add to this polynomial the least 
common multiple of these moduli (i.e. their product which is 1155) then P = 2? — x + 1155 should 
meet all the given conditions. 

(b) If we start with the linear polynomial (x — 1) then it is obvious that x — 1 £9 (k = 2,6, 9, 13,15) 
has root 1 for all these moduli. Now, if we multiply (a — 1) by a quadratic polynomial with non- 
zero coefficients (say x? — 42 + 3) then we get a cubic that meet all the given conditions, ic. P = 
(a — 1)(x* — 4a +3) = 23 — 5a? + 7x — 3. 

(c) Let the congruence equation be ax? + ba? + cx +d = 0 (where a,b,c,d € Z). Now, if this equation 
has the given roots (i.e. 1, 3, 4, 7, 10) then we must have: 


w 


a(1)3 + (1)? + ¢(1) = 0 
a(3)3 + b(3)? + ¢(3) 20 
a(4) +0(4)2 +c(4)+d 2 0 
a(7)3 + b(7)2 + e(7) aa) 

) 0 


a(10)? + b(10)? + c(10) +d 


On solving this system of congruences for the variables a, b,c,d (see § 4.4.1 of V1 as well as chapter 9 


of the present volume) we get: (a,b,c,d) = (2,2,8,12). Hence, P = 2x? + 2x? + 8x + 12 should meet 
all the given conditions. 


36 = 0 is always solvable (where p € P and 
néZ). 

Solution: We have three (comprehensive) cases to consider: 

e p = 2: the polynomial n° — 11n* + 36n? — 36 is even and hence the given congruence is solvable. 

e p = 3: we have n° — 11n4 + 36n? — 36 = 0 which has the solution n = 3k (k € Z). 

e p> 3: we have: 


n® — 11n4 + 36n? — 36 = (n? — 2)(n? — 3)(n? — 6) 


Now, from Problem 3 of § 1.8 at least one of 2,3,6 must be a quadratic residue (mod p) which means 


that at least one of the three congruences: n? — a 20 (a = 2,3,6) is solvable. Therefore, the given 
congruence equation is solvable. 
So, in all three cases the given congruence equation is solvable and hence it is always solvable. 


[68] This Problem (and its alike) is about obtaining polynomial congruences with given conditions. The purpose of it is to 


improve the skill of constructing such congruences when needed during investigating and solving some number theory 
problems. 
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Show that 98” — 68” — 317 +1 72° 0 for alln EN. 


Solution: We have 2010 = 2 x 3 x 5 x 67. Now: 

e 98” — 68” — 31” + 1 is even and hence 98” — 68” — 31" + 1 2 0 for alln EN. 
e 98” — 68” — 31" +1 = 2” — 2" —-1"41=0 forall neEN. 

e 98" — 68" — 31° + 1 = 3" — 3" —1"%+1=0 forallneN. 

e 98” — 68” — 31" +1 = 31" —- 1" — 31° + 1=0 for alln EN. 

Hence, 98" — 68" — 31" + 1 72° 0 for all n EN (see rule 14 of § 2.7 of V1). 


. Which of the following quadratic congruence equations are solvable: 


3797 5281 


(a) 322 — 15a + 221 °8" 0, (b) 11a? + 4x +311 °2? 0. 


7171 199 


(c) x? — 19x — 52 0. (d) 26x24 + 3123 — 8522 -—11lx-—5 = 0. 
Solution: We use the proposition of Problem 7 of § 8.1 (where Legendre’s symbol criterion is used to 
determine if the discriminant A is a quadratic residue of the modulo or not).|®! 

(a) 3797 is prime. We have A = (15)? —4x 3 x 221 = —2427. Now, (+2427) = 1 (ie. A is a quadratic 
residue of 3797) and hence the given congruence equation is solvable. 

(b) 5281 is prime. We have A = (4)? —4 x 11 x 311 = —13668. Now, (=33888) = -1 (ie. Aisa 
quadratic non-residue of 5281) and hence the given congruence equation is not solvable. 


(c) 7171 = 71 x 101. If the given congruence equation is solvable then we must have x? — 19x” — 52 Zo 


and x? — 19a —52 = 0. We have A = (—19)? — 4 x (—52) = 569. Now, (582) =1 and (38%) =1 and 


101 
hence the given congruence is solvable. 
(d) 199 is prime. Also, 26x* + 31x? — 85x? — 11laz—5 = (22? sce 5)(13x? + 227 +1). So, if the given 
199 
0. 


199 
= 0 


congruence equation is solvable then we must have 2x? — x — 5 2 dor /and 13x? + 227% +1 
For 2x? — z — 5 we have A = (—1)? —4x 2x (—5) = 41. Now, (4) = —1 and hence 227 - 2-5 
is not solvable. 

For 1322422241 we have A = (22)?—4x 13x 1 = 432. Now, (482) = —1 and hence 1322+22r7+1 = 0 
is not solvable. 

Therefore, the given congruence equation is not solvable. 

Find the number of (modular) solutions of the following exponential congruence equations (where 
néN): 

(a) 5" £6. (b) 3” 21. (c) 4" 27. (d) 7” 21. (e) 3" 25. 
Solution: We use the proposition of Problem 6 of § 8.1 (noting that all these congruences meet the 
required conditions of that proposition where we take r = 5,3,2,2,7 for k = 7, 10,27, 25, 22). 

(a) The congruence 5” = 6 has one solution (mod 6) because I7,5(5) = 1 and ¢(7) = 6 and hence their 
gcd is 1. 

(b) The congruence 3” +? 1 has one solution (mod 4) because Jyo,3(3) = 1 and $(10) = 4 and hence 
their gcd is 1. 

(c) The congruence 4” 2. 7 has two solutions (mod 18) because 197,2(4) = 2 and (27) = 18 and hence 
their ged is 2 (noting that 2 divides [97,27 which is 16). 

(d) The congruence 7” ° 1 has five solutions (mod 20) because [5 .9(7) = 5 and $(25) = 20 and hence 
their gcd is 5 (noting that 5 divides [95.21 which is 20). 

(e) The congruence 3” 2? 5 has two solutions (mod 10) because [22,7(3) = 4 and ¢(22) = 10 and hence 
their gcd is 2 (noting that 2 divides [22.75 which is 2). 

Find the solutions of the congruence equations of Problem 10 using the index of integer method. 
Solution: According to Problem 6 of § 8.1, the congruence equation a” ~ b can be solved by the index 
of integer method using the equation: 


ot) 


n Iya) Tyr (0) (36) 


[69] For how to evaluate Legendre symbols we refer the reader to § 1.8 (see for instance Problem 8 of § 1.8). 
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12. 


13. 


14. 


(a) From Eq. 36 we have n x 1 © 3. So, the solution is n 2 3. 

(b) From Eq. 36 we have n x 1 = 4. So, the solution is n 40. 

(c) From Eq. 36 we have n x 2 # 16. So, the solutions are n = 8, 17 (i.e. n 2 8). 

(d) From Eq. 36 we have n x 5 2 20. So, the solutions are n ~2 0, 4,8, 12, 16 (ie. n+ 0). 

(e) From Eq. 36 we have n x 4 wo. So, the solutions are n » 3,8 (ie. n 2 3). 

Find all primes p such that the following congruences have solutions: 

(a) 227-120. (b) a2 +10. (c) «2-220, 
(d) «2 +240. (e) «2-440. (f) 27 +420. 


Solution: We note first that all these congruences are solvable for p = 2 and hence in the following we 
consider only odd primes. 

(a) We have x? 2 1, i.e. 1 is a quadratic residue of p. Now, 1 is a quadratic residue for all odd primes 
and hence the given congruence is solvable for all p (see Problem 2 of § 1.6). 

(b) We have x? 2 —1, ie. —1 is a quadratic residue of p. Now, the Legendre symbol (+) is +1 for 
all p = 4k +1 and —1 for all p = 4k — 1 (see Problem 9 of § 1.8). So, the given congruence is solvable 
for all p = 4k + 1 and non-solvable for all p = 4k — 1. 

(c) We have x? = 2, ie. 2 is : quadratic residue of p. So, fon Eq. 7 we conclude that the given 


congruence is see for all p = § +1 and non-solvable for all p= 343. 


(d) We have x? 2 —2, i.e. —2 is a quadratic residue of p. Now, form Eq. 8 we have (=) = (3) (2), 


Le. (=) =1lif (3) and (2) have the same sign. So, from parts (b) and (c) we conclude that the 


given congruence is solvable if p = 4k +1 and p 341 (i.e. p 3 1) or p = 4k—1 and p £43 (i.e. p 2 3) 
and non-solvable otherwise. 

(e) We have x? ? 4, ie. 4 is a quadratic residue of p. Now, 4 is a quadratic residue for all odd primes 
and hence the Se? congruence is solvable for all p (see Problem 2 of § 1.6). 


(f) We have x? ? _4, i.e. —4 is a quadratic residue of p. Now, form Eqs. 8 and 9 we have: 


ae Gra OG 


So, as in part (b) the given congruence is solvable for all p = 4k +1 and non-solvable for all p = 4k — 1. 


Let « € Nand P3 p> 3. Find all the solutions of the following congruence equation: ee rk 2 0, 


Pp 
Solution: We note first that x = 1 is not a possible solution PeneS Em i 1° =p=1 P-140. 


Similarly, « = =P is not a possible solution because se 0 2p 2B Pi a 0. So, any potential solution must 
be among x = P2,3,...,p— 1, 
We have (see Eq. 12 in V1): 
(@-1) (SR ce > (@-1) (Re po) Sats > 


(x — 1) oe oa") 2h e253.) 
where we used Fermat’s little theorem in the last step (noting that p/a for x 2 2,3,...,p— 1). The 
last congruence means that p divides (a — 1) 63 oe P). Now, for z = 2,3,...,p—1 we have pf{(a—1) 


and hence we must have r| ee 5 3a) ie. oe z* 2 0 for c 2 2,3,...,p—1. So, the solutions of the 


congruence )7)_ ‘a* 2 Qarex 22, 3,...,p—l1. 


Show that the following ae cae ealevlon has no solution: 474 + 4 0, 
Solution: If 424 +4“ 0 then x4 y te 2 9 (because 4 and 323 are coprime; see rule 7 of § 2.7 of V1). 


Noting that 323 = 17 x 19, 24 +1 “2° ( means that z+ + 1 is divisible by 17 and divisible by 19, i.e. 
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15. 


16. 


at+120and2t+10. It is sage ebvicus that 24 +1 0 has a solution (e. g ae = ! 2) and hence 


at +1 0 has a solution iff a+ +1 » 0 has a solution. So, let us see if 2+ + 1 » 0 has a solution 


19 
iste: pom now on me can assume that ene 19 are coprime noting that 0+ 1 4 0). 


a*+120 implies x+ » —1 and hence «® © 1. Now, from Problem 1 of § 1.3 we conclude that Oj92|8, 


i.e. Oj9x = =lor Oj9x = =2or Oj9x = =4or Oj9r = = 8. Now: 
e If Ojo = 1 then z! ~ 1 and hence x* = 1 which contradicts «+ 2 —1. 


e If Ojgx = 2 then x? “1 and hence xt © 1 which contradicts 24 © —1. 
e If Ooa = 4 then 24 “1 which contradicts a+ 2 —1. 


So, we must have Oj9x = 8. New, from Problem 3 of § 1.3 we must have 8|¢(19), i.e. 8/18 which is 


untrue. This means that x4 +1 2 0 has no solution and hence «4 +1 =’ 0 (as well as 424 4+ 4 ‘= 82 0) 


has no solution. 

Find all the solutions of the following exponential congruence equations (where x € N): 

(a) 13° 21. (b) 77 24. (c) 227 = 13. 
Solution: We use points 1 and 2 in the preamble of § 1.3. 

(a) We have 03313 = 10 and hence the solutions are x “0 (ie. x = 10,20, 30,...). 

(b) We have O97 = 3 and 7? 2 4 and hence the solutions are x = 2 (i.e. © = 2,5,8,...). 

(c) We have O1522 = 4 and 22° ~ 13 and hence the solutions are x = 3 (ie. @ = 3,7,11,...). 

Find an integer a such that: 

(a) The congruence equation az? ‘2 5 has the solutions z 2’ 4 and x “ 103 (where 0 <a < 107). 


(b) The congruence equation az!® 2 43 has the solution x = 21 (where 0 < a < 29). 

Solution: 

(a) A primitive root of 107 is 2. Taking the index of both sides of the given congruence equation (see 
§ 1.5) we have: 


¢(107) 

To7,2 (ax?) =" Tho7,2(5) > T107,2(@) + 2Ih07,2(#) os T107,2(5) > 
T107,2(a) we Tho7,2(5) — 2L407,2(@) > T107,2(a) 2 a7 21107,2(2) 

Now, if 2 4 then T1o7,2(4) = 2 and hence: 


#(107) 


Tyor2(a) 2 47-2x2 that is Tiera(a) 43 
Thus, a 2 243 2" 7, ie. a=7 (noting that 0 < a < 107). 
Similarly, if x 2" 103 then I197,2(103) = 55 and hence: 

Fipa(ay 2 47 9's 85 that is esa 


i.e. we get the same result as for x 2 4. Therefore, a = 7. 
(b) A primitive root of 29 is 2. Taking the index of both sides of the given congruence equation (see § 
1.5) we have: 


9 
In9,2 (ax) o(2 ) I9, 2(43) —> Ig9,2(a) + 19Io9,2(x) = Ig9,2(43) —> 


Ig9,2(a) ae I9,2(43) = 19Io9,2(xr) —> Ig9,2(a) = 13 = 19I29,2() 
Now, if 2 2 21 then Iz9,2(21) = 17 and hence: 


oo x(a). 213 — 19 KA7 that is fp3@) 2” 26 


29 29 
926 = 


Thus, a = 22, i.e. a = 22 (noting that 0 < a < 29). 
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17. Solve the following congruence equations (where n € N°): 


(a) n! = 10. (b) (n+ 1)!-n! So. (c) 6n! + 7(n— 3)! £0. 


Solution: 
(a) For all n > 10 we have n! =0. So, we need only to test n = 0,1,...,10. On doing this we find that 


n! = 10 is only for n = 5 and n = 10. Hence, the only solutions of n! “10 aren =5 and n= 10. 
(b) We have: 
263 


(n+1)!—n! @o0 > nl[(n+1)-1] = 0 > ni(n) = 0 
Now, we have two obvious cases in which this congruence is satisfied: n = 0 and n > 262. For 
1 <n < 262 we note that 263 is prime and hence it can divide neither n nor n!. Hence, the solutions 


of the given congruence are n = 0, 263, 264,.... 
(c) Because the factorial is defined only for non-negative integers, we must have n > 3. Now, for 


263 


(n — 3) > 13 (i.e. n > 16) we have n! 0 and (n — 3)! 0 and hence the given congruence is satisfied. 
So, all we need to do is to test 3 < n < 15. On doing this we find out that this congruence has no 
solution for any value of 3 <n < 15. So, the solutions of the given congruence are n > 16. 


8.3 Multivariate Congruence Equations 


In § 4.2 of V1 we investigated multivariate congruence equations of various types (such as polynomials 
and exponentials) and how they are solved (giving sufficient examples of them with their solutions). So, 
in the following Problems we just do a little more investigation to this type of congruence equations (so 
that we keep the space for other issues which were less investigated). 


Problems 
1. Find all P 5 p < 1000 such that 27 + y!® 2 153 has no solution (where x,y € Z). 


Solution: If p vi 1 then y!® will cycle over all the residue classes of p and hence we must have a 
solution. So, all we need to do is to test the p’s which are equal to 1 (mod 19), i.e. p 21. Now, the only 
p < 1000 which meet this condition are: 191, 229, 419, 457, 571, 647, 761. On testing 2”? + y!® ? 153 
for these values of p we find that this congruence has solutions for all these values of p. So, there is no 


P € p < 1000 such that 27 + y!9 2 153 has no solution. Also see Problem 2 of § 18.3. 


2. Show that the following congruence equation has no solution: 2° + y® 7. 


Solution: The residues of x° (mod 11) are 0,1,10 while the residues of y° (mod 11) are 0,1,3,4,5,9. 
Hence, no combination of these residues can add up to 7 (mod 11). Therefore, this congruence equation 
has no solution. 

3. Solve the following linear polynomial congruence equations (where x,y,z € Z): 


(a) 22 +y =0. (b) x —2y =3. (c) « — 4y = 2. 
(d) 5a +y 21. (e) c+y—2=0. (f) QWe+ytz221. 


Solution: All these congruences can be easily solved by considering all the modular combinations of 
x,y,z (as we did in parts a, b and c of Problem 1 of § 4.2.1 of V1). 


(a) (z,y)= (0,0) (4,1) (2,2) 

(b) (e,y)= (0,1) (1,4) (2,2) (3,0) (4,3) 

(c)(a,y)= (0,2) (1,1) (2,0) (3,4) (4,3) 

(d) (x,y) = (0,1) (4,8) ~— (2,5) (3,0) (4,2) 5,4) 6,6) 
(e) (x,y,z) = (0,0,0) (0,1,1) (1,0,1) (1,1,0) 


(f) (x,y,z) = (0,01) (0,1,0) (0,2,2) (1,0,2) (1,1,1) (1,2,0) (2,0,0) (2,1,2) (2,2,1) 
4. Solve the following non-linear polynomial congruence equations (where x,y,z € Z): 
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Or 


aD 


(a) o+y=0. (b) ety. (c) Ba? + 4y* 21. (d) a? +2 +3221. 
Solution: All these congruences can be easily solved by considering all the modular combinations of 
x,y,z (as we did in parts d, e and f of Problem 1 of § 4.2.1 of V1). 


(a) (e,y)= (0,0) ~— (1,1) 

(b) (ay) = (0,1) — (1,0) _—(2,0) 

(c) (wy)= = (2,1) (2,2) (2,8) (2,4) (3,1) (8,2) (3,8) (3,4) 

(d) (x,y, Zz) = (0, 0, 2) (0, 1,3) (0, 2, 4) (0, 3 ,0) (0, 4, 1) (1, 0, 0) (1,1, 1) (1, 2, 2) (1, 3,3) 
(1, 4 ,4) (2,0, 4) (2, 1,0) (2, 2,1) (2, 3, 2) (2,4, 3) (3, 0, 4) (3, 1,0) (3, 2, 1) 
(3, 3 yD) (3, 4,3) (4,0, 0) (4, 1, 1) (4, 2, 2) (4, 3,3) (4, 4, 4) 


. Solve the following exponential congruence equations (where zx, y, z € N°): 


(a) 37+ 4¥ 22. (b) 37 +57 21. (c) 5* +74 # 10. 


(d) 2° +3% 457 £4, (e) 3°44 +77 35. (f) 2° 43445724 
Solution: All these congruences can be easily solved by considering all the modular combinations of 
the exponentials (as we did in § 4.2.2 of V1). 


4 2 
@)@4,y2) 0) an) 
6 6 

(b) (@ =, y =) (1,1) 2,3) (3,4) = (4,2) (5,5) 

(c) (« i y = (0,8) (1,2) (21) (3,7) (4,0) 

(d) (2 = =; y= — ie S) (0,0,4) (0,2,0) (0,3,2) (0,4,3) (0,5,1) (1,0,0) (1,1,3) (1,3,5) 
(1,4,1) (1,5,2) (2,0,3) (2,1,2) (2,2,1) (2,3,0) (2,4,5) (2,5,4) 

(e:) (@ =, y2, z=) (0,0,4) (0,25) (0,37) (0,4,0) (1,0,0) (11,8) (4,2,9)  (1,3,6) 
(1,4,5) (2,0,7) (2,1,4) (2,2,3) (2,3,8) (2,4,6) (3,0,5) (3,1,1) 
(3,2,7) (33,3) (3,4,9) (4,1,9) (42,1) (43,4) (4,4,8) 

(f) (@ =, y >, 22) (0,2,1) (0,34) (1,0,0) (1,2,3) (1,44) (3,1,3)  (3,2,4) (3,4,2) 
(4,0,4) (4,2,0) (4,3,1) (5,0,3) (5,4,0) (6,0,1) (6,1,2) (6,3,0) 
(7,1,1) (73,2) (7,4,3) (81,4) (8,2,2) (9,3,3) (9,4,1) 

. Solve the following congruence equations (where m,n € N° and zx € Z): 

(a) «2 +n! £0. (b) 7 +n! #1. (c) 207 +3" +n! 20. 

Solution: 

a) We have five main cases to consider: 

We have fi i id 

en=0,1,2,5 and hence x? + a £0 (where a = 1,1, 2,120 respectively) which has no solution. 

en =3 and hence x? + 6 © 0 whose solutions are x = 1,6. 

en =A and hence x? + 24 £ 0 whose solutions are x = 2,5. 

en =6 and hence x? + 720 = 0 whose solutions are « = 1,6. 

en > 6 and hence x? = 0 whose solution is « = 0. 

So in brief, the solutions of the given congruence equation are (where N 5 b > 6 and k € Z): 

(n,x) = (3,14+7k) (3,64+7k) (4,24+7k) (4,54 7k) (6,14+-7k) (6,64 7k)  (b,7k) 


(b) We have: 

770:1,2,34,5,6,7.8.9 121 75,9, 3,10,4,6,9,8 and 

n(n = 0,1, 2,3, 4,5, 6, 7, 8,9, 10, > 10) + 1,1,2,6,2,10,5,2,5,1,10,0. 

On considering all the possible combinations we get the following solutions (noting that m is in modulo 
10 while n is in ordinary arithmetic): 


(m,n) = (0, > 10) (1,6) (1,8) (3, 5) (3, 10) (5, 2) (5, 4) (5, 7) (7,3) 
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(c) We have: 

2a?(x = 0,1,2,3,4) = 0,2,3,3,2 and 

gm=0123 24 34,2 and 

nl(n = 0,1,2,3,4,> 4) = 1,1,2,1,4,0. 

On considering all the possible combinations we get the following solutions (noting that x is in modulo 
5 and m is in modulo 4 while n is in ordinary arithmetic): 


(z,m,n) = (0, 0, 4) (0, 1, 2) (0, 2,0) (0, 2, 1) (0, 2, 3) (1,0, 2) (1,1,> 4) 
(1, 2,4) (1, 3,0) (1, 3,1) (1, 3,3) (2,0, 0) (2,0, 1) (2,0, 3) 
(2,1, 4) (2,3, > 4) (3, 0,0) (3, 0, 1) (3, 0, 3) (3, 1, 4) (3,3, > 4) 
(4, 0, 2) (4,1, > 4) (4, 2, 4) (4, 3, 0) (4, 3,1) (4, 3, 3) 


Chapter 9 
Congruence Systems 


In this chapter we investigate some examples of systems of congruence equations of various types and how 
they are solved. In fact, this chapter should be regarded as continuation to the previous chapter as both 
chapters are essentially about solving congruence equations (i.e. individually or collectively).!7° 


9.1 General Issues about Congruence Systems 


1. Define the meaning of “solving a system of congruence equations”. 
Solution: It means finding the intersection of solutions of the individual congruence equations (whether 
this intersection is the empty set or not). 

2. What is the number of solutions a system of congruence equations can have? 
Solution: A system of congruence equations can have no solution, or a single solution, or finitely many 
solutions (i.e. in modular arithmetic sense). 

3. Investigate the solvability of the congruence equations of the following system as well as the solvability 
of the system itself: 


P p P 
=m 7 c= 


where p is an odd prime, and m,n € Z are coprime to p. 

Solution: We have four cases to consider (noting that we use Problem 11 of § 8.1): 

e m is a quadratic residue and n is a quadratic non-residue of p and hence only the first congruence is 

solvable, i.e. the second and third congruences (as well as the system) are non-solvable. 

e nis a quadratic residue and m is a quadratic non-residue of p and hence only the second congruence 

is solvable, i.e. the first and third congruences (as well as the system) are non-solvable. 

e Both m and n are quadratic non-residues of p and hence only the third congruence is solvable, i.e. 

the first and second congruences (as well as the system) are non-solvable. 

e Both m and n are quadratic residues of p and hence all the three congruences are solvable. Regarding 

the solvability of the system, it is potentially solvable (noting that the solvability of the individual 

equations of a system is a necessary but not sufficient condition for the solvability of the system).|71] 
4. Propose a criterion for the solvability of a system of univariate linear congruence equations. 

Solution: We use the following proposition (which may be regarded as an “addendum” or extension 

to the Chinese remainder theorem and can be used as a criterion for solvability): the following system 

of simultaneous linear congruence equations in the unknown x € Z: 


[72] 


t= ny x =? no ve a ny, 
(where N 5 mi,mo,...,m~ > 1 and ni, 1n2,...,n% € Z) is solvable iff nj —n; (t,7 = 1,2,...,k) is 
divisible by gcd(m;,m,) for every i and j (where i 4 7). When the system meets this criterion (i.e. it 
is solvable) then the general solution of the system is represented by a single congruence « = n where 
m = lem(m4,mz2,...,mMx) and n € Z. 


[70] Tn fact, it is also continuation to the material about this topic which we investigated in the first volume of this book. 
[71] Tm fact, there are some details about the nature of m and n and if they belong to different residue classes or not. In 


22 15, a? © 120 (noting that 8, 15, 120 belong to the 


general, such a system is solvable in trivial cases like «? Z 8, x 
same residue class modulo 7, i.e. 1). 
[72] See Problem 3 of § 9.2.2 and Problem 5 of § 9.3.2 for more details about this issue. 
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9.2. Univariate Congruence Systems 


9.2.1 Single Modulo 


1. Solve the following systems of non-linear polynomial congruence equations (where x € Z): 
(a) 15a? 2-220 a3 + 22245 20, 
(b) x? — 22 +12°2°0 wv? + 30522 — 612x — 226 72" 0. 
(c) 14a? — 32’ 0 vw? — 50x? — 69a — 18 2 0. 
Solution:!78 


(a) The solutions of the first congruence are: x ie 13, 23, 48,58 while the solutions of the second con- 


gruence are: & ae 23,65. So, the solution of the system is x O98: 
(b) Both these congruences have the following solutions: x 7230 24, 219, 778, 908, 999, 1103, 1129, 1324, 
1883, 2013, 2104, 2208. So, these are the solutions of this system. 
(c) The solutions of the first congruence are: x = 21,62,104,145 while the solutions of the second 


congruence are: x 2 62, 72,82, 145, 155,165. So, the solutions of the system are x = 62, 145. 


2. Solve the following systems of exponential congruence equations (where x € N°): 
(a) 3° 4.4 B3 gr 45°27. 
(b) 5 +77 +87 210 2° 4 4° 4.9 = 16. 
(c) 117 +177 +317 #3 137 + 197 + 23 “© 155. 
Solution: 


(a) The solutions of the first congruence are: x 2 2,3 (i.e. & 2 2,3,7, 8) while the solutions of the 
second congruence are: x x 1, 2,8. So, the solutions of the system are x 2 2,8. 

(b) The solutions of the first congruence are: x s 11, 14,15 while the solutions of the second congru- 
ence are: z = 2,4,6. Now, if we try all the 9 combinations of z = 11, 14,15 with z = 2,4,6 (using the 
Chinese remainder theorem) we find that the only solution to this system is x 8 14, (74] 

(c) The solutions of the first congruence are: x 2 0, 21,31 while the solutions of the second congruence 


are: © 21. Hence, the only solution to this system is x 2 91. 


3. Solve the following systems of mixed polynomial-exponential congruence equations (where x € N°): 
(a) 2x3 + 5a? + 8a +1 0 5e + 7% 24 19. 
(b) x4 + 1222 + 7x +22 20 137 +25" Zo, 
(c) 6x? + 33a? + 13a 20 197 + 357 + 417 & 3g, 
Solution: 
(a) The solutions of the first congruence are: x = 3,17, 55,65, 79,117 while the solutions of the 


second congruence are: x 7 1,17. Now, if we try the 12 combinations of x = 3, 17,55, 65, 79, 117 


with « 2 1,17 (using the Chinese remainder theorem) we find that the solutions of this system are: 
ax 82° 17,241, 437, 451, 737, 871, 947, 1171, 1367, 1381, 1667, 1801. 
(b) The solutions of the first congruence are: x a 22,55 while the solutions of the second congruence 


are: v2 0,12. Now, if we try the 4 combinations of « isl 22,55 with x 2 0,12 we find that the solutions 


[73] For how to obtain the solutions of the individual congruence equations (in this and other Problems), we refer the reader 
to the previous chapter (as well as V1). 
[74] Alternatively (and more simply), if we convert modulo 8 to modulo 16 (similar to what we did in part a by converting 


modulo 5 to modulo 10) then the solutions of the second congruence are: x = 2,4, 6,10, 12,14 and hence we obtain the 
same result. 
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of this system are: x 7° 132, 330, 792, 1980. 


(c) The solutions of the first congruence are: x 2 0, 33, 42 while the solutions of the second congruence 
are: z — 13,17,19. Now, if we try the 9 combinations of xz “ 0,33,42 with x = 13, 17,19 we find that 


the solutions of this system are: 2 => 171,387,525, 585, 723, 897, 1311, 1449, 1491. 


9.2.2 Multiple Moduli 


1. Solve the following system of non-linear polynomial congruence equations: 


33a8 = 27 x? — de? + 3a +5 20 
Solution: The solutions of these equations (respectively) are (see for example § 3.2.1 of V1): 
x = 2,5,9, 12, 16,19 t= 6,8,9 


The first of these congruences can be simplified to x a 2,5.!751 Now, if we consider the 6 combinations 
of x = 2,5 with x 2 6,8,9 then we obtain 6 systems of linear congruence equations which can be solved 
(for instance) by the Chinese remainder theorem. These solutions are given in the following table: 
=6|[c¢=8|e=9 
2 44 65 9 

5 82 103 AT 


So, the solutions of the given system of congruences are: x 2 9, 44, 47, 65, 82, 103. 
. Which of the following systems of simultaneous linear congruence equations is solvable (giving their 
solutions when they are solvable): 


i) 


(a) 722 c25 v 28. 
(b) «25 e211 x= 19. 
(c) «#1 v7 v2 18. 
(d) « 219 c214 ac 213. 
(e) x45 v 12 219 x 2 33. 
Solution: We use the criterion of Problem 4 of § 9.1. 
(a) We have: 
ged(3,9)|(5 — 2) ged(3, 23)|(8 — 2) ged (9, 23)|(8 — 5) 


Hence, the system is solvable. Its solution is x O77 noting that 207 = lcm(3, 9, 23). 
(b) We have: 


gcd (8, 6)|(11 — 5) gcd(8, 31)|(19 — 5) gcd(6, 31)|(19 — 11) 


Hence, the system is solvable. Its solution is x ™ 701 noting that 744 = lcm(8, 6, 31). 
(c) We have: 


gcd(11, 16)|(7 — 1) gcd(11, 99) /(18 — 1) gcd(16, 99)|(18 — 7) 
Hence, the system is not solvable. 
(d) We have: 
gcd(29, 34)|(19 — 14) gcd (29, 48)|(19 — 13) gcd (34, 48) /(14 — 13) 
Hence, the system is not solvable. 
(e) We have: 


[75] Instead, we could have simplified the congruence 33a® 7 27 to 11a® = 9 (by using rule 9 of § 2.7 of V1) and hence obtain 


the solution « = 2,5. 
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gcd (7, 21)|(12 — 5) gcd(7, 35)|(19 — 5) gcd(7, 49) |(33 — 5) 
gcd (21, 35)|(19 — 12) gcd(21, 49)|(33 — 12) gcd (35, 49)|(33 — 19) 


Hence, the system is solvable. Its solution is x BS 474 noting that 735 = lem(7, 21, 35, 49). 

. Discuss the extensions (or generalizations) that we introduced in the previous Problems on the (original) 
Chinese remainder theorem (as given in § 2.7.3 of V1). 
Solution: We can identify two extensions: 
e The extension that was introduced (implicitly) in Problem 1 by lifting the restriction of linearity,!”l 
i.e. when the system contains non-linear congruences then we “decompose” the non-linear congruences 
to their linear solutions and consider the possible combinations of solutions (as we did in Problem 
1). Although this is not an extension to the Chinese remainder theorem itself, it is an extension that 
enables the employment of the Chinese remainder theorem to solve non-linear systems (i.e. systems 
that include non-linear congruences).!771 
e The extension that was introduced in Problem 4 of § 9.1 by lifting the restriction of coprimality of 
moduli, i.e. the condition of pairwise coprimality of the moduli m1, m2,...,m, (which we imposed 
earlier in the statement of the Chinese remainder theorem; see § 2.7.3 of V1) does not appear in 
this proposition and hence this proposition is an extension or generalization to the (original) Chinese 
remainder theorem. 


Also see Problem § 5 of § 9.3.2. 


ew 


4, Solve the following systems of non-linear polynomial congruence equations (where x € Z): 
(a) 1522 -2x-220 2? +20? 421 20, 
(b) 2x4 + 322 +18 +9° 0 at — 3303 — 28 2 0. 
(c) #3 +722 -x2+1 0 3a? + 272 + 6 0. 
Solution: 


(a) The solutions of the first congruence are: x 2 13, 23, 48,58 while the solutions of the second con- 


gruence are: £ 2 40, 58, 76. Now, if we try the 12 combinations of x x 13, 23, 48,58 with x 2 40, 58, 76 


(as we did in Problem 1) we find that the solutions of this system are: x °22" 58, 373, 2218, 2533, 2848, 


3208, 3523, 3838, 5683, 5998, 6313, 6673. 
e solutions of the first congruence are: «© = while the solutions of the secon 
(b) The soluti f the fi g 3 69, 105,255,291 while the soluti f th d 


congruence are: x = 18,149,280. Now, if we try the 12 combinations of x “ 69, 105,255,291 with 
524 48732 


x = 18,149, 280 we find only the following two solutions: « “=~ 29493, 35781. 


c) The solutions of the first congruence are: « = 77, 361, 399 while the solutions of the second con- 
& 


gruence are: x ~ 31,77,121,167. Now, if we try the 12 combinations of « 77,361,399 with 


a “ 31,77, 121, 167 we find that the solutions of this system are: 2 °=°* 77, 7573, 19489, 26663, 29057, 
46075, 48469, 48929, 55643, 68341, 75055, 75515. 


5. Solve the following systems of exponential congruence equations (where x € N°): 


(a) 37 +47 33 gr 457 2 

(b) 5% +.7% +8 22 ar 44% 49° 27. 

(c) 117 +177 +317 3 13° + 19% + 237 © 3. 
Solution: 


(a) The solutions of the first congruence are: x 2 2,3 while the solutions of the second congruence are: 


c=1. On trying these two combinations (using the Chinese remainder theorem) we get the following 


[76] Ty fact, this extension is also present in the upcoming Problems of this subsection. 
[77] Actually, this extension normally deals with non-linear systems of polynomial type (although the idea is applicable to 
other types of non-linear systems). 
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two solutions: x 2 37, 73. 

(b) The solutions of the first congruence are: x 1° 2 while the solutions of the second congruence are: 
se 8,10. On trying these two combinations we get the following two solutions: x * 98, 130. 

(c) The solutions of the first congruence are: x 2 0, 21,31 while the solutions of the second congruence 


are: x 20. Hence, the only solution to this system is x Po. 


. Solve the following systems of mixed polynomial-exponential congruence equations (where x € N°): 


(a) 223 + 5274+ 8241 pao ne 4 ze Ayo 
(b) 24 + 120? + 72 +2220 137 1257 Wo. 
(c) 6x? + 33a? + 132 = 0 19% + 357 + 41% TL 3. 


Solution: 

(a) The solutions of the first congruence are: x 2 3, 17, 55, 65, 79, 117 while the solutions of the second 
congruence are: & #1. On trying the 6 combinations of x 12 3,17, 55,65, 79,117 with x ?y (using the 
Chinese remainder theorem) we find that the only solutions of this system are: x 2 241, 265, 313. 

(b) The solutions of the first congruence are: x a 22,55 while the solutions of the second congruence 
are: c 20. On trying the two combinations of x a 22,55 with x ~° 0 we find that the solutions of this 
system are: & #530 1100, 2750. 

(c) The solutions of the first congruence are: x 2 0, 33, 42 while the solutions of the second congruence 
are: z= 0. On trying these three combinations of x & 0, 33,42 with x » 0 we find that the solutions 


of this system are: x oe 0, 180, 240. 


9.3. Multivariate Congruence Systems 


9.3.1 Single Modulo 


In § 4.4.1 of V1 we discussed systems of multivariate linear congruence equations with a single modulo and 
how they are solved (giving some examples of them with their solutions). So, in the following Problems 
we restrict our attention to systems of multivariate non-linear congruence equations with a single modulo. 


Problems 


1. 


Solve the following systems of non-linear polynomial congruences (where z, y, z € Z): 


(a) 23 +y 0 Ba? + 4yt 221. 
(b) 22 +43 21 4a? + 2y 2 3. 
(c) a +y? +2222 a? + Qy +32 21. 
Solution: 


(a) The solutions of these equations are (see § 8.3): 

(x,y) = (0,0) (1,16) (2,9) (3,7) (4,4) (5,11) 5) 

(10,3) (11,12) (12,6) (13,13) (14,10) (15,8) (16,1) 

(x,y) = (0,3) 0,5) 0,12) (0,14) (41) (44) (418) (4,16) (8,2) (8,8) 
( 


(7,14) (8,15) (9,2) 


0,3 : 

8,9) (8,15) (9,2) (9,8) (9,9) (9,15) (18,1) (18,4) (18,18) (18, 16) 
As we see, what is common between these two sets of solutions (i.e. their intersection) are the following 
4 solutions: (2, y) u (4,4), (8,15), (9,2) and (13,13). So, these are the solutions of the system. 
Alternatively, we can solve this system more simply by just looping over x and y (e.g. by a simple code 
or a spreadsheet) between 0 and 16 (considering all the 17 x 17 combinations) to get these 4 solutions. 
(b) By looping (or by following a similar approach to that of part a) we get the following two solutions: 


(x,y) (2,14) and (39, 14). 
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iw) 


(c) By looping we get the following 32 solutions in modulo 88 [i.e. (x,y, 2) =): 
(1,0, 0) (1, 44, 0) (9, 12, 24) (9, 28, 72) (9,56, 24 


) (9, 72, 72) (17, 28, 32) 
(17,72,32)  (21,6,84) (21, 38, 4) (21,50,84) (21,82, 4) (33,20,64) (33, 40, 80) 
(33,64,64)  (33,84,80)  (45,22,44) — (45,66,44) (53, 6, 28) (53, 34,68) (53, 50, 28) 
(53,78,68)  (61,6,76) (61,50,76)  (65,16,48)  (65,28,40)  (65,60,48) (65, 72, 40) 


(77,18,36)  (77,42,20)  (77,62,36) — (77,86, 20) 


. Solve the aoe systems of exponential congruence equations (where x,y,z € N°): 


(a) 37 +49 22 37 454 21. 

(b) 3° +49 22 57 + 7¥ 210. 
(c) 2° +3¥ 45% 24 3° 4 49 +77 B5. 
Solution: 


(a) The solutions of these equations are (see § 8.3): 

(w@=, y=) (0,0) (4,2) (5,7) (10,8) (11,6) (13,3) (14,5) (15,4) (16, 1) 
@=9=) G4), @3) G1) (08) G5) 082) 447 — 7,6) 

As we see, what is common between these two sets of solutions (i.e. their intersection) is only one so- 


lution, i.e. x * 10 and y 2 8. So, this is the only solution to this system. 
(b) The solutions of these equations are: 


(c=, y%) (0,0) (1,5) (3, 2) 


(a=, y2) (0,10) ~=—(1,18) ~—S (2,23) ~—S (3,2) (5,0) (6,39) (7,12) (8,22) 
(9,14) (10,37) = (11,3) ~~ (12,19) (13,13) (14,6) ~— (15,31) ~— (16, 15) 
(17,17) (18,29) (19, 24) 


Now, we form the following 57 systems of linear congruence equations in x (where the rows represent 
x in mod 8 and the columns represent x in mod 20 while the entries represent x in mod 40 noting that 
the empty entries mean no solution) and solve them (by the Chinese remainder theorem): 


|o 1 2 3 5 6 7 8 9 10 11 12 13 14 15 16 17 #18 19 


0| 0 8 32 16 

1 | 1 25 9 33 

3 | 3 27 11 35 19 
We also form the following 57 systems of linear congruence equations in y (where the rows represent y 


in mod 10 and the columns represent y in mod 40 while the entries represent y in mod 40 noting that 
the empty entries mean no solution) and solve them: 


| 10 18 23 2 0 39 12 22 14 37 3 19 13 6 31 15 17 29 24 


0 | 10 0 
5 | 15 
2 | 2 12 22 


On comparing the two tables we can see that we have only 3 solutions: (x, y) eu (0, 10), (3, 2) and (27, 12). 
(c) The solutions of these equations are given in Problem 5 of § 8.3. Now if we consider the 529 (i.e. 
23 x 23) combinations we can eliminate most of them and obtain the solutions as follows: 

e For x = 0: we have a solution only for x x 0,5. Moreover, because y must be identical (since it is 
in mod 5 in both sets of solutions) then we have only the following 5 potentially solvable combinations 
(noting that these combinations are one-to-one): 


(x zm v= =, z 38) (0,0, 4) (0, 2,5) (0, 3, 7) (0, 4,0) 
(2 2, y=, z 2) (5,0,3) (0,2, 1) (0,3, 4) (5,4, 0) 
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However, considering the solvability of the z system, only the last combination has a solution, i.e. 
Cage) S640). 

e For r= 1: following the procedure of the previous point we get the following 6 combinations: 

(x =, y 3, z 3) (1,0, 0) (1,0,0) (1, 1,8) (1, 2,9) (1,3, 6) (1,4,5) 


(2 #, y=, z2) (1, 0,0) (6,0, 1) (6, 1,2) (1, 2,3) (6, 3,0) (1, 4,4) 


However, only the first combination has a solution, i.e. (x =, y 2, z 2) = (1,0,0). 


e For x 2 2: we get the following 3 combinations: 

(2 =, y=, z 2) (2,1,4) (2,3, 8) (2, 4,6) 
(a =, y2, z=) (401) (73,9) (7, 4,3) 
However, none of these combination has a solution. 

e For x = 3: we get the following 5 combinations: 

(a 2, y 2, z=) (3, 1,1) (3, 1,1) (3, 2,7) (3,2,7) (3, 4, 9) 
(a =, y=, z=) (3, 1,3) (8, 1,4) (3, 2,4) (8, 2,2) (3, 4,2) 


However, only the fourth combination has a solution, i.e. (x = y 2 *) = (8,2,7). 


2 +} 


e For x 2 4: we get the following 4 combinations: 
(2 =, y=, z 2) (4, 2, 1) 

(x 2, y=, z=) (4, 2, 0) (4,3 
However, none of these combinations has a solution. 

So in brief, this system has only three solutions, ie. (x ve y 2 Zz 2°) = (1,0,0), (5,4,0) and (8, 2, 7). 


. Solve the following system of mixed polynomial-exponential congruences (where x,y € N°): 


ety =0 3° + 4y Bo. 

Solution: The solutions of these equations are (see § 8.3): 

(x,y) Zu (0,0) (1,10) (2,3) (8,6) (4,2) (5,7) (6,4) (7,9) (8,5) (9,8) (10,1) 
(ey) = (0,0) (21) (4,3) 

Now, we form the following 33 systems of linear congruence equations in # and the corresponding 33 


systems of linear congruence equations in y and solve them where the solutions are shown in the third 
and sixth columns: 


ee a= ge y= y= yee 

0 0,2,4 0,22,44 0 0,1,3 0,11,33 
1 0,2,4 45,1234 10 0,1,3 10,21,43 
2 0,2,4 35,2,24 3 0,1,3 25,36,3 
3 0,2,4 25,47,14 6 0,1,3 50,6,28 
4 0,2,4 15,37,4 2 0,1,3 35,46,13 
5 0,2,4 5,27,49 7 0,1,3 40,51,18 
6 0,2,4 50,17,39 4 0,1,3 15,26,48 
7 0,2,4 40,7,29 9 0,1,3 20,31,53 
8 0,2,4 30,52,19 5 0,1,3 5,16,38 
9 0,2,4 20,42,9 8 0,1,3 30,41,8 
10 0,2,4 10,32,54 1 0,1,3 45,1,23 

5 


So, these are the solutions of the given system, i.e. (x,y) = (0,0), (22, 11), (44, 33)... , (32, 1), (54, 23). 
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9.3.2 Multiple Moduli 


1. Solve the following systems of linear congruence equations (where x, y, z € Z): 


(a) 22 +y 20 c—2y 23. 
(b) x —4y22 be ty £1. 
(c) 62 —3y 21 ba + 2y 3 3. 
(d) e+y—z=0 Qet+yte221. 
Solution: 
(a) The solutions of these equations are (see Problem 3 of § 8.3): 
3 
(x,y) = (0, 0) (1,1) (2, 2) 
5 
(z,y) = (0, 1) (1,4) (2, 2) (3, 0) (4, 3) 


Now, we form the following 15 systems of linear congruence equations in # and the corresponding 15 
systems of linear congruence equations in y and solve them (using for instance the Chinese remainder 
theorem) where the solutions are shown in the third and sixth rows: 


c= 0 0 0 0 oOo 1 t ad 4 1 2 2 5 2. 4g 
ee Ge a ne i oe oe 4 0 1 a are 
e= o 6 12 3 9 10 1 #7 #18 #4 «85 11 2 8 14 
y= 0 0 0 0 oOo 1 { i 4 1 2 2 a. “S 
y= 1 4 2 (- 2. | ae? ay 3 1 4 a “O. <3 
y= 6 9 12 0 383 1 4 7 10 18 #1 4 #2 5 8 


So, these are the solutions of the given system, i.e. (x, y)= > (0, 6), (6,9),..., (14,8). 
(b) The solutions of these equations are (see Problem 3 of § 8.3): 


(x,y) = (0, 2) (1, 1) (2,0) (3, 4) (4,3) 


7 
(x,y) = (0, 1) (1,3) (2,5) (3, 0) (4, 2) (5, 4) (6, 6) 
On forming 35 systems of linear congruence equations in x and the corresponding 35 systems of linear 
congruence equations in y (as we did in part a) and solving them we get the following 35 solutions: 


(x,y) = (0,22) (1,31) (2,5) (3,14) (4,23) (5,32) (6,6) (7,15) (8,24) 
(9,33) (10,7) (11,16) (12,25) (13,34) (14,8) (15,17) (16,26) (17,0) 
(18,9) (19,18) (20,27) (21,1) (22,10) (23,19) (24,28) (25,2) ~— (26, 11) 
(27,20) (28,29) (29,3) (30,12) (31,21) (32,30) (33,4) (34,13) 


(c) The first equation has no solution!”*! and hence this system has no solution. 
(d) The solutions of these equations are (see Problem 3 of § 8.3): 


(x,y,z) = (0,0,0) (0,1,1) (1,0,1) (1,1,0) 
(x,y,z) = (0,0,1) (0,1,0) (0,2,2) (1,0,2) (1,1,1) (1,2,0) (2,0,0) (2,1,2) (2,2,1) 


On forming 36 systems of linear congruence equations in x (and the corresponding 36 systems in y and 
36 systems in z as we did in parts a and b) and solving them we get the following 36 solutions: 


[78] If we multiply the congruence by 3 we get 18x — 9y 2 3, ie. O = 3 which is nonsensical. 
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(x,y) = (0,0,4) (0,1,3) (0,2,2) (0,3,1) (0,4,0) (0,5,5) (1,0,5) (1,1,4) (1,2,3) 
(1,3,2) (1,4,1) (1,5,0) (2,0,0) (2,1,5) (2,2,4) (2,3,3) (2,4,2) (2,5,1) 
(3,0,1) (8,1,0) (8,2,5) (3,3,4) (8,4,3) (8,5,2) (4,0,2) (4,1,1)  (4,2,0) 
(4,3,5) (4,4,4) (4,5,3) (5,0,3) (5,1,2) (5,2,1) (5,3,0) (5,4,5) = (5,5, 4) 

2. Solve the following systems of non-linear polynomial congruence equations (where x, y, z € Z): 

(a) e® +y20 3a? + 4y4 21, 

(b) 22 +y21 da? — By © 3. 

(c) x3 — Qy? +222 21 a? + 2Qy 43221. 

Solution: 

(a) The solutions of these equations are (see Problem 4 of § 8.3): 

(@y)= (0,0) (4) 

Gu) = (2,1) (2, 2) (2,3) (2, 4) (3, 1) (3, 2) (3, 3) (3, 4) 


On forming 16 systems of linear congruence equations in x and the corresponding 16 systems of linear 
congruence equations in y (as we did in Problem 1) and solving them we get the following 16 solutions: 


(x,y) = (2, 2) (2, 4) (2,6) (2,8) (3, 1) (3, 3) (3,7) (3,9) 

(7, 1) (7, 3) (7, 7) (7, 9) (8, 2) (8, 4) (8, 6) (8, 8) 
(b) The solutions of these equations are (see Problem 4 of § 8.3 as well as Problem 1 of 4.2.1 of V1): 
(#4) = (0,1) (1,0) (2,0) 


7 
(z,y) = (0,5) (1,3) (2, 4) (3, 1) (4,1) (5, 4) (6, 3) 
On forming 21 systems of linear congruence equations in x and the corresponding 21 systems of linear 
congruence equations in y (as we did in Problem 1) and solving them we get the following 21 solutions: 


(x,y) = (0, 19) (1,3) (2, 18) (3,1) (4, 15) (5, 18) (6, 10) 
(7, 12) (8, 3) (9, 4) (10, 15) (11, 15) (12, 4) (13, 3) 
(14, 12) (15, 10) (16, 18) (17, 15) (18, 1) (19, 18) (20, 3) 


(c) The solutions of these equations are 


— 


see Problem 4 of § 8.3 as well as Problem 1 of 4.2.1 of V1): 


(x,y,z) = (0,1,0) (0,2,0) (1,0,0) (1,1,1) (1,1,2) (1,2,1) (1,2,2) (2,0,1) (2,0,2) 
(x,y,z) = (0,0,2) (0,1,3) (0,2,4) (0,3,0) (0,4,1) (1,0,0) (1,1,1) (1,2,2) (1,3,3) 
(1,4,4) (2,0,4) (2,1,0) (2,2,1) (2,3,2) (2,4,3) (8,0,4) (8,1,0) (3,2,1) 

( 


(3,3,2) (3,4,3) (4,0,0) (4,1,1) (4,2,2) (4,3,3) (4,4,4) 
On forming 225 systems of linear congruence equations in x (and the corresponding 225 systems in y 
and 225 systems in z as we did in the previous Problems) and solving them we get the following 225 
solutions (in modulo 15): 
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ew 


(x Y>2) 

0 13 29 46 5,12 7,9 8,0 10,12 11,3 13,0 146 

1/00 11 111 22 27 #4238 44 «2414 55 £510 66 7,2 
88 813 99 10,5 1010 11,1 11,11 12,12 13,8 1313 14,4 14,14 

2 | 04° O14 32 37 65 G10 “98. O43 d21 1211 

3 10 26 43 59 7,6 8,12 109 11,0 13,12 143 

4 |00 11 111 22 27 «429383 44 «2414 55 510 66 7,2 
88 813 99 105 1010 11,1 11,11 12,12 138 1313 14,4 14,14 

5 |02 07 35 310 68 613 91 £4911 12,4 12,14 

6 16 2,12 49 50 7,12 838 100 116 £133 14,9 

7 1/09 15 110 21 211 312 48 413 54 514 60 721 
82 87 93 104 1014 11,5 11,10 126 132 13,7 148 1413 

8 04 0,4 3,2 3,7 6,5 6,10 9,8 913 12,1 12,11 

9 16 2,12 49 50 7,12 838 100 116 £133 14,9 

10| 0,12 18 113 24 214 30 41 #44211 #252 #57 «42463 7,4 
85 810 96 102 10,7 118 11,13 129 135 1310 141 14,11 

WiOs. 2040, 88 “348-64 Ga Oa. cotw “199. .497 

12/10 26 43 59 76 £812 109 110 1312 143 

1)00:. DS. dot. Bat 2a 42S. aise Ba “sda 60 Va 
82 87 93 104 1014 11,5 11,10 126 132 13,7 148 1413 

14/05 010 38 313 61 £611 94 £49914 122 127 

. Solve the following systems of exponential congruence equations (where x, y, z € N°): 

(a) 37 +.4¥ 22 37 45% 21. 

(b) 37 +4¥ 22 5° +7Y £10. 

(c) 2°+3% 45754 3° 4 49 +77 BS. 

Solution: 

(a) The solutions of these equations are (see Problem 5 of § 8.3): 

(e =, y =) (0,0) (1,1) 

(a 2, y 5) (1,1) (2,3) (3, 4) (4, 2) 


121 


ar 


U4 


7,11 


7,14 


7,11 


(5,5) 


Now, we form the following 10 systems of linear congruence equations in x and the corresponding 10 
systems of linear congruence equations in y and solve them (using for instance the Chinese remainder 
theorem) where the solutions (if exist) are shown in the third and sixth rows (noting that blank means 
there is no solution): 


x 


x 


x 


y 


y 


y 


Ile 


0 
1 


0 
4 
4 


2 


2 


1 


1 


1 
3 
3 


So, the solutions are (noting that only some combinations produce solutions for both x and y): 
(5,5) 


12 6 
(x = Y =) 


(1, 1) 


(4, 2) 
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(b) The solutions of these equations are (see Problem 5 of § 8.3): 

(c =, y 3) (0,0) (1,1) 

(w=, y =) (0,8) (1,2) (2,1) (3,7) (4,0) 
Now, we form the following 10 systems of linear congruence equations in x and the corresponding 10 


systems of linear congruence equations in y and solve them where the solutions (if exist) are shown in 
the third and sixth rows (noting that blank means there is no solution): 


z= 0 0 0 0 0 1 1 1 1 1 
a 0 1 2 3 4 0 1 2 3 4 
x 2 0 16 12 8 4 5 1 17 13 9 
y= 0 0 0 0 0 1 1 1 1 1 
y= 8 2 1 7 0 8 2 1 7 0 
ya 8 2 0 1 Vf 


So, the solutions are (noting that only some combinations produce solutions for both x and y): 


(x 2, y 2) (0,8) (4, 0) (13, 7) (16, 2) (17, 1) 


(c) The solutions of these equations are given in Problem 5 of § 8.3. We can form 368 combinations and 
search for solutions (as we did in the previous parts). However, because of limitation of space we will 
form and inspect only 12 of these combinations (noting that blank means there is no solution), that is: 


z= 0 0 0 0 1 1 1 i 2 2 2 2 
2 0 0 4 1 1 0 2 3 5 4 1 3 
ce 0 0 9 6 1 10 7 13 8 14 11 8 
y= 0 0 4 5 1 3 4 5 0 3 4 5 
y= 0 2 4 4 1 2 0 1 4 2 0 2 
y 2 0 12 4 29 1 27 10 11 24 27 10 17 
zt 4 4 3 1 3 5 1 2 3 0 5 4 
ze 4 5 8 5 8 5 td 1 9 1 0 7 
z 2 4 25 5 7 9 
So, the solutions among these 12 combinations are: 
(2 2, y 8, 2%) (0,0, 4) (6, 29, 25) (10, 27,5) (7, 10, 7) (8, 24, 9) 
Solve the following system of mixed polynomial-exponential congruence equations (where x, y € N°): 
vty +0 37 4 ay Uo. 
Solution: The solutions of these equations are (see § 8.3): 
7 
(x,y) = (0,0) (1,6) (2,6) (3, 1) (4, 6) (5, 1) (6, 1) 
5 
(x,y) = (0,0) (2, 1) (4, 3) 


Now, we form the following 21 systems of linear congruence equations in x and the corresponding 21 
systems of linear congruence equations in y and solve them where the solutions are shown in the third 
and sixth rows: 
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Or 


t= 0 0 0 1 1 1 2 2 2 3 3. 3 4 4 4 5 5 5 6 6 6 
c= 0 2 4 0 2 4 0 2 4 #O 2 4 0O 2 =A 0 2 4 O 2 =A 
35 


z= 0 7 14 15 22 29 30 2 9 10 17 24 25 32 4 5 12 19 20 27 34 
0 O 0 6 6 6 6 6 6 1 1 1 6 6 6 1 oe 1 1 
0 1 3 0 1 3 0 1 3 0 1 3 0 1 3 0 1 3 0 1 3 


y= 0 21 28 20 6 13 20 6 13 15 1 8 20 6 138 #15 1 8 1 1 8 
5 


So, these are the solutions of the given system, i.e. (x,y) = (0,0), (7, 21),..., (34,8). Also see part (b) 
of Problem 3 of § 18.3. 


. Comment on the contents and results of the present subsection. 


Solution: We can claim that our investigation in the present subsection is essentially a generalization 
(or extension) to the Chinese remainder theorem from univariate to multivariate systems of congruence 
equations. Now, if we look back to Problem 3 of § 9.2.2 we can say: so far we essentially made three 
main generalizations (or extensions) to the Chinese remainder theorem: 

e The extension of lifting the restriction of linearity.!7°! 

e The extension of lifting the restriction of coprimality of moduli. 

e The extension of lifting the restriction of univariability. 

So in brief, we can now solve (with the help of the humble Chinese remainder theorem and similar 
methods) non-linear systems or/and with non-coprime moduli (subject to the conditions given earlier) 
or/and with multiple variables. 


[79] Tn fact, this extension is not limited to what we did in Problem 1 of § 9.2.2 (and its alike), but it should include what 


we did in the present subsection with regard to solving non-linear systems of various types. 


Chapter 10 
Common Functions 


1. Find all n € N such that o(n) = 960 and r(n) = 4. 
Solution: Let the second and third divisors of n be a and b (respectively). Hence, n = ab and we have 


1+a+b+ab= 960 a emia 
lt+a 


Now, if we note that 1 < a < 960 ~ 30.98 and a and b must be primes (noting that 1+p+p?+p* = 960 
has no solution) then on trying the primes a = 2,3,5,...,29 accepting only the corresponding primes 
of b we obtain only 4 legitimate values of b (i.e. b = 239,79, 47,31 corresponding to a = 3,11, 19,29). 
The corresponding values of n are: 717, 869, 893, 899. So, these 4 values represent all n € N such that 
a(n) = 960 and r(n) = 4. 

2. Solve the following “Diophantine” equations (where z, y, z € N): 
(a) $(27134197) = 216. (b) $(2%345*7”) = 4032. 
Solution: 
(a) We have (see Eq. 44 in V1): 


1 1 il 1 
216 = (27134197) = 27134197 (1 ) (1 ) (1 ) = 2*13019° 


2 13 19 47 
Hence: 
27134197 598 = 216 > 27134197 = 2 x 216 = 494 = 2! x 13! x 19! 


So, the solution is (x,y, z) = (1,1,1), ie. (494) = 216. 
(b) We have (see Eq. 44 in V1): 


1 1 1 1 8 
4032 = 6(2734577") = 2%3495*7" | 1 1 1 1 = 2" 3457 7 — 
03 (2734577) srsere ( 5) ( a) ( =) ( 7) SO ae 
Hence: 


2734577" & = 4032 = 2734577" = 2B x 4032 = 17640 = 23 x 3? x 5! x 7? 
So, the solution is (x,y, z,w) = (3, 2,1, 2), ie. (17640) = 4032. 
. Find a formula for ¢(n™) in terms of n,m and ¢(n) where m,n € N. 
Solution: From Eq. 44 in V1 (with n replaced by n”) we have: 


b(n) = oH (1-=)=n II (1- )| = n™16(n) 


i=l 


ew 


> 


Show that ¢(m) ¢(n) = ¢(g) o() where m,n € N, g = ged(m,n) and | = lem(m,n). 

Solution: This can be obtained by comparing Eq. 46 in V1 to Eq. 47 in V1. 

. Find the number of integers between 1 and 1000 (inclusive) which are divisible neither by 2 nor by 5? 
Solution: We note that 1000 = 10° = (2 x 5)? = 23 x 5°. So, if a number between 1 and 1000 is not 
divisible by 2 and 5 then it must be coprime to 1000. This means that we want to find the number of 
integers between 1 and 1000 which are coprime to 1000. In fact, this is the same as $(1000) since by 
definition ¢(n) is the number of positive integers which are less than or equal to n and are relatively 
prime to n. Thus, the number of integers between 1 and 1000 which are divisible neither by 2 nor by 5 
is (1000) = 400. 


Or 


124 
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Note: a different approach (for solving this problem and its alike) is to argue as follows: we have 
500 integers (between 1 and 1000) which are divisible by 2, and 200 integers which are divisible by 5 
and hence we have 500 + 200 = 700 integers which are divisible by 2 or/and 5. However, we have 100 
integers (i.e. the multiples of 10) which are divisible by both 2 and 5 and hence they are counted twice. 
So, (by the rules of cardinality of sets) we have 700 — 100 = 600 integers which are divisible by 2 or 5. 
Therefore, we must have 1000 — 600 = 400 integers which are divisible neither by 2 nor by 5 (noting 
that “integers divisible neither by 2 nor by 5” is the complement of “integers divisible by 2 or 5”). 

6. A natural number n is called abundant if o(n) > 2n [or equivalently s(n) >]. Show the following: 
(a) n is abundant when n = 2*—1(2* — 1) where (2* — 1) is composite and k € N. 

b) There are infinitely many abundant numbers. 

c) There are infinitely many even abundant numbers. 

d) Natural multiples of abundant numbers are also abundant. 

e) Natural multiples (> 1) of perfect numbers are abundant. 

Solution: 

(a) 2° is a natural power of 2 (noting that 2* — 1 is composite) and (2* — 1) is odd and hence they 

are coprime (since they have no common factor). Hence: 


( 
( 
( 
( 


a(n) =o [2*-1(2* — 1)] = 0(2*71) 0 (2* — 1) = (2" — 1) 0(2* - 1) (37) 


where we used the multiplicativity of the divisor function in step 2 and used Eq. 34 of V1 in step 3. 
Now, since (2* — 1) is composite then it must have at least three positive divisors, i.e. 1 and itself as 
well as another positive divisor. Accordingly, ¢(2* — 1) > 2* and hence from Eq. 37 we get: 


a(n) = (2° — 1)0(2* — 1) > (2 — 1) 2" =2 [2*-1(2* — 1)] = 2n 


(b) This is implied by part (c). 

(c) The proof of part (a) should be sufficient noting that we have infinitely many numbers n = 2*—1(2* — 
1) where (2* — 1) is composite, e.g. when k is even greater than 2 (i.e. k = 2 where & > 1) since 
2k — 1 = (2 — 1)(2" +1). However, let us prove it in a different way. So, let n = 2*p where N53 k>1 
and p is an odd prime. It is obvious that 2" and p are coprime and hence: 


a(n) = o(2*)o(p) = (2"*" —1)(p +1) = 2°41 (p+: 1) — (p+ 1) = 2? tp + 21 — (p+ 1) 
2(2*p) +2") — (p+ 1) = 2n + 2** — (p +1) 


Now, for any p we have some k such that [2"°*+ —(p+1)] > 0 and hence o(n) > 2n. This means 
that we have infinitely many even numbers n = 2"p such that [eer —(pt+ 1)] > 0 and hence we have 
infinitely many even abundant numbers. This proof also shows that the smallest even (and actually the 
smallest unconditionally) abundant number is 12 (which is obvious by inspecting the divisor function 
of the small natural numbers). 

(d) Let n be an abundant number and kn is its natural multiple (i.e. k € N). Hence, we have: 


o(kn) >So kd 
dl 


This is becausel®°! the set S representing the divisors of kn are the divisors of k and the divisors of n 
as well as the (product) combinations of these divisors, while the set s representing kd (where d is a 
divisor of n) is just a subset (whether proper or improper) of S, and hence o(kn) cannot be smaller 
than )7qj, kd. Accordingly: 


o(kn) >| So kd} = [ko d} =ko(n) > k2n = kn) 
dj dj 


[80] Although this argument is not rigorous, it should be convincing. 
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Hs 


8. 


9. 


10. 


i.e. kn (which is the natural multiple of n) is abundant (like n itself). 
(e) Let n be a perfect number and kn is its natural multiple > 1 (ie. N35 k > 1). Hence, we have: 


o(kn)> {So kd} = [ko d} =ko(n) =k2n = kn) 
dj dj 


where the justification of > is similar to what is given in part (d) noting that in this case k > 1. 

Show that n is prime iff ¢(n) =n —-1. 

Solution: If ¢(n) = n— 1 then all positive integers < n are coprime to n and hence n must be prime 
(because this means that the only divisor of n among the positive integers which are less than n is 1). 
If n is prime then all positive integers < n are coprime to n (since none of these integers, except 1, can 
divide n) and hence ¢(n) = n — 1 (as required by the definition of ¢). 

Show that n is composite iff @(n) < (n—1). 

Solution: If we note that for all n > 1 we have ¢(n) < (n — 1) (see point 7 in the preamble of § 2.6.4 
of V1), then the proposition of the present Problem is essentially the contrapositive of the proposition 
of Problem 7. 

Impose a lower and upper bound on ¢(n) where n € N. 

Solution: The lower bound is obviously 1 while the upper bound is n — 1 (see Problems 7 and 8), i.e. 
1<d(n) <(n— 0). 

Find all n € N such that (noting that 1 = d1 < dg <...<d, =n): 

(a) n has tT = 9 (positive) divisors with ds — d3 = 22 and dg — ds = 312. 

b) n has tT = 24 (positive) divisors with dy + dg + d4 + ds = 15 and dag + da1 + dao + do3 = 1080. 

c) n has T = 3 (positive) divisors. 

d) n has r = 5 (positive) divisors and s(n) =n. 

e) n has rt = 10 (positive) divisors and a(n) < 200. 

Solution: 

(a) n must be a perfect square and hence n = d? (see Problem 18 of § 1.9 of V1 and Problem 3 of § 
2.6.3 of V1). Now, we have two possibilities: 

e If n is even then dz must be 2 and hence d3 must be either 3 or 4 (noting that 4 must be a divisor since 
n is an even perfect square and hence it must have a factor of 27). However, d3 = 3 is not a possibility 
because in this case d; = 25 and dg = 337 and hence n = d? = 625 which is not divisible by 337. So, 
we must have d3 = 4 and hence ds = 26 and dg = 338 which is consistent with n = a: = 267 = 676 
(noting that the divisors of 676 are 1, 2, 4, 13, 26, 52, 169, 338, 676). This means that n = 676 is a 
solution (and indeed the only possible solution if n is even because dz is fixed). 

e If n is odd then dy must be an odd prime. This is because 2 (and its multiples) is not a possibility for 
dz since n is odd; moreover d3 must also be a divisor since n is a perfect square. Now, if we note that 
d? = dgdg then we must conclude that dz divides ds and hence dz must also divide dg. So, we have: 


( 
( 
( 
( 


dg = ds = 312 =} d2(dg = 65) = 312 (dg = dodg and ds = d265) 


This means that dz divides 312. Now, the only odd prime divisors of 312 are 3 and 13. So: 

If dz = 3 then d3 = 9 must also be a divisor of n. Now, since d3 = 9 is a divisor then ds can only be 5 
or 7 or 9. However, none of these possibilities produce consistent results. |8! 

If d2 = 13 then d? = 169 must also be a divisor of n since n is a perfect square. Now, since d3 = 169 is 
a divisor then d3 can only be one of the primes between 17 and 167 (inclusive) or 169. However, none 
of these possibilities produce consistent results. 82! 

So, we conclude that the only solution to this problem is n = 676. 


[81] dj = 5,7,9 lead (noting that ds — d3 = 22 and n= d?) to n = 729, 841,961. Now, the number of divisors of 729, 841, 961 


is 7,3,3 and hence they are not acceptable. 


[82] If we follow a similar procedure to the one outlined in the previous footnote then we will find that all these possibilities 


of n (except n = 1521, 4225 corresponding to d3 = 17,43 and ds = 39,65) are not divisible by 169. Regarding 1521, its 
dz is 3. Regarding 4225, its dz is 5. 
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11. 


12. 


13. 


(b) From the relation dz + d3 + d4 + ds = 15 (noting that 1 < dz < d3 < dy < ds) we conclude that 
dy = 2, dz = 3 and dy = 4 (because otherwise dz + d3 + d4 + ds > 15), and hence ds must be 6. We 
must also have: 


nm dydo3 d3do2 d4d21 dsda i.e. nr 2d23 3d22 Ado, 6d209 
Now, if we substitute from these relations into the relation dg9 + d21 + d22 + d23 = 1080 we get: 
nnn on 
qa gt pe —> n = 864 


So, n = 864 is the required (and the only) solution to this problem. 

(c) This applies to all squares of primes (e.g. 4, 9, 25) since their divisors are only 1, p and p* (where 
p € P; see part e of Problem 13 of § 2). 

(d) t = 5 means n is a perfect square (see Problem 18 of § 1.9 of V1 and Problem 3 of § 2.6.3 of 
V1), while s(n) =n means n is a perfect number (see § 2.8 of V1). These conditions are incompatible 
because no perfect number is a perfect square (see Problem 7 of § 2.8 of V1). Hence, there is no such 
n. 

(e) o(n) < 200 means n < 200. On inspecting the natural numbers which are less than 200 (using 
for instance tables of divisors) we find that only 48 and 80 satisfy the given conditions (noting that 
although 112, 162 and 176 satisfy r = 10 they do not satisfy 7 < 200). 

Justify why ¢(n) 4 391,454 for any n EN. 

Solution: $(n) 4 391 because the totient function is even for all integers greater than 2. 

Regarding ¢(n) 4 454, we have three (comprehensive) cases: 

e nis prime and ¢(n) = 454. This is impossible because 455 is not prime (see Problem 7). 

e nis a natural power (> 1) of prime and ¢(n) = 454. This is also impossible because there is no p € P 
and a € N that satisfy 454 = p* — p* (see Eq. 42 in V1). 

e n is composite (but not a natural power of prime) and ¢(n) = 454. This is also impossible because 
the prime factorization of 454 is 2 x 227, and this means that 227 = (p* — p*~') for some p € P and 
a € N (see Eq. 43 in V1). However, there is no such p and a that satisfy this equation because 227 is 
odd while (p* — p*~') is even (noting that p = 2 and a = 1 is not a possibility). 

So, in each one of the three comprehensive cases we have ¢(n) # 454 and hence ¢(n) # 454 for any 
neN. 

Find all n € N such that $(n) divides (n — 1). 

Solution: We have three cases: 

e n=1and hence ¢(n) = 1 which divides n — 1 = 0. 

e nis prime and hence ¢(n) = n — 1 which divides n — 1. 

e nis composite. This is an open problem known as Lehmer’s totient problem (and hence it deserves 
the attention of young mathematicians). No composite n is known such that $(n) divides (n — 1). 

So in brief, (nm) divides (n — 1) for n = 1 and for all n € P; moreover it is believed (according to 
Lehmer’s totient conjecture) that there is no composite n with this property. 

Find all n € N such that (noting that m € N): 


(a) o(2n) = O(n). (b) d(2n) = 2¢(n). (c) g(2™n) = 2"-*9(n). (d) o(2™n) = 29 (n). 
Solution: 
(a) This applies to all odd n because if n is odd then 2 and n are coprime and hence: 


o(2n) = 9(2) O(n) = 1x O(n) = O(n) 


(b) This applies to all even n because if n is even then n = 2*v (where k € N and v is odd) and hence: 


(2n) o(2***y) = 6(2***) dv) = (2*t* — 2%) p(v) = 2 (2* — 2*-*) dv) 
2.4(2*) d(v) = 2.46(2*v) = 2¢(n) 


(c) This applies to all odd n because if n is odd then 2” and n are coprime and hence: 


g(2™n) = $(2™)d(n) = (2 — 2") d(n) = 2712 — 1) d(n) = 2" *9(n) 


I 
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15. 


16. 


It is obvious that part (a) is an instance of this identity (corresponding to m = 1). 
(d) This applies to all even n because if n is even then n = 2*v (where k € N and v is odd) and hence: 
g(2™n) = o(2FFy) = g(2™**) dv) = (2™F* — am FE-1) b(y) = 2™ (2% — 2°-1) p(y) 
2” g(2") p(y) = 2 o(2*v) = 2” $(n) 
It is obvious that part (b) is an instance of this identity (corresponding to m = 1). 
Calculate (45362771998), 4(4662!), (13), and j.(6280786). 


—!S 


Solution: 4536277198, 4662!, and 13 are obviously not square free and hence their Mobius function is 0. 
Regarding j1(6280786) we have: 6280786 = 2 x 17 x 31 x 59 x 101 and hence j1(6280786) = (—1)° = -1. 
Define the “summatory function” with some examples. 

Solution: The summatory function F'(n) of an arithmetic function f(d) is defined as: 


F(n) => f@) 
d<n 


where d is a positive divisor of n.'8*! For example, the divisor function a(n) is the summatory function 
of f(d) = d because (see Eq. 33 in V1): 


o(n)= 0 f(=do a 
d<n d\n 
Similarly, the tau function 7(n) is the summatory function of f(d) = 1 because (see Eq. 37 in V1): 
r(n)= DE f@M=do1 
d<n d\n 


Show that if f is a multiplicative function, then its summatory function F is also multiplicative. 
Solution: Let n,,n2 € N be coprime and hence (according to the definition of summatory function 
which was given in Problem 15) we have: 


F(mm)= So fd) (38) 
d|(nyn2) 


Now, since n; and nz are coprime then each divisor (i.e. d) of their product can be written as d = did 
where d; and dz are coprime. Accordingly, Eq. 38 can be written as: 


F(mm) = So f@= Yo fldid)= So fd) f(a) 


d|(nin2) di|n1, dg|n2 di|n1, dz|n2 


l| 


S> f(dci)| | So f(d2) | = F(m1) F(n2) 


dy|ny dz|ng 


Note: the result of this Problem may be used to prove that a(n) and r(n) are multiplicative because: 
e o(n) is the summatory function of f(d) = d (i.e. the identity function) and hence: 


f(mn) = mn = f(m) f(r) 


ie. f is a completely multiplicative function!*4! (and hence it is multiplicative). 
e 7(n) is the summatory function of f(d) = 1 (i.e. the unity function) and hence: 


f(mn) =1=1x 1= f(m) f(n) 


i.e. f is a completely multiplicative function (and hence it is multiplicative). 


[83] This definition (which should be “sufficient and necessary” to us for the time being) is rather limited. Therefore, the 


readers should be careful about the terminology used in the literature in this regard where the domain of f (and hence 
the “summatory function” F’) could vary. These issues should be elaborated and clarified further in the future. 


[84] A “completely multiplicative function” f means: f(mn) = f(m)f(n) for all m,n € N (ie. regardless of m,n being 


coprime or not). 
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17. Show that the summatory function of the totient function is n, ie. 
ded) =n 
dln 


Solution: This was shown in Problem 1 of § 2.6.4 of V1. 
18. Show that the summatory function of the Mobius function is 0, i.e. 


Yala) =0 (n>1) 
dl 


Solution: This was shown in Problem 3 of § 2.6.5 of V1. 
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Chapter 11 
Interesting Theorems 


Despite the importance of the subject of this chapter (i.e. 
it short and brief. The main reason is that most of these “interesting theorems” can be found and met 
in many places and within many contexts in this book (as well as in the general literature of number 
theory) since they represent some of the most common principles and foundations of elementary number 
theory. In fact, the applications of these “interesting theorems” are very broad and abundant and this 
makes dedicating a chapter (or section or part) of any book to them is a matter of formality and organized 
structure. 


11.1 Wilson’s Theorem 


L 


iw) 


Use Wilson’s theorem to find r: 


(a) 2727! 72) (b) 37! ‘2? > 
Solution:!®"| 

(a) We note that 2731 is prime. We have: 

2727! °*2 -» 2730! 72" (2728) (2729)(2730) r 


178 o7a5r =r 7B (—1)2725* 
(b) We note that 1763 = 41 x 43. Now, we have: 


a7} Sr =~ 40! & (38)(39)(40) r 
371 2 r = ~— 42! 8 (38)(39)(40)(41)(42) r 


—> 


— 


—> 


(2731-1 


2731 
Tr => 


—1 


—1 


)! 2731 


—455 


59280 r 
102080160 r 


So, we have the following system of linear congruence equations: r “7andr 2 


1763 


system (e.g. by the Chinese remainder theorem) we get r =" 1524. 


. Show that (where k € N): 


2731 


“interesting theorems”), we decided to make 


20324063760r > 
2276 
> r 27 
sly r 2 19 


19. On solving this 


2p Jl (when p = 4k + 1) 
[1x 3x--+x (p—2)] a (ik papa) 
Solution: By Wilson’s theorem we have: 
-1 2 (p-1)!!=1x2x3x---x (p—3) x (p— 2) x (p—1) 
2 1x [-(p—2)] x3x-+- x (-8) x (p— 2) x (-1) 
= (-1)8-Y? 11 x (p— car eee 
(-1)@-YPT1 x 3x +--+ x (p—2)]” 


Now, if p = 4k + 1 then (p — 1)/2 = 2k and hence we have (—1)?*[1 x 3x +++ x 
[1x 3x +--+ x (p—2)]* 2-1. On the other hand, if p = 4k — 1 then (p—1)/2 = 2k — 1 and hence we 


have (-1)?*![1 x 3x --- x (p—2)]? 2-1, ie. [1x 3 


> 


x (p —2)]° P41. 


(p—2)|° 2 -1, ie. 


[85] The code CongLargeFactorial.cpp (see Problem 3 of § 18.1) can be used to verify the results of this Problem. We should 
also note that r in these Problems represents the least non-negative residue of the given congruences. 
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3. Show that (where & € N): 
(eS)y 2 -1 (when p = 4k + 1) 
2 J}  )4+1 (when p= 4k -1) 


Solution: In Problem 3 of § 2.9.1 of V1 we proved (by using Wilson’s theorem) that (q!)? + (—1)4 is 
divisible by p € P where p = 2q + 1, i-e. 


(q!)? + (-1)7 20 > (q!)? = —(-1)4 = (q!)? = (-1)"* 


Now, if p=4k+4+ 1 then g= aot is even (i.e. g = 2k) and hence: 


pe = (24) ] 2p = cat = 


while if p= 4k — 1 then q = pot is odd (i.e. ¢ = 2k — 1) and hence: 


apt = (22) ] 2 yet = cay = cyan 


11.2 Euler’s Theorem 


1. Show that for all n € N we have n|¢(2” — 1). 
Solution: According to Euler’s theorem we have: 


99(2"—1) anal 1 2 Or 1) (ane) = 1) 


Hence, from Problem 6 of § 6.7 of V1 we get n|¢(2” — 1). 


2. Use Euler’s theorem to find r: 
(a) 33208) “EP, (b) 9715705 F287 
Solution:|*° 
(a) We have: 
333061 7229 > (332018) 337 129 5 > 13337 129 » > r ‘2° 967 
(b) We have: 
g7isres S27 > 9718708 287 973 » oy (975286)° 5237 973» = 
13 °287 973 a r °BT (973)* =5 r °2" 354 

3. Prove the following (where x € Z and p,q € P with p  q): 
(a) e®-DG-) 244 (x and pq are coprime). (b) a?°-? 4 (x and p? are coprime). 
Solution: 


(a, b) These congruences are just instances of Euler’s theorem noting that $(pq) = (p — 1)(q — 1) and 
o(p”) = p? — p (see § 2.6.4 and § 2.9.2 of V1). 


11.3 Fermat’s Little Theorem 


1. Let 2 € Z and p be an odd prime. Show that the congruence equation x? + 1 ? 0 has a solution off 
p=4k+1. 
Solution: We note first that 2? +14 0 is equivalent to x? 2 —1. 
Regarding the if part, it is obvious (from Problem 3 of § 11.1) that this congruence has a solution 


[86] The code CongLargeExponential.cpp (see Problem 4 of § 18.1) can be used to verify the results of this Problem. 
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li-e. C= (7)! when p = 4k +1. 

Regarding the only if part, let assume that 2?2+1 4 0 has a solution with p 4 4k +1 (ie. p= 4k—1). 
This implies that « and p are coprime (because otherwise we will have 0+ 14 0). So, by Fermat’s little 
theorem we have: 


e122, + gH 212, + gH? 21 (22)"*~ 21 -— (-1)-121 


ie. —1 21 which is nonsensical noting that p is an odd prime. So, this contradiction implies (by con- 
traposition) that 2? + 1 ? 0 has no solution when p #AK+1. 


45 


2. Show that the congruence x ~ x is true identically (i.e. it is satisfied by all x € Z). 


Solution: We note that 30 = 2 x 3x5. So, we need to show that x#° 2 2, 24 22 and x =z are 
true identically. 
Regarding «#5 = x, this congruence is equivalent to x4° — x = 0 which is true identically because the 


LHS is always even. 


Regarding x*° 2 x, we use Fermat’s little theorem (repeatedly), that is: 


74 — (x3)"° Bid (x3)° ae (23)? «7! pint ay 


Similarly: 
td — (x*)° Bg ace (2°)? 2 a ae 


45, 45 


So, #9 2 x, 245 3 x and x? = x are true identically and hence x 
3. Use Fermat’s little theorem to find r: 

(a) 172804 2! (b) 132455 22° ,. 

Solution: 

(a) We have: 


* x is true identically. 


p “172804 — (17401) 47-3 @ 177 x 17-3 = 174 113 
(b) We note that 2703 = 3 x 17 x 53. Now, we have: 


r & 192455 3 12455 _ 1 


BR 


r © 132455 — (1317)'* 137 2 13144 x 137 = 13151 = (13!7)° 13-2 2 139 x 13-2 = 137 24 


Oo 


r 2 132455 — (1353)*7 13-36 3 1347 x 13-36 = 1311 2 16 


So, we have the following system of linear congruence equations: r 3 Lee “ 4andr = 16. On solving 


this system (e.g. by the Chinese remainder theorem) we get r 78 9401. 


11.4 Lagrange’s Polynomial Roots Theorem 


1. Show that the polynomial congruence equation x*° — 3x76 + 2 Bo (where x € Z) cannot have more 
than two roots. 
Solution: By Fermat’s little theorem we have: 


x9 — 346 4.2 = (x!3)* 2-3 — 3 (233)? +2 2 ate3 — 30? +2 = 2 — 30? +2 2 102? +242 #20 


So, what we actually have is a quadratic congruence equation (i.e. 10x? + x + 2 & 0) and hence by 
Lagrange’s polynomial roots theorem it has at most two roots. 

2. Despite the fact that 17 is prime, the quadratic congruence equation 1022? + 68x +4 136 * 0is identically 
true, i.e. it has 17 (modular) solutions. Can you explain this “contradiction” to Lagrange’s polynomial 
roots theorem which (seemingly) requires that this quadratic congruence equation should have at most 
two roots. 

Solution: If we inspect the coefficients (i.e. 102, 68, 136) we find that all of them are divisible by 17 
and hence what we actually have is not an n degree polynomial (i.e. quadratic) congruence but a “zero 
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polynomial” congruence (i.e. 0 u 0) which is always true regardless of the value of x. 


11.5 Other Theorems 


1. Show that Fermat’s last theorem is true for all N 5 n > 2 if it is true for n = 4 and it is true for all 
P5n > 2 (where n is the exponent in the statement of Fermat’s last theorem; see § 2.9.5 of V1). 
Solution: From the result of Problem 16 of § 4, every exponent N 35 n > 2 can be written as n = 4k 
or as n = pk (where p is an odd prime and k € N). Accordingly, a” + b” = c” (where a, b,c € N) can be 
written as (a*)* + (b*)* = (ch)* or as (ak)? + (vo)? = Gas Now, a*, b¥, ck € N (since a,b,c, k € N) 
and hence if the theorem is true for n = 4 and it is true for all P 3 n > 2 then it must be true for all 
Non>2. 

2. Which of the following integers can be expressed as a sum of two (perfect) squares: 

(a) 57. (b) 481. (c) 1762. (d) 11858. 
Solution: We use the well-known two square theorem which states (see § 2.9.5 of V1): a natural num- 
ber n can be expressed as a sum of two squares iff every prime of the form 4k + 3 occurs an even 
number of times in the prime factorization of n. 

(a) We have 57 = 31 x 191. As we see, both 3 and 19 (which are of the form 4k +3) occur an odd 
number of times in the prime factorization of 57 and hence 57 cannot be expressed as a sum of two 
squares. 

(b) We have 481 = 13 x 37. As we see, both 13 and 37 are of the form 4k + 1 which means that “every 
prime of the form 4k + 3 (if exists) occurs an even number of times”.|871_ So, 481 can be expressed as a 
sum of two squares, i.e. 481 = 9? + 20? = 15? + 167. 

(c) We have 1762 = 2 x 881. As in part (b), we have no prime of the form 4k + 3 in the factorization 
of 1762 and hence 1762 can be expressed as a sum of two squares, i.e. 1762 = 9? + 417. 

(d) We have 11858 = 2 x 7? x 117. As we see, both 7 and 11 (which are of the form 4k + 3) occur an 
even number of times in the prime factorization of 11858 and hence 11858 can be expressed as a sum 
of two squares, i.e. 11858 = 777 + 777. 

3. Show that no integer of the form n = 4k + 3 (where k € Z) can be expressed as a sum of two (perfect) 

squares. 
Solution: We simply prove this theorem by showing that no sum of two perfect squares of integers can 
be of the form 4k + 3. So, ifn = 4k +83 then it must be odd and hence if it is the sum of two squares 
then it must be the sum of an odd square [say (2a + 1)? where a € Z] plus an even square [say (2b)? 
where b € Z|. Therefore: 


4 
(2a +1)? + (20)? = 4a? + 4a +1440? 414324k43=n 


As we see, the sum of two squares is incongruent (mod 4) to n = 4k4+3 and hence n cannot be expressed 
as a sum of two squares. 

4, Show that no integer of the form n = 8k+7 (where k € Z) can be expressed as a sum of three (perfect) 
squares. 
Solution: We simply prove this theorem by showing that no sum of three perfect squares of integers 
can be of the form 8k + 7. Now, n is odd and hence it cannot be the sum of three even integers. Also, 
n cannot be the sum of two odd integers plus an even integer. So, we have only two possibilities: 
e All the three squares are odd [say (2a + 1)?, (2b + 1)? and (2c + 1)? where a,b,c € Z] and hence: 


(2a +1)? + (2b+1)? +(2c+1)? = 4(e?+0)+4(0? +b) +4(c? +c) +3=8A4+8B+8C4+3 


8 
23472 84+7=n 


[87lIn fact, this “interpretation” of the two square theorem dictates an improvement to the phrasing of this theorem (to 
avoid misunderstanding), that is: “a natural number n can be expressed as a sum of two perfect squares iff the prime 
factorization of n contains no odd power of any prime factor of the form 4k + 3”. This means that n either contains no 
prime of the form 4k + 3 or it contains only even (natural) powers of primes of the form 4k + 3. 
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where step 2 is because (a? + a), (b? +b) and (c? + c) are all even. 
e Two of the squares are even and the third is odd [say (2a)?, (2b)? and (2c+ 1)? where a,b,c € Z] and 
hence: 

(2a)? + (2b)? + (2c + 1)? = 4a? + 4b? + 4c? + 4e4+1 = 4(a? +07) +8C 41 


Now: 
If a and b are of the same parity then (a? + 6”) is even (say a? + b? = 2D) and hence we have: 


8 
4(a? +b?) +8C +1 =4(2D) +8C4+1=8D4+8C4+1214728k47=n 


Similarly, if a and b are of opposite parity then (a? + b?) is odd (say a? + 6? = 2D +1) and hence we 
have: 


8 
A(a? +b?) +8C +1=4(2D +1) +8C4+1=8D4+8C4+5254728k4+7=n 


So, in all cases the sum of three squares is incongruent (mod 8) to n = 8k +7 and hence n cannot be 
expressed as a sum of three squares. 


Chapter 12 
Floors and Ceilings 


1. Solve the following equation (where x € Z): at 2en 1 = a 2en 


Solution: The floor of a real number is equal to the number iff the number is an integer. So, the given 
equation is a statement that (a? + 2a —1)/7 is an integer, and hence it is equivalent to the congruence 
equation x? + 2a — 1 Ai. Thus, the solutions of the given equation are: « = 2+ 7k and x =3+4+7k 
(where k € Z). 

2. Solve the following equations (where x € R): 


(a) [7|2] +122] = 39. (b) 25 |x| — 18 [a] = 91. (c) [x? + 12% — 4] = 22. 

Solution: 

(a) Let || = X and hence we have [7X + 12a] = 39. This means: 

38 < 7X + 12x < 39 = 38 — 7X < 12x < 39-—7X = BX <a < SE 

Also, |a| = X means X < x < (X +1). So, we need to solve the following system of inequalities: 
BX <a < BE and X<a<(X +1) 

This system implies: 

B8X < (X +1) + (38 — 7X) < (12X + 12) + 26 < 19X + X > 38 

xX < Se > 12X < (39— 7X) > 19X < 39 > X< 8 

26 39 


On combining these results we get 75 < X < 75, ie. X = 2 (noting that X is an integer). Now, on 
substituting this into the equation Bak <a< Bars we get 3 <a2< 3 (ie. 2<a< 2). 

(b) We have two cases to consider: 

e x is an integer and hence |x| = [x] = a, that is: 

25 |2| — 18[2] =91 = 25x — 182 = 91 4 7x =91 ee e=13 
e x is not an integer. Now, if |v] = ay then [a] = x, + 1 and hence: 

25|2)—18[2]=91 > 2W®aey—18(ept+1)=91 - Tap=109 > ay = 12 ~ 15.57 
which is nonsensical because x is integer. 

So, the only solution to 25 |a| — 18[2] = 91 is x = 13. 

(c) [x? + 12a — 4] = 22 means 21 < x? + 12% — 4 < 22. So, we have two inequalities to consider: 

e 21 <a? + 12x — 4 and hence: 

25 < a? 4 122 > 61 <a? + 12x + 36 > 61 < (x +6)? 
So, either —/61 > (w +6) or V61 < (x +6), ie. x <—6— V61 or x > -6+ V61. 

e 7? +127 —4 < 22 and hence: 

x? +122 < 26 => x? + 124 + 36 < 62 => (x + 6)? < 62 
So, —V62 < (x +6) < V62, ic. -6- V62 <2 < -6+ VO2. 


So, the solution is the intersection of the inequalities: 


x <—6—VJ61 xc >—64+ V61 —6— V62<«<-64 V62 
which is: = 
—6— V62<24<-6-V6l and 6+ V6l <2 <-6+4+ V62 


3. Solve the following equation [eee = 0 (where Z5 x4 #0). 


ax 


135 
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> 


Or 


aD 


N 


oo 


Solution: We have: 


34.992 — 1 1 i 
a Sem. )= [e+ 35 4 | =2t+2e 35+|2| =0 
x 


x 


Now, we have three cases to consider: 
e x <—1 and hence [4+] =0. So, we have x? + 2x — 35 = 0 whose only solution (noting that x < —1) 
is ¢=—T. 


e x = —1 and hence [=] = —1. So, we have x? + 2x — 36 = 0 which has no solution. 
e x > 1 and hence [=] = 1. So, we have x? + 2x — 34 = 0 which has no solution. 
So, the only solution to the given equation is x = —7. 


Show that |$|+[$] = for all « € Z. 
Solution: If x is even then we have |= | = [=| = 5 and hence || + |=] =5t+5=¢%. 


If x is odd then we have |= | = i 5 and [=| = 5 + 5 and hence || 


re | 
8 
—tel) 
lI 
NI8 
b 
ls 
+ 
NIK 
lI 
8 


. Show that the expression | “*| oo | + 2] is always even (where z € Z). 


2 
Solution: This is because: 


e If x is even (say x = 2k where k € Z) then we have: 


et+1|? ope 2k+1|* 2k 

5 | +3[Z+2]-|2 | +3/2 +9] 
which is even. 
e If x is odd (say x = 2k + 1) then we have: 


Pe4] 45/242] 


l| 


1 2 
e+ +3[k+2] =k? +3k+6 


I 


Qk +2 adh 2k+1 
2 y) 
(k+1)?4+3(k +3) =k? 4+2k4143k4+9=h? +5k410 


+2] =[e+1+a e+ 543] 


I 


which is even. 
So, the given expression is even in both cases and hence it is always even. 


. Solve the following equation (where x € N°): |$| +4[#] = 329. 


Solution: We have six cases to consider (where k € N°): 

e x = 6k and hence we have 3k + 4(2k) = 329 which has no solution. 

e x = 6k +1 and hence we have 3k + 4(2k + 1) = 329 which has no solution. 

e x = 6k + 2 and hence we have 3k + 1+ 4(2k + 1) = 329 which has no solution. 

e x = 6k +3 and hence we have 3k + 1+ 4(2k + 1) = 329 which has no solution. 

e « = 6k +4 and hence we have 3k + 2 + 4(2k + 2) = 329 whose solution is k = 29 and hence x = 178. 
e x = 6k +5 and hence we have 3k + 2 + 4(2k + 2) = 329 whose solution is k = 29 and hence x = 179. 
So, the only solutions to the given equation are: x = 178 and x = 179. 

Solve the following series equations (where x € N): 


(a) Vii || = 87. (b) Sear [F] = 109. 
Solution: 


(a) We have paar | 22 | = 87. Now, for all k > 25 we have | 22| = 0, and hence the sum remains 87 for 


all x > 25. So, the solution of the given equation is x = 25, 26, 27,.... 


(b) We have oe [2] = 109. Now, for all k > 25 we have [7] = 1, and hence the sum keeps 


increasing. So, the solution of the given equation is x = 25. 
3a? 


. Solve the following inequality (where x € Z): a | < 5a. 


Solution: If [2 | < 5a then we must have os < 52, ie. 3x7—185a < 0. This is because if [2 | < 5x 
then 5a is greater than || by at least 1 (noting that the two sides are integers) while = cannot 


be greater than 3 | by 1 (ie. if it is greater then it is greater by less than 1). The solution of this 
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No} 


10. 


inequality (ie. 327 — 185x < 0) is 1 < x < 61. So, the solutions of the inequality [a | < 5a are: 


x =1,2,...,61. It is worth noting that this Problem can be easily solved computationally (e.g. by a 
computer code or a spreadsheet). 


. Let us define f(x,y) as follows (where x,y € N): 


jon =ft (B 


Find the following sum: 
yo GY) 
x=1 y=1 


Solution: If 2 > 24 or y > 24 then we have (where r € N° and m € N): 


cy (24+r)m _ 24mt+rm _, _rm 
O° ee, eS 


ele [2m+ roll (2m + |) ie 


So, we need only to consider the sum S772, S, f(a,y).881 Accordingly, we have only 47 pairs of 


Hence: 


(x,y) such that f(x,y) = 1, ie. 
(1,12) (1,13) (1,14) (1,15) (1,16) (1,17) (1,18) (4,19) (4,20) (1,21) (1,22) (1,23) 
(2,6) (2,7) (2,8) (2,9) (2,10) (2,11) (3,4) 3,5) (3,6) 3,7) (48) (4,4) 
(4,5) (5,8) (5,4) (6,2) (6,38) (72) (7,8) (8,2) (9,2) (10,2) (11,2) 
(12,1) (13,1) (14,1) (15,1) (16,1) (17,1) (18,1) (19,1) (20,1) (21,1) (22,1) (23,1) 
Hence, the given sum is 47. 
Solve the following equations (where m € N°): 
(a)n =|] + LI. (b) n= [7] + LE: 
Solution: 
(a) Let m = 6k +r (where k,r € N° and 0 <r <5). Accordingly: 
6k+r 6k+r r r i r 

n= | 2 fal 3 | =ae+ [5] 42K [5] 96+ [5] + [5] 
Now: 
r=0 > n=5k r=1l1—> n=5k r=2 > n=5k+1 
r=3 > n=dk+2 r=4 > n=5k+3 r=5 > n=5k4+3 


So, the solutions (m,n) are: 
(6k,5k) (6k+1,5k) (6k 42,5k+1) (6h4+3,5k4+2) (6h+4+4,5k4+3) (6k +5,5k 43) 
(b) Let m = 15k +r (where k,r € N° and 0 <r < 14). Accordingly: 


30k + 2r 60k + 4r 2r Ar 2r Ar 
n=| : \+| : | = tows [2] +r2e+ |Z] = 22+ |] + [S| 


Now: 
r=05 n= 22k r=135n=22k r=235n=22k+2 r=335n=22k+4 


r=45n=22k4+5 r=53n=22k+7 r=6>5n=22k+8 r= 7 3n=22k+9 
r=875n=22k+11 r=93n=22k4+ 13 r=105n=22k4+14 r=l1lon=22k4+15 
r=123n=22k4+17 r=1353n=22k4+18 r=145n= 22k+4 20 


[88] In fact, because of symmetry we need to consider only half of this. 
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11. 


12. 


13. 


14. 


So, the solutions (m,n) are: 


(15k, 22k) (15k + 1, 22k) (15k + 2, 22k + 2) (15k + 3, 22k + 4) 
(15k +4, 22k + 5) (15k +5, 22k + 7) (15k + 6, 22k + 8) (15k + 7, 22k + 9) 
(15k + 8, 22k + 11) (15k + 9, 22k + 13) (15k + 10, 22k + 14) (15k + 11, 22k + 15) 
(15k + 12, 22k + 17) (15k + 13, 22k + 18) (15k + 14, 22k + 20) 

k 


Solve the following series equation: n = 77, l7 (70) i 


Solution: We have: 


07 (I) ~6 ke = eR ~ 15.49 + 7(i)"|=6 (<k<15) 
07 (10)he5 = petty © 33.82 + 7 (00)"| =5 (16<k< 33). 
o7(A)i wd kk = ee ~ 56.24 > 7(1)"|=4 (4<h< 56). 
0 7 (100) ~ 3 + k= pelo, ~ 85.15 > 7 (00) | =3 (57<k<85) 
07 (Fag = eG ~ 125.90 7(190)"|=2 (86 << 125) 
07 (1) wt k= leet 195.56 7(1g0)"|=1 (G26 <k< 198). 
ics i es 7(392)"|=0 (196 < &). 
Accordingly: : 

e For m = 1,2,...,15 we have n = 6m. 

e For m = 16,17,...,33 we have n = 5(m — 15) + 90 = 5m +4 15. 

e For m = 34, 35,...,56 we have n = 4(m — 33) + 180 = 4m 4 48. 


e For m = 57, 58,...,85 we have n = 3(m — 56) + 272 = 3m 4 104. 

e For m = 86, 87,...,125 we have n = 2(m — 85) + 359 = 2m 4 189. 

e For m = 126, 127,...,195 we have n = (m — 125) + 439 = m+ 314. 

e For m > 196 we have n = 509. 

Solve the following equation (where x,y € N°): |*4*| + |¥| =<. 

Solution: If x is even then x = 2a and if x is odd then x = 2a + 1 (where a € N°). Similarly, y = 3b 


or y = 30+1 or y = 30 + 2 (where b € N°). So, if | 2#+| + |4] = a then we have 6 possibilities: 
y ¥y , 5) p 


3 
[>Hi] + || = 20 [2382] + [2] = 2041 
[234] + [28] = 20 [2342] + [844] = 2041 
[2f2] + | 282 | = 2a [2532] + [882] = 2041 


Now, from the first three possibilities (left column) we get a+ b = 2a (i.e. b =a), and similarly from 
the second three possibilities (right column) we get: a+1+6 = 2a+41 (ie. also b =a). Hence, the 
solutions are: 

(x,y) = (2a, 3a) (x,y) = (2a, 3a + 1) (x,y) = (2a, 3a + 2) 
(x,y) = (2a + 1, 8a) (x,y) = (2a + 1,3a + 1) (2, y) = (2a + 1, 3a + 2) 


Investigate (with some examples) the solutions of the following equation (where x,y € R): 


Solution: |? | = Fea iff au is an integer. This means that we are actually dealing with the 


following equation: suf? = z where z,y € R and z € Z. So, any (z,y) pair that makes the LHS of the 
last equation an integer is a solution to the given equation. The following are some examples of these 
solutions: (a, y) = (1,2), (—1,2), (3,0), (0.5, 2), (1,-0.5), (7.2, 1.25). 

Solve the following equation (where x € N°): y= z| + [s : 

Solution: We have three cases to consider (where k € N°): 
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15. 


16. 


e x = 3k and hence we have: y= k+k = 2k. 
ex =3k+1 and hence we have: y=>k+kK+1=2k +1. 
ex =3k+2 and hence we have: y= k+kK+1=2k +1. 


So, the solutions are: (x, y) = (3k, 2k), (8k + 1,2k +1) and (8k + 2,2k +41). 


Solve the following equation: x — | Vy| = 0 where x,y ER. 


139 


Solution: y (and hence x) must be a non-negative real number. Now, if we write the equation as 


= | V7| then it is obvious that x is a non-negative integer, i.e. x = 0,1, 2,. 


... So, ifke N° andseER 


then the solutions of the given equation are: (x,y) = (k,s) where k? < s < (k+1)?. 


Solve the following inequality (where a, y € N°): 2x < | #| < 3y. 
Solution: For x = 0, the inequality is untrue. For x > 0 we have: 

2n < |F| and || < 3y 
The solutions (x,y) of these simultaneous inequalities are: 
(1,> 15) (2, > 13) (3, > 12) (4, > 12) (5, > 11) 
(8,> 11) (9,> 11) (10, > 11) (11, > 11) (12, > 11) 


(6,> 11) (7,> 11) 
(13, > 11) (14, > 11) 


Chapter 13 
GCD and LCM 


1. 


2: 


ew 


> 


Let m = 8°+1 and n = 35'+1 (where s,¢ € N). State a sufficient condition for ged(m,n) to be greater 
than 1. 

Solution: A sufficient condition is that s and t are odd. This is because either m = 9 (i.e. when s = 1) 
or it has a factor of 9 (i.e. when O 3 s > 1 according to Eq. 11 in V1). Similarly, either n = 36 (i.e. 
when t = 1) or it has a factor of 36 (i.e. when O 5 t > 1 according to Eq. 11 in V1). So, m and n have 
always a common divisor greater than 1 if s and t are odd. 

Show that ged(k’™ — 1,k” — 1) = k8e4(™”) — 1 (where m,n,k € N and k > 1). 

Solution: Let g = gcd(m,n) and G = ged(k™ — 1,k” — 1). Now: 

e Since g = gcd(m,n) then g|m and g|n and hence (by the result of Problem 6 of § 6.7 of V1) we have 
(k9 —1)|(k™ —1) and (k9 — 1)|(k” — 1) which means (k% — 1)|G (since G is the greatest common divisor 
of k™ — 1 and k” — 1 and hence G must be divisible by any of their common divisors; see Problem 10 
of § 2.4 of V1). 


e Since G = gcd(k™ — 1,k” — 1) then G|(k”™ — 1) and G|(k” — 1) and this is equivalent to (k’"” — 1) £0 
and (k” — 1) g 0, ie. k™ © 1 and k” £1. Now (noting that g = sm + tn by Bezout theorem): 


k9 == Esmttn = (k™)° (k”)’ G 1s4¢ =] 


ie. G|(kI — 1). 

So in brief, we proved in these two points that (k9 — 1)|G and G|(k9 — 1) and hence by rule 9 of § 1.9 of 
V1 [noting that G € N and (k9 — 1) € N] we have G = (k9 —1), ie. ged(k™ —1,k” —1) = keeders”) — 1 
(as required). 


. Find the greatest common divisor (gcd) of the following polynomials (where n € Z): 


(a) Pi(n) = n* —10n? + 22n?-10n+21 Py(n) =n? + 5n? — 73n — 77. 


(b) Py(n) =n? — 3n— 10 Po(n) = 2n? —n +6 P3(n) = n? — 22n + 85. 
Solution: 
(a) If we factorize these polynomials we get: 


Pi(n) = (n—7)(n? + 1)(n — 8) Px(n) = (n — 7)(n + 1)(n + 11) 


So, the gcd of these polynomials is (n — 7). 

(b) P2(n) does not factorize and hence it cannot have a common factor with P,(n) and P3(n). Therefore, 
the gcd of these polynomials is 1. 

Are the following propositions correct: 

(a) If ged(m,n) = 1 and m =n then gcd(n, k) = 1. 

(b) If gcd(m,k) =1 and m= n then ged(n, k) =1. 

Solution: 

(a) This is correct and can be proved by various ways. In the following we prove it by using contradiction 
(which is the easiest way). 

So, let us assume that g = gcd(n,k) > 1 and hence n = gv and k = gx and thus (from m 4 n) we 
have m = sk +n = g(sk+v) which means that g|m and hence g is a common factor of m and n which 
contradicts the condition that gcd(m,n) = 1. So, we must have gcd(n, k) = 1. 

(b) This is correct and can be proved by various ways. In the following we prove it by using contradiction 
(which is the easiest way). 
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So, let us assume that g = gcd(n,k) > 1 and hence n = gv and k = gx and thus (from m x n) we 
have m = sk +n = g(sk+v) which means that g|m and hence g is a common factor of m and k which 
contradicts the condition that gcd(m,k) = 1. So, we must have gcd(n,k) = 1. 


. Find gced(n,n + 2) for alln € N. 


Solution: For even n (say n = 2m where m € N) we have: 
gcd(n,n + 2) = ged(2m, 2m + 2) = 2gcd(m,m+4 1) = 2 


where the last step is because m and m+ 1 are coprime. 
For odd n we have (see the rules of gcd in the preamble of § 2.4 of V1): 


gcd(n,n + 2) = ged(2m + 1,2m + 3) = gced(2m + 1, [2m + 3] — [2m +4 1]) = ged(2m + 1,2) =1 


where the last step is because 2m + 1 is odd and hence it is coprime to 2. 
So in brief, two natural numbers which differ by 2 are either coprime (i.e. when they are odd) or their 
greatest common divisor is 2 (i.e. when they are even). 


. Let a,b,c,d € Z. Show that if ab+ cd = 1 then a is coprime to both c and d (and similarly b is coprime 


to both c and d). 
Solution: If a is not coprime to one of them (say a is not coprime to c) then they must have a common 
factor g > 1 and hence if a = ga and c = gy (a,y7 € Z) then we have: 

ab+cd=1 > g(ab+ yd) =1 
Now, (ab + 7d) is an integer which is cither 0 [and hence g(ab + yd) = 0 ¥ 1] or not 0 [and hence 
|g(ab + yd)| > 1]. So, these contradictory results (which are based on the assumption that a and c are 
not coprime) should imply that a and c must be coprime. By the same argument, a and d must also 
be coprime (and this similarly applies to b with regard to c and d). 
Show that the following fractions are irreducible for all m € N: 


3m —1 9m+1 
5m — 2 6m+1 


Solution: For a fraction to be irreducible, the gcd of its numerator and denominator must be 1. Now, 
from Bezout theorem we have: 


gcd(3m— 1, 5m—2) = 5(3m—1)—3(5m—2) = 1 gcd(9m4+1,6m+1) = —2(9m+1)+3(6m+1) = 1 
Thus, these fractions are irreducible. 

. Find the gcd and lcm of the following numbers: 
(a) m = 3% +1 and n = 37 +1. (b) m = 539° + 1 and n = 125199 + 1. 


Solution: 
(a) If = 3!° then m = 279 +1 and n = 27 +1. The ged of x79 +1 and «7 +1 is «+1. Hence, 
gcd(m,n) = 31° + 1 = 59050. 
Regarding the lem, we have mn = gcd(m,n) x lem(m,n) and hence: 
mn (3290 + 1)(379 +1) 


lem(m,n) = = ae arat = 9827... 4650 


which is a 167-digit integer. 
(b) If 2 = 5'° then m = 293 +1 and n = 2°99 +1. The gcd of 2°32 + 1 and x*° +1 is a3 +1. Hence, 
gcd(m,n) = 5°9 + 1 = 931322574615478515626. 
Regarding the lcm, we have: 
mn (599 + 1)(125189 + 1) 


| = a = 1946...5626 
cnn) gced(m, n) 530 4 1 


which is a 483-digit integer. 
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Show that if m,n, k are integers (which are not all zero) then there are s,t,u € Z such that gced(m, n, k) = 
sm +tn+ uk. 

Solution: We note first that in the following we use the rules of gcd which we stated in § 2.4 of V1 
without detailed reference to these rules because of their obviousness. 

If (exactly) two of m,n, k are 0 (say n = k = 0) then we have gcd(m, 0,0) = ged(m, 0) = (+1)m+t0+u0 
(where plus for m > 0 and minus for m < 0). 

If (exactly) one of m,n, k is 0 (say k = 0) then we have gcd(m,n,0) = gcd(m,n) = sm+ tn + u0. 

If none of m,n,k is 0 then we have: 


gcd(m,n,k) = ged [m, ged(n, k)] = sm + aged(n,k) = sm +a(Bn+ yk) = sm+tn+uk 


where t = af and u= ay. 

Note: the above (induction-like) argument can be easily extended to the gcd of any number of integers 
(which are not all zero). 

Express gcd(275, 1430, 374) as a linear combination of 275, 1430, 374. 

Solution: The procedure (or “algorithm”) for doing this can be easily inferred from the argument of 
Problem 9, that is: 


gcd(275, 1430,374) = ged [275, gcd(1430,374)] = ged [275,22] = (1)275 + (—12)22 
(1)275 + (—12) gcd(1430, 374) = (1)275 + (—12)[(—6)1430 + (23)374)] 
(1)275 + (72)1430 + (—276)374 


I 


Express gcd(60, 105, 70,385) as a linear combination of 60, 105, 70, 385. 
Solution: The procedure (or “algorithm”) for doing this can be easily inferred from the argument of 
Problem 9, that is: 


gcd(60, 105, 70,385) = gcd | gcd(60, 105), gcd(70, 385)] = ged [15,35] = (—2)15 + (1)35 
= (2) gcd(60, eu cte a 385) 
(—2) |(2)60 + (—1)105] + (1)[(—5)70 + (1)385] 
= By eae 5)70 + (1)385 


Show that if m =n then gcd(m, k) = ged(n, k). 
Solution: m =n means m =n + bk (where b € Z) and hence gcd(m, k) = gcd(n + bk, k). Now, if k is 
a factor of n then we have: 
gcd(m, k) = gcd(n + bk, k) = kgcd(v +b, 1) = k = ged(n,k) (n = kv) 

On the other hand, if k& is not a factor of n then let g = gcd(n,k) and hence we have: 

gcd(m, k) = ged(n + bk, k) = g gcd(n’ + bk’, k’) = g = gcd(n, k) (n= on, b= gk’) 
where the third step is justified by the fact that n’ and k’ are coprime and hence gcd(n’ + bk’, k’) = 1. 
So, in both cases we have gcd(m, k) = gcd(n, k). 
Let m,n be coprime integers. Find the following: 
(a) gcd(2m + n, 3m + 5n). (b) gcd(7m + 3n, 3m + 4n). 
Solution: 
(a) Let S = 5(2m +n) — (8m + 5n) = 7m and D = 2(3m + 5n) — 3(2m 4+ n) = 7n. Now, if d is any 
common factor of (2m +n) and (3m+5n) then d should divide both $ and D |i.e. d|(7m) and d|(7n)] 
and hence d should divide their gcd [i.e. d| ged(7m,7n); see Problem 10 of § 2.4 of V1]. Now: 


gcd(7m, 7n) = 7 gcd(m,n) = 7 


where the second step is because m and n are coprime. Accordingly, d|7 which means that d is either 
1 or £7 and hence gcd(2m + n,3m + 5n) = 1 or gcd(2m + n, 3m + 5n) = 7. 
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(b) Let S = 4(7m + 3n) — 3(8m + 4n) = 19m and D = 7(3m +4 4n) — 3(7m + 3n) = 19n. Now, if d is 
any common factor of (7m + 3n) and (3m + 4n) then d should divide both $ and D [i.e. d|(19m) and 
d\(19n)] and hence d should divide their gcd, i.e. dj gced(19m, 19n). Now: 


gcd(19m, 19n) = 19 gcd(m, n) = 19 


Accordingly, d|19 which means that d is either +1 or +19 and hence ged(7m + 3n,3m + 4n) = 1 or 
gcd(7m + 3n,3m + 4n) = 19. 

Propose an “efficient algorithm” for computing the gcd of a large number of (distinct) positive integers 
greater than 1,/5% 

Solution: This “algorithm” is outlined in the following points: 

e Take the smallest of these numbers (noting that the gcd cannot exceed in magnitude its operands). 
e If anyone of the remaining numbers is prime then the gcd is 1 (because the smallest cannot be divisible 
by the prime which is divisible only by itself and 1). 

e If the smallest is prime (and none of the remaining numbers is prime) then order the remaining 
numbers increasingly and start dividing the remaining numbers by the smallest. If anyone of the 
remaining numbers is not divisible by the smallest then the gcd is 1; otherwise the gcd is the smallest. 
e If the smallest is composite (and none of the remaining numbers is prime) then: 

Order the remaining numbers increasingly and calculate the gcd of the smallest with the second smallest 
(say gcd,). 

Calculate the gcd of the third smallest with the gcd, and hence find their gcd (say gcd,). 

Continue this process li-e. calculating the ged of the (n +2)” smallest with the gcd,, to obtain gcd,, see 
until you get a gcd that is equal to 1 (and hence the gcd of the given numbers is 1) or you reach the 
last remaining numbers (and hence the gcd of the given numbers is the last obtained gcd). 

Find the gcd of the following integers using the “algorithm” of Problem 14: 

(a) 2135, 1152, 5531, 789, 7105, 3329, 1287, 105, 69917, 7709, 11679, 33219, 4727, 2752. 

(b) 1261, 679, 8536, 5917, 97, 2910, 388, 1843, 2619, 9797, 5238. 

Solution: 

(a) The smallest of these numbers is 105 which is composite. On testing the remaining numbers one by 
one (say in their increasing order to simplify the process) we find that 3329 is prime. Hence, the ged of 
these numbers is 1. 

(b) The smallest of these numbers is 97 which is prime. On inspecting the remaining numbers one by 
one we find that they are all divisible by 97. Hence, the gcd of these numbers is 97. 

Find the lcm of the following integers: 


7907, 178, 2315, 443, 6682, 2971, 55349, 16728, 1291, 5681, 22100, 3607, 5641, 19996 


Solution: The following numbers are prime: 7907, 443, 2971, 1291, 3607, 5641. The prime-factorizations 
of the remaining numbers are: 


178 = 2 x 89 2315 = 5 x 463 6682 = 2 x 13 x 257 59349 = 7 x 7907 


16728 = 23x 3x 17x 41 5681 = 13 x 19 x 23 22100 = 2? x 5? x 13 x 17 19996 = 2? x 4999 
So, the lem of these numbers is: 


7907 x 443 x 2971 x 1291 x 3607 x 5641 x 2? x 3x5? 7x 13x 17x 19 x 23 x 41 x 89 x 257 x 463 x 4999 = 


2406803955976581 70044361592 180236529515800 
Find the gcd of all the elements of the following sets (where x € Z): 


(a) {27 — x}. (b) {x1 — x}. 


[89] Tf one of the numbers is 0 then we simply ignore it (noting that the gcd of the rest is the same as the gcd of the numbers 


including 0). If one of the numbers is 1 then the gcd of the numbers is 1. If the numbers include negatives then we 
take their absolute value (noting that the gcd is not affected by sign). We note that “efficient algorithm” is because 
the traditional methods for calculating the gcd of a large number of integers are not efficient especially when the given 
numbers are large in magnitude. 


13. GCD AND LCM 144 


18. 


Solution: 
(a) According to Problem 3 of § 8.2, any prime number that divides (2” — x) for all x € Z must be 
less than or equal to 7. So, the ged of {a” — x} can contain only the following primes: p = 2,3, 5,7. 
On testing these primes on the congruence «7 = « we find that only p = 2,3,7 satisfy this congruence 
identically (i.e. for all 2 € Z). So, the prime factors of the gcd of the elements of {x? — x} are only 
2,3,7. Moreover, p? (and hence any higher natural power of p) of these primes does not divide x” — x 
identically because: 
2 2 2 
o7_22 9 37-326 77-7249 

So, the ged of the elements of the set {x’ — x} for alla € Zis2x 3x 7= 42. 
(b) As in part (a), any prime number that divides (at! — x) for all x € Z must be less than or equal to 
11. So, the ged of {x! — x} can contain only the following primes: p = 2,3,5,7,11. On testing these 
primes on the congruence x!! = a we find that only p = 2,3, 11 satisfy this congruence identically (i.e. 
for all x € Z). So, the prime factors of the gcd of the elements of {x!! — x} are only 2,3, 11. Moreover, 
p” (and hence any higher natural power of p) of these primes does not divide x! — x identically because: 

gil_9% 9 33 £6 neil 
So, the gcd of the elements of the set {a'! — x} for all z € Zis 2x 3x 11 = 66. 
Find the gcd of 17!+ 17 and 18! 4+ 17. 
Solution: No prime < 17 can divide 17!+17 because such a prime divides 17! but not 17. So, no prime 
< 17 can be a factor in the gcd of 17!+ 17 and 18! 4 17. 
Also, no prime > 17 can divide both 17!4+ 17 and 18!+ 17 because if such a prime can divide both then 
it should divide their difference, that is: 

(18! + 17) — (17! + 17) = 18! — 17! = 17!(18 — 1) = 17! x 17 

As we see, any prime > 17 can divide neither 17! nor 17 and hence it cannot divide their product. This 
implies that no prime > 17 can divide both 17! +17 and 18!+ 17. So, no prime > 17 can be a factor 
in the gcd of 17! +17 and 18! + 17. 
Thus, the only possible prime that can divide both 17! + 17 and 18!+ 17 (and hence it can be a factor 
in their gcd) is 17. So, the gcd of 17!+ 17 and 18!+ 17 must be a natural power of 17. Now if we try 
17? and 17° we find that only 17? divides both 17! +17 and 18! +17. Hence, we conclude that the gcd 
of 17!+ 17 and 18! + 17 is 177 = 289. 


110 


Chapter 14 
Last Digits 


1. Find the last 6 digits of the following (where n € N): 


(a) 3412378234699945612 x 7562988712348990246. (b) 999999”. 
(c) 1001”. (d) 1978°. 
Solution: 


(a) The last 6 digits of this product are determined by the product of the last ~ 6 digits of the 
multiplicands (noting that the higher rank digits of the multiplicands contribute only to the higher 
rank digits of the product). Accordingly: 


45612 x 90246 = 4116300552 
945612 x 990246 = 936388500552 
9945612 x 8990246 = 89413498500552 


As we see, the last 6 digits of the product do not change in the last two equalities (where we take the 
last 6 and 7 digits only) and hence the last 6 digits of the given product are 500552. 

(b) The last 6 digits x are given by x 10” 999999” which is equivalent to x a (—1)". Now, for n odd 
we have « 2 (—1)" =—1 © 999999 while for n even we have x (-1)" =1 © 000001. So, the last 
6 digits of 999999” are 999999 for odd n and 000001 for even n. 

(c) We have: 


10017 = (1000+1)” 
= 1+C?1000' + C#1000? + --- 
10° 
= 1+4n1000 


where line 2 is justified by the binomial theorem (see Eq. 13 in V1), and line 3 is because all the 
(C21000? + ---) terms have a factor of 10°. Now, if n = ---dzdidp (where the d’s stand for digits and 
where --- dd; could be totally or partially 0) then the last 6 digits 2 of 1001” are: 


x = 1+ dod d 9000 = dod;d,)001 


For example, for n = 6,84, 892, 4574 we have x = 006001, 084001, 892001, 574001. 
(d) 19° = 2476099 and hence: 


19780 = (19°)46 = (2476000 + 99)*° 
= C46 2476000° x 994° + C* 2476000! x 994° + --- 
= 99° + 46 x 2476000 x 994° + --- 


= 99*° + 46 x 2476000 x 994° 

= (99+ 46 x 2476000) 994° 

= 113896099 x 99*° 

= 113896099 (100 — 1)*° 

= 113896099 [C3° 100°(—1)*° + C7}? 1001 (—1)*4 + C3? 100?(-1)* + ---] 
= 113896099 [—1 + 4500 — 9900000 + -- «| 
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10" 113896099 x (—9895501) 


BR 


06 
= 449401 


So, the last 6 digits of 197° are 449401. 


. Find the last 3 digits of the following: 


(a) 200320027", (b) 30137" 

Solution: We note first that if m ue) n then s™ % 5” (where & and s are coprime; see rule 12 of § 2.7 
of V1). 

(a) ¢(1000) = 400 and 2002 “? 2 and hence: 

29022001 °C 7, 99022001 4 », + 22001 7, + 2x (27580 My, 5 
2 x 3280 2 n + 2x 2400 2 + 2x (275)16 Py 2x 326 Pn 
2x 280 Dy, + 8 x 975 Dy > 28 x (275)3 Pn + 2% x32 Pn 
n © 352 + 20922001 92°) 355 

Now, if we use the fact that if m 8) 5 then s™ £ 5” then we get 20032002°°" 12° 9993352 and hence 


(noting that 2003 ‘2° 3): 


3200200" 2000 3352 _ (g25)14 x 32 TL gagl4 x 3? — (4434)3 x 443? x 3? 12° 13 x 443? x 3? = 1766241 


92001 


So, the last 3 digits of 20032°° are 241. 
(b) Let a = 63*°. Noting that (400) = 160 we have: 


635 2 q an (634)!! x 63 2a a3 1 x 63’ 2a > 63 2a = 
63 gs 768 109 70 _ 3763%° 

Now, let b = 37%". Noting that ¢(1000) = 400 we have: 

3763 DP 3763", 3763 Dp > — (378)10 x 373 Wa + 96%x373M, | 
253 2p + 253%), _, 391258 192° 3910 — 39137" 

Hence: 


1000 13 1000 


45 
30137 301253 = (30119)? x 30 125 x 3013 = 27270901 


45 
So, the last 3 digits of 3013” are 901. 
Note: in the following we re-solve part (b) using a simpler (but less general) method: 
It is easy to verify that: 


301" —12.3.4.5,6,7,8,9,10 1229 391 691 901, 201, 501, 801, 101, 401, 701, 001 


Also, it is relatively easy to verify that 3763" 2 3.199 Hence, Bgise 10 gaia ae 901, i.e. the last 
45 

3 digits of 30137" are 901 (as before). 

Find all n € N such that: 

(a) 197” ends in 677. (b) 831” ends in 7841. (c) 936” ends in 68754. 


90] For example, 6345 — 3 4 (-1)-3=-4 4 0 and hence 6345 — 3 = 4k (k EN). Therefore: 


37634° 10 (—3)63° = (—3)63*°-3( 3)3 = ( 3)4*( 3)3 = [( alg ( 3)3 10 1*( 3)8 = _27 10 3 
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Solution: 
(a) On inspecting the low values of n we find that the lowest n such that 197” *2®° 677 is n = 73, while 
the lowest n such that 197” '2° 1 is n = 100.9! Hence: 


k 1000 


1977341008 — 19773 x 197109% — 19773 x (19710) 197 x 1* = 1977 °2° 677 


i.e. 197” ends in 677 for all n = 73 + 100K where k € N®. 


(b) On inspecting the low values of n we find that the lowest n such that 831” 100° 7841 is n = 8, 
while the lowest n such that 831" ‘2° 1 is n = 250.192] Hence: 
83184250 — g318 x g31250k — 9318 x (g31250)" 120 ga18 x 1 — 9318 120 7g41 


i.e. 831” ends in 7841 for all n = 8 + 250k where k € N°. 
(c) 936” cannot end in 68754 because all natural powers of integers ending in 6 end in 6 (see rule 17 of 
§ 1.8 of V1). 
4. Show that the last digit of n™ is the same as the last digit of d?” (where n € N°, m € N and dp is the 
last digit of n). 
Solution: Let n = dy ...dgdido (where dx,...,d2,di,do are digits). We have (see Eq. 14 in V1): 
n= (dj, ...dgdido)™ = (di x 10* +...4+d. x 10? +d, x 101 + dy)” 2 do 
i.e. the last digit of n™ is the same as the last digit of dg’. 
5. Show that the last digit of n° is the same as the last digit of n (where n € N°). 
Solution: Let n = d;...dgd,do (where dz,...,d2,d1,dp are digits). We have: 


0° =0 p=1 2° = 32 3° = 243 4° = 1024 
5° = 3125 6° = 7776 7° = 16807 8° = 32768 9° = 59049 
ie. for n =0,1,...,9 we have n° = d} 2 do. Regarding n > 9 we have (see Eq. 14 in V1):!931 


ee ee 


n° = (dy... dgdido)” = (dy x 10 +... + dz x 10? +d; x 10! + do) 
ie. the last digit of n° is the same as the last digit of n for all n € N°. 
6. Show that no perfect square ends in 2, 3, 7, 8. 
Solution: This is a consequence of the result of Problem 4 noting that the squares of 0, 1, 2, 3, 4, 5, 
6, 7, 8, 9 are: 0, 1, 4, 9, 16, 25, 36, 49, 64, 81. 
7. Find the last digit of the quadratic expression 5n? — 3n + 17 for all n € Z. 
Solution: Let f(n) = 5n? — 3n +17. Now, we have: 


f(n 1,2,3,4,5) Wg 4, SB 


i.e. the last digit of the given expression for n = 1+ 5k,2+5k,3+5k,4+ 5k,5 + 5k (where k € Z) is 
9,1,3,5,7 (respectively). 

8. Find the last two digits of the factorial expression 7n! + 237 for all n € N°. 
Solution: By inspection, the last two digits of the expression for n = 0,1, 2,3,4,5,6,7,8,9 is 44, 44, 
51, 79, 05, 77, 77, 17, 77, 97. 
Regarding n > 10, the number of trailing zeros in n! (and hence in 7n!) is not less than two (see Eq. 
84 in V1) and hence the last two digits of the sum 7n! + 237 is the same as the last two digits of 237 
(i.e. 37). So, the last two digits of the given expression is 37 for all n > 10. 


191] This inspection can be done by writing a simple code using modular arithmetic where exponentiation is done by repet- 
itive multiplication in which only the last few digits of the product are taken in each stage. The reader can use the 
LastDigitl.cpp code (which is in the “Codes” directory) for this inspection. 

[92] Again, the reader can use the LastDigit1.cpp code for this inspection. 

193] In fact, we can use the result of Problem 4 directly. However, we prefer this for clarity and demonstration. 
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Find the last digit of the exponential expression 699999993” + 1 for alln EN. 
Solution: We have: 
699999993” + 1 = (11111111" x 9” x 7”) +1 


Now: 
11111111” always terminates in 1 and hence it has no cycle (i.e. its period is 1). 
9” has a cycle of 2, i.e. it terminates in 9 for odd n and in 1 for even n. 
7” has a cycle of 4, ie. it terminates in 7,9,3,1 corresponding to n = 1+ 4k,2 + 4k,3 + 4k,4+ 4k 
(where k € N°). 
So, 699999993” + 1 has a cycle of 4, i.e. it terminates in 4,0,8,2 corresponding to n = 1+ 4k,2+4k,3+ 
4k, 4+ 4k. 
Find the last digit of the expression | 244 |” + 3 [2 +2] for all a € Z. 
Solution: In Problem 5 of § 12 it was shown that this expression is always even and hence the last 
digit can only be 0,2,4,6,8. Moreover, this expression is equal to: 
k? + 3k + 6 when z is even and k? + 5k + 10 when z is odd 


Now, if we try k?+3k+6 x 0,2,4,6,8 we find that this congruence has solutions only for 0, 4,6. Sim- 


ilarly, if we try k? ++5k+10 » 0,2,4,6,8 we find that this congruence has solutions only for 0,4, 6. So, 
the last digit of this expression can only be 0,4,6. Further inspection should reveal that the last digit 


of this expression is 0,0, 6,6, 4,4, 4,4, 6,6 corresponding to x x 1, 2,3, 4, 5,6, 7, 8,9, 10. 


Chapter 15 
Divisibility 


1. Find all natural numbers of the form abab which are divisible by 9 (where a,b are digits). 
Solution: We have abab = 101 x ab. Now, 101 is not divisible by 9 and hence if abab is divisible by 9 
then ab must be divisible by 9, i.e. a+ 6 must be divisible by 9. So, we have only the following eleven 
possibilities: ab = 09, 18, 27, 36, 45, 54, 63, 72, 81, 90, 99. 

2. Show that for any n € Z, 7|(n — 1) iff 343|(n? — 3n? — 46n + 48). 
Solution: We note first that n3 — 3n? — 46n + 48 = (n — 8)(n — 1)(n +6) and 343 = 7%. Moreover, 
n—-8i£n—-1£n+6. Now: 
e If 7|(n — 1) then 7|(n — 8) and 7|(n + 6) (noting that n — 8 in-1in4 6) and hence 7? divides 
their product which is (n° — 3n? — 46n + 48), i.e. 343](n3 — 3n? — 46n + 48). 
e If 343|(n3 — 3n? — 46n + 48) then 7 must divide each one of its three factors and hence 7 must divide 
(n —1), ie. 7|\(a—1).941 

3. Show that for any n € Z, 5|(n® — 3n? + 2n) iff 5/(n? — 7n + 12) and vice versa. 
Solution: We have: 
en? — 3n?2 + 2n = n(n — 1)(n — 2) and hence it is obvious that the solutions of n3 — 3n? + 2n = 0 are 
n= 0,1, 2. 


en? — 7+ 12 = (n—3)(n — 4) and hence it is obvious that the solutions of n? — 7n + 12 = 0 are 


n= 3,4. 


So, the residue classes (mod 5) are partitioned (as solutions) between n3—3n2+2n = 0 and n2—7n+12 2 
0 and hence what solves one of these congruences does not solve the other congruence and vice versa, 
ie. 5|(n3 — 3n? + 2n) iff 5/(n? — 7n + 12) and vice versa. 

Show that for any N 5 n > 2 there are x,y,z € N (where x 4 y # z and n? < x,y,z < n°) such that 
z\(a? - y?). 

Solution: For example, x = n? +2, y=n? +1 and z = 2n? + 3 meet these conditions because: 


> 


a? — y? = (n? +2)" — (n? +:1)* =2n? +3=2 


and hence z|(x? — y”). 
. Find all x, y € Z such that: 


(a) (a? + y”)/(@ + y) is an integer multiple of 31. (b) (a? + y?)/(a + y) is a divisor of 35. 


Or 


(c) (x? + y?)/(a — y) is a divisor of 21. 
Solution: 
(a) x = y = 0 is not a possibility (assuming 0/0 is not defined) and hence in the following we assume 
at least one of x,y #4 0. Moreover, « + y # 0 (to avoid singularity) and hence y 4 —x. Now, since 
(2? + y?)/(x + y) is an integer multiple of 31 we must have (where k € Z): 

a? + y? a? + y? 

ear = 31k > a =k(a+y) 


ie. 31|(x? + y?). This implies that x? + y? = 0 whose only solution is (a, y) = (0,0). Accordingly, the 
solutions of this Problem are: (x,y) = (31s,31t) where s,t € Zand s+t #0. 


[94] To be more clear we may say: if 343|(n3 — 3n? — 46n + 48) then 7 must divide one of the three factors of the polynomial 


(noting that 343 = 7°) and hence 7 must divide all the three factors of the polynomial (noting that n—8 in-14 n+6), 
i.e. 7|(n — 1). 
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(b) Again, x + y 4 0. Let a symbolize a divisor of 35, i.e. a = +1,+5,+7,+35. Hence, we must have 
2 
27 — a, that is: 


aty 
x? —ar+y? —ay=0 > Ax? — daw + 4y? — day = 0 > 
4x? — daz + a? + 4y? — 4ay + a? = 2a? _ (2a — a)? + (2y — a)? = 2a? > 
KAY = 20" 


Now, we have four cases to consider: 
e a = +1 and hence X? + Y? = 2. Now, the only possibility for 2 to be the sum of two squares is 
(X,Y) = (+1, +1) and hence the solutions (x,y) are (noting that « = y = 0 is not a possibility): 


e a= +5 and hence X? + Y? = 50. Now, the only possibilities for 50 to be the sum of two squares are 
(X,Y) = (£1, +7), (£5,+5), (£7,+1) and hence the solutions (x, y) are (noting that z = y = 0 is not 
a possibility): 


(2,—1) (2,6) (3, -1) (3, 6) (—3, —6) (—3, 1) (—2, —6) (—2, 1) 
(0, 5) (5, 0) (5, 5) (—5, —5) (—5, 0) (0, -5) 

(—1, 2) (6, 2) (—1,3) (6,3) (—6, —3) (1, -3) (—6, —2) (1, —2) 
e a = +7 and hence X? + Y? = 98. Now, the only possibility for 98 to be the sum of two squares is 


(X, Y) = (+7 
(0, 7) (7,0) (7, 7) (—7, —7) (—7, 0) (0, —7) 


e a = +35 and hence X?+ Y? = 2450. Now, the only possibilities for 2450 to be the sum of two squares 
are (X,Y) = (£7, +49), (£35, +35), (£49, +7) and hence the solutions (x, y) are (noting that x = y = 0 
is not a possibility): 


7) and hence the solutions (x, y) are (noting that z = y = 0 is not a possibility): 


(14,-7) (14,42) (21,-7) —(21, 42) (221,49). (21,7) (14,240) (14,7) 
(0, 35) (35, 0) (35, 35) (—35, —35) (—35, 0) (0, —35) 

(-7,14) (42,14) (-7,21) ~—(42, 21) (40,201), Zu). eed: Ga 
So in brief, we have 56 solutions. 

(c) As before, we assume x — y #4 0. Now, the divisors of 21 are a = +1,+3,+7,+21 and hence if we 


follow a similar approach to that of part (b) then we get: 


e a = —21 leads to the solutions: (%, y) = (—21,0), (—21, 21), (0,21). 
e a = —7 leads to the solutions: (x,y) = (—7,0), (—7,7), (0,7). 

e a = —3 leads to the solutions: (x, y) = (—3,0), (—3,3), (0,3). 

e a = —1 leads to the solutions: (x,y) = (—1,0), (—1,1), (0,1). 

e a =1 leads to the solutions: (x,y) = (0,—1), (1,—1), (1,0). 

e a =3 leads to the solutions: (x,y) = (0,—3), (3, —3), (3,0). 

e a =7 leads to the solutions: (x,y) = (0,—7), (7,—7), (7,0) 


e a = 21 leads to the solutions: (x,y) = (0, -21), (21, —21), (21,0). 
So, these 24 pairs are all the solutions of this problem. 


. Find all x,y, z € Z such that: 


(a) xy|(x* + y’). (b) ry2|(a* + y*). 
Solution: 
(a) It is obvious that ry 4 0. If xy|(x? + y?) then we have: 


x+y? sz 


k = “44 =k (k €Z) 
xy y «& 
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In Problem 4 of § 4.1.10 of V1 we proved that if x, y,k € Z (ay 4 0) then at % — k has no solution 
except when y = +2 (and hence k = +2). So, xy|(x?+y?) when (x, y) = (s, —s) and when (2, y) = (s,s) 
where Z35 540. 

(b) We note that ryz|(x?+y”) implies z ( 
and hence z = +1,+2. Therefore, the solutions are (where Z 3 s # 0): 

(x,y, 2) = ts gyee 1) (x,y, 2) = (s, —8, £2) (x, y, 2) = (8, 8,£1) (x,y, Z) = G3. ) 
Show that 66](n?! — n) for all n € Z. 
Solution: n?! — n is always even and hence 2|(n?! — n). Also, by Fermat’s little theorem we have: 


). Now, from the answer of part (a) we have oe = +2 


x+y? 
xy x 


nt —n = (n3)' —n =n? —n=n(n3)? —n2nn?—-n=n?-nin-n=0 


ie. 3|(n?1 — n). Finally, by Fermat’s little theorem we have: 
nt —n=n! (nt)? nnn? —n=n-—n=0 
ie. 11](n?1 — n). 


So, (n?4 — n) is divisible by 2, 3 and 11 for all n € Z and hence it is divisible by their product (noting 
that they are pairwise coprime) for all n € Z, i.e. 66|(n?! — n) for all n € Z. 


. Find all x,y, z € N such that: 


(a) ry2| [(@+ (y+ 1)(z+1))]. (b) [(@ — 1)(y — 1)(z-1)] |nyz. 

(ce) [(@- 1)(y—-1)(z - 1] |(@yz - 2). (d) [(@ + 1)(y +1) + 1] |(@yz - 1). 

Solution: 

(a) Let: 

ee (x+1)(y+1)(z+1) _ tyztaytaztyztatytztl =F re | 1 | 1 | 1 dt 1 1 1 
LYz LYz ZY L Ye wz xy xyz 


It should be obvious that the maximum value of A is 8, i.e. when x = y = z = 1 and hence all the 
8 terms are equal to 1 (because otherwise some of the terms will be less than 1). So, we need only to 
consider A = 1,2,...,8. However, let first assume that x < y < z. 

e A=1: this is impossible because the numerator of A is greater than its denominator for any 
x,y,z € N (or alternatively the sum of the last seven terms of A cannot be zero). 

e A= 2: x must be 2 or 3 because if x = 1 then A > 2 while if x > 4 then A < 2. 

If x = 2 then we must have 4 < y < 6 because otherwise A > 2 or A < 2. Now, if x = 2 and y = 4 then 
we have only one possibility for z (ie. z = 15), and if « = 2 and y = 5 then we have only one possibility 
for z (ie. z = 9), while if x = 2 and y = 6 then we have only one possibility for z (i.e. z = 7). 

If c = 3 then we must have 3 < y < 4 because otherwise A < 2. Now, if x = 3 and y = 3 then we have 
only one possibility for z (i.e. z = 8), while if « = 3 and y = 4 then we have only one possibility for z 
(ie. z = 5). 

So, only (x,y, z) = (2,4, 15), (2,5,9), (2,6, 7), (3,3,8), (3,4,5) make A = 2. 

e A=83: x must be 1 or 2 because otherwise A < 3. 

If z = 1 then we must have 3 < y < 4 because otherwise A > 3 or A < 3. Now, ifx=1andy=83 
then we have only one possibility for z (i.e. z = 8), while if 2 = 1 and y = 4 then we have only one 
possibility for z (i.e. z = 5). 

If x = 2 then we must have y = 2 because otherwise A < 3. Hence, we have only one possibility for z 
(i.e. z = 3). 

So, only (x,y, z) = (1,3,8), (1,4,5), (2,2,3) make A = 3. 

e A= 4: x must be 1 because otherwise A < 4. Accordingly, y must be 2 because if y = 1 then A > 4 
while if y > 3 then A < 4. Now, if « = 1 and y = 2 then we have only one possibility for z, i.e. z = 3. 
So, only (x,y, z) = (1, 2,3) makes A = 4. 

e A= 5: x must be 1 because otherwise A < 5. Similarly, y must be 1 because otherwise A < 5. Now, 
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if « = y = 1 then we have only one possibility for z, ie. z = 4. So, only (2,y,z) = (1,1,4) makes 
A=5. 
e A=6: x must be | because otherwise A < 6. Similarly, y must be 1 because otherwise A < 6. Now, 
if « = y = 1 then we have only one possibility for z, ie. z = 2. So, only (a,y,z) = (1,1,2) makes 
A=6. 
e A=7: as before, we must have x = y = 1 because otherwise A < 7. Now, if c = y = 1 then we 


must have: heat ; ‘ 
an 2tYEtYE+)) _ (2+1)_, es ee 
Lx xe z 


which has no integer solution. So, we have no solution for A = 7. 

e A = 8: as before, we must have x = y = 1 because otherwise A < 8. Now, if x = y = 1 then we have 
only one possibility for z, ie. z = 1. So, only (a, y, z) = (1,1,1) makes A = 8. 

So far we were assuming x < y < z. Now, if we lift this condition (noting the symmetry in x, y, z) by 
permuting x, y, z (and hence permuting the above 12 solutions) then we get in total 55 solutions to the 
given divisibility statement. 

(b) To avoid singularity we must have x £ 1, y# 1 and z #1. So, in the following we assume z, y, z > 1. 
Now, if X =x-1, Y =y—1and Z = z—1 then we have: 


XYZ|[(X +1)(¥ +1)(Z+D)] (X,Y, Z €N) 


So, this problem is the same as the problem of part (a) with X,Y,Z replacing x,y,z. Accordingly, we 
must have the same solutions for X,Y,Z as the solutions for x,y,z in part (a). The final solutions 
(x,y,z) will be obtained by the transformation: (x,y,z) = (X +1,Y +1,Z+4 1). So in brief, the 
main 12 solutions are: (x,y, z) = (2, 2,2), (2, 2,3), (2,2,5), (2,3,4), (2,4,9), (2,5, 6), (3,3, 4), (3,5, 16), 
(3,6, 10), (3,7,8), (4,4,9), (4,5,6), while the final 55 solutions are obtained by permuting these 12 
solutions. 

(c) To avoid singularity we must have x,y,z > 1. So, let: 


- ryz—1 
~ @-YY-YE-V 


The maximum value of A is 7, i.e. when x = y = z = 2. Following a similar analysis to the analysis 
of part (a) we find that the only solutions are: (x,y, z) = (2,2,2), (2,2,4), (2,4,8), (3,5,15) and their 
permutations. So in total, we have 16 solutions. 

(d) Let: 


“2 ryz—1 = ryz—1 
~  (@+1y(y+1(z4+1) syztaeytaztyztatytzt1 


zyz—1 


(cyz—1)+ (ay +azt+yz+u+yt24+2) 


It is obvious that 0 < A < 1. So, the only integer value of A is 0 which occurs when x = y = z = 1. 
Therefore, the only solution is: (a, y,z) = (1,1,1). 


. Show that 12|(2”+? + 5”*3 — 9) for all n € N°. 


Solution: 12|(2"+? + 5°+3 — 9) is equivalent to 2"+? + 5"+3 2 9, Now, for even n we have 2”+? 2 4 
and 5"+3 2 5, while for odd n we have 2+? = 8 and 5"+3 21. Hence, the congruence 2"+? +5"+3 2 9 
is always true, ie. 12|(2"t? + 5”"*3 — 9) for all n € N°. 
Show that if m3|n? then m|n (where m,n € N). 
Solution: If the (non-standard) prime factorization of m and n are m = p{'ps5?...py* and n = 
pep)? 24 pee then we have: 
2by 2b 2b 
n? _ Py Pa +++ Dy * 2b; —3a1 , 2b2—3a2 2b, —3aK 
P2 ++ +Dr 


3 | 3a1, 3a Ba, Fl 
mM Py Pa” +++ Py 


15 DIVISIBILITY 153 


Now, since m3|n? then we must have p??'~°* > 1 for all i =1,2,...,k. Hence: 
per ei a Pet > pi ai 2b; 2 3a; as 
1702 pk 
me i hoes bee 
ce or ea 
where pine > 1 for all i = 1,2,...,k (because b; > a;). This means that n/m is an integer and hence 
mn. 
We may also argue (more simply) that if m°|n? then (where k € N): 
2 2 
mak > (2)° =km > 2 =Vkm 


Now, if a square root of an integer (i.e. km) is rational (i.e n/m) then the integer (i.e. km) is a perfect 
square. This means that n/m is an integer and hence m|n. 

11. Find all n € N such that $°"_, (22° — 62 — x? + 9) is divisible by 33. 
Solution: We have (see the identities of § 1.10 in V1): 


57 (20° — 6x" — 2? +9) 2(y) -6(S-") = (>) +9(301) 
- n2(n-+ 1)2(2n? 4 2n— 1) n(n + 1)(2n + 1)(3n? + 3n — 1) 
commer care: a ) 


; Cora oe 


6n® — 65n* — 70n3 — 20n? + 271n 
30 
So, if the given series is divisible by 33 then (10n® — 6n° — 65n+ — 70n? — 20n? + 271n) must be divisible 
by 99 (noting that 33 and 10 are coprime), i.e. 10n° — 6n° — 65n4 — 70n? — 20n? + 271n 2 0. The 


solution to this congruence equation is n 2 0, 44,88 (see § 3.2.1 of V1 as well as § 8.2 of the present 
volume). So, the given series is divisible by 33 iff n = 44+ 99m or n = 88 + 99m or n = 99(1 + m) 
where m € N°. 

12. Find the remainder when: 
(a) 29783°4896302 is divided by 101. (b) 36718974 is divided by 663. 


(c) 563897823 is divided by 5931. 


Solution: 
(a) If r represents the remainder then we have 2978 


I 


I 


101 
354896302 “= r and hence: 


548963 


p 12 9979354896302 101 9954896302 _ (gginoy>e gg? — (ageaon ) gg2 Lt 1548963 992 


2 101 


= 89 = 43 


where we used Euler’s theorem in the fifth step (noting that 29783 and 101 are coprime). 
(b) We have 663 = 3 x 13 x 17. Let r be the remainder when 3671°%?* is divided by 663 and hence 


36718924 “Sr, Now: 
36718924 3 98924 _ Os ii 3 44462 _ 4 
36718924 18 58924 _ (oy £3 422810. 


36718924 17 (1)h94 =] 


Now, since 36718924 © > then we must have r = 1, r 21 andr = 1. On solving this system of 


congruence equations!®°! (using for instance the Chinese remainder theorem) we get: r 68 1, ie. the 


[95] More simply, we can use rule 14 of § 2.7 of V1. 
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remainder when 3671594 is divided by 663 is 1. 
We may also solve this part by using Euler’s theorem (in part). We note first that 3671 and 663 are 
coprime and $(663) = 384. Hence: 


36718924 "8 3568924 _ (356384)? x 3569 = (as%oo9) " x 3562 SS 123 x 35692 = 356% 
= (3564) & 133 =1 


(c) We have 5931 = 9 x 659. Let r be the remainder when 563897? is divided by 5931 and hence 
563897823 °22) >. Now: 
563897823 2 47823 _ fey 42 2 1260742 _ 4627 
563897823 3747823 — (3747)'1" 3744 591117 3744 — (5011) '* (50°) 3744 
29 43101 (50%) 3744 = (437) * 433 (50°) 3744 © 2414 (433) (50°) 3744 
= 2411 (249) (435) (50°) 3744 © 50 (24°) (43%) (50°) 3744 
= (24%) (43%) (507) 3744 = (644)(427)(645)546 = 74 
Now, since 56389723 r then we must have r 2 7andr = 74. On solving this system of congruence 
equations we get: r 4687, i.e. the remainder when 563897°?3 is divided by 5931 is 4687. 
Comment on Problem 12. 
Solution: Problem 12 shows that there are several (and possibly many) methods for solving this type 
of problems. These methods vary in applicability and convenience depending mostly on the nature of 
the given problem. Hence, we should always inspect different potential methods of solution before we 
make our choice. In fact, sometimes more basic approaches are the best choice. For example, part (b) 


of Problem 12 can be solved more easily by the following basic approach (as can be seen in the last 
steps in the second method): 


5931 
5931 


2231 663 12231 = 


sare = = (361) al 


However, our purpose in Problem 12 is to demonstrate these methods (which can be the best or the 
must in some other problems). In fact, we have met and will meet other methods and techniques for 
solving this type of problems (see for instance Problem 20). 

Show that 13 divides 77, 7* iff m = 12n—1 (where n € N). 

Solution: Regarding the if part, by Fermat’s little theorem (as well as the power rule for congruence) 


we have: 7/2” — 1 20. On factorizing this we get: 


12n-1 12n-1 
c= t) ( s *) 20 Le. 13 divides 6 ( s *) 
k=0 k=0 


Now, 13 does not divide 6 and hence it must divide the given series (with m = 12n — 1). 

Regarding the only if part, if 0 <m < 10 then )>;" , 7* is not divisible by 13 (as we can easily check 
by simple calculations). On the other hand, if m > 11 and m 4 12n — 1 then m = (12n — 1) +s where 
1<s< 11, that is: 


m 12n-1 12n+s—-1 12n+s—-1 s—l1 s—l s—l 
13 13 
k=0 k=0 k=12n k=12n k=0 k=0 k=0 


where the second step is because of the result of the “if part” while the last step is because 7!2” 24 
(by Fermat’s little theorem and the power rule for congruences). Now, a 7* is not divisible by 13 
(as we concluded earlier in the case of 0 < m < 10), and hence the given series is not divisible by 13 
for any m 4 12n —1, ie. if 13 divides the given series then m = 12n — 1. 
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Find all x,y,z € Z such that x?y?z?|(x? + y? + 27). 
Solution: ryz 4 0. Now, we have: 


x2 + y? + 27 ol on 
ay? 22 ad yz | wz? xy? 
It is obvious that A cannot be greater than 3 (i.e. when y?z? = x72? = 2?y? = 1) and hence we have 
only 3 possibilities (see Problem 7 of § 4.1.10 of V1): 


@ Ar=3 and ‘hence 4727-972? = ay? = 1 e. Wa gee) = (al 
possibilities for the combination of signs. 

e A = 2 and hence (y?z?, x72”, x7y?) = (1,2,2), (2,1,2), (2,2,1). None of these leads to an integer 
solution to 2, y, z. 

e A=1 and hence (y?z?, x7z?, x”y”) = (2,3,6), (2,6,3), (3,2,6), (3,6,2), (6,2,3), (6,3,2), (2,4,4), (4,2,4), 
(4,4,2), (3,3,3). None of these ina to an integer solution to x, y, z. 

So in brief, we have only 8 solutions, i.e. (x, y, z) = (£1,+1,+1). 

Find all n € Z such that: 

(a) 101|(n*°! + 1). (b) 71|(n36° — 7). 

Solution: We use Fermat’s little theorem. 

(a) 101|(n?0! + 1) is equivalent to n!°! +1 2 0. Hence: 


nit 412 Q + n+120 =z n= -1 


So, 101 divides n!°! + 1 for all n = 101k — 1 where k € Z. 
(b) 71|(n36° — 7) is equivalent to n36° — 7 2 0. Hence: 

A200 7 2G a (n7)° wer 2a Pa “sy gies 
The last congruence has no solution and hence there is no n € Z such that 71 divides n° — 7. 
Let p be a given prime number and let U,, symbolize the n-digit repunit number (where N 3 n > 1). [96] 
Show that if U,, is the smallest repunit number that is divisible iar P then n|(p — 1). 


Solution: The n-digit repunit number can be written as U, = . Now, if U,, is divisible by p then 
we have: 


1,41) considering all the 8 


watt0 - 10"-140 o 10" 21 
So, if U, is the smallest repunit number that is divisible by p then O,10 = n because otherwise we 
will have m <n such that 10” 2 1 and this means that U,, is not the smallest repunit number that is 
divisible by p since U,, (which is divisible by p) is smaller than U,,. Now, from Problem 3 of § 1.3 we 
get Op10|¢(p), ie. n|(p — 1). 
Let U,, symbolize the n-digit repunit number and p be a prime < 47. Identify all p that cannot be a 
divisor to any repunit number (i.e. p/U,, for any n). 
Solution: . For instance: 
3|U3 7|U6 11|U2 13|U6 17|Ui6 19|U ig 23|U22 
29|U2g 31|Ui5 37|U6 41|Us 43|U21 47|U46 
So, among 2 < p < 47 only 2 and 5 cannot be a divisor of repunit numbers. This is because 2 is even 
while repunit numbers are odd. Also, the residue of a repunit number modulo 5 is always 1. 
Find the remainder when: 
(a) 600! is divided by 601. (b) 730! is divided by 731. (c) 445! is divided by 6454. 
Solution: 
(a) By Wilson’s theorem (noting that 601 is prime) we have: (601—1)!+1 @' 0, ie. 600! 2 —1 @ 6o0. 
Hence, the remainder when 600! is divided by 601 is 600. 
(b) We have 731 = 17 x 43 and hence 730! is divisible by 731, i.e. the remainder is 0. 
(c) The prime factorization of 6454 is 6454 = 2 x 7x 461 and hence 445! is not divisible by 6454 because 


it is not divisible by 461. Now, let r symbolize the remainder and hence 445! a r, i.e. 445! = r+6454k 


196]“Repunit number” stands for “repeated unit number” such as 11, 111, 1111. For instance, U2 = 11 and Us = 11111. 
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215 


22. 


(for some k € N). Since 445! and 6454 are divisible by 14 then r should also be divisible by 14, i.e. 
r = 14p (for some p € N). Thus: 


6454 461 461 461 
445! P=" 1 445! 40! 445! 460! #94 460! 


4p > ar = Pp > 445! = 149 > ust = dai? 


460! “S' 460 . oul » 30r SF -1 + rr & 393 
where: 
steps 1 and 2 are from rules 9 and 6 of § 2.7 of V1, 


step 5 is from Wilson’s theorem (noting that 461 is prime), 


step 6 is because 46% = 446 x 447 x --- x 460 = 396, and 


step 7 is because r “' —1 x 396* = —78 *& 383. 


So, we have r ¥o (because r = 14p) and r ‘383. On solving this system of congruence equations 


— 2688, i.e. the remainder when 445! 


(using for instance the Chinese remainder theorem) we get: r 
is divided by 6454 is 2688. 
Find the remainder when: 
(a) 7791618 is divided by 23. (b) 7926064705871273!° is divided by 18. 


Solution: In this Problem we use a method based on the index of integer (see § 1.5). In the following 
r symbolizes the remainder. 
(a) A primitive root of 23 is 5 and we have [noting that ¢(23) = 22]: 


Fe 23 7291618 Bis Io3,5(r) (23) oon (7291638) man 
In3,5(r) = 29 In3,5(7) + 18 Io3,5(16) s In3,5(r) 2 29 x 19 +18 x 8 oe 
In3,5(r) = 695 = In3,5(r) 2 13 

So, In3,5(r) 22 13 [ie. Io3,5(r) °&? 13] which means r 22 51 22 91. Hence, the remainder is 21. 

(b) A primitive root of 18 is 5 and we have [noting that $(18) = 6 and 7926064705871 z 17]: 

r 8 -792606470587122315 op 18 1.722318 has(r) *2 as (17735) 


Tigs(r) = 22315 Iigs(17) +  nss(r) = 22315x323 


So, is,5(r) 23 lie. Lis.s(r) = 3] which means r ° 53 2 17. Hence, the remainder is 17. 


Find all m € Z such that m|(6n? — 14n — 10) and m|(2n? — 8n + 6) for all n € Z. 

Solution: On factorizing the two expressions we get: 6n?—14n—10 = 2(3n?—7n—5) and 2n?—8n+6 = 
2(n — 1)(n? +n — 3). So, the common factor of these expressions is 2. Hence, m|(6n? — 14n — 10) and 
m|(2n° — 8n +6) for all n € Z if m = +1 and m = 42. 

Find all m € Z such that m|(4n? + 4n + 7) and m|(n? +5) for some n € Z. 

Solution: We have: 

e m|(4n? + 4n +7) and m|(n? +5) and hence m|[(4n? + 4n + 7) — 4(n? + 5)], ie. m|(4n — 18). 

e m|(4n — 13) and hence m|(4n — 13)?, ie. m|(16n? — 104n + 169). 

e m|(16n? — 104n + 169) and m|(4n? + 4n + 7) and hence m| [(16n? — 104n + 169) — 4(4n? + 4n + 7)], 
ie. m|(141 — 120n). 

e m|(4n — 13) and m|(141 — 120m) and hence m|[30(4n — 13) + (141 — 120n)], ie. m|(—249). 

The divisors of 249 are +1, +3, +83, +249 and hence m = +1, +3, +83, +249. 

It is worth noting that: 
e +1 divides (4n? + 4n +7) and (n? +5) for all n € Z. This is because +1 divides any integer. 

e +3 divides (4n? + 4n +7) and (n? +5) for all n = 1. This is because the solution of 4n? + 4n +720 


is n 2 1 while the solution of n? +52 0isn= 1,2 and hence the solution of this system of congruence 


equations is n = 1 (see § 9.2.1). 
e +83 divides (4n?+4n+7) and (n? +5) for all n = 24. This is because the solution of 4n? +4n +7 = 0 
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23. 


24. 


25. 


26. 


27. 


isn = 24,58 while the solution of n? + 5 Zoisn 2 24,59 and hence the solution of this system of 
congruence equations is n 3 94. 
249 249 


e +249 divides (4n?+4n+7) and (n?+5) for alln = 190. This is because the solution of 4n?+4n+7 = 0 


is n “ 58,190 while the solution of n?2 +5 ~ 0 is n 59, 107, 142, 190 and hence the solution of this 


; . 249 

system of congruence equations is n = 190. 

Find all n € Z such that 9|(n — 7), 17|(n + 1) and 29|(n + 11). 

Solution: These divisibility statements are equivalent to the following congruence equations: 


n27 nut n2-11 


On solving this system of congruence equations (e.g. by using the Chinese remainder theorem) we get: 
n = 3382 + 4437k (where k € Z). 

Show that the divisibility of 3m +n by 11 is equivalent to the divisibility of 47m — 10n by 11 (where 
m,neéeZ). 

Solution: We have: 


47m — 10n = 38m + n+ 44m — 11n = 38m 4+n+4+11(4m — n) 


Now, 11(4m — n) is divisible by 11 and hence the divisibility of 3m +n by 11 is equivalent to the 
divisibility of 47m — 10n by 11. 

Let q and p be odd primes (q # p), n is a positive even integer and k € N. Show that if p|(q” +1) then 
p=4k+1. 

Solution: We have (where n = 2v and v € N): 


p\(q” + 1) + q’ +120 + +120 + (q’)? =-1 


i.e. —1 is a quadratic residue of p and hence (3) = 1. So, from Problem 9 of § 1.8 we conclude that 


p=4k+1. 

Let m,n, k € Z. Show that if m|k and n|k and g = ged(m,n) then (7 | k. 

Solution: Since m|k and n|k then g must be a factor of k (as well as a factor of m and n). So, let 
m = gu and n = gv while k = gx. Accordingly, p|K and v|K where yp and v are coprime (see point 9 in 
the preamble of § 2.4 of V1). Therefore, by rule 20 of § 1.9 of V1 we have (uv)|K which means that <> 


is an integer (say = = A where A € Z). Now, if we multiply A by 1 in the form of g’/g? then we get: 


2 2 
Ka SO ee Fg = ON), OS 


9? gy? 7 mn 


py (gu)(gv) mn (mn)/g 


which means (= k. 


Note: in Problem 6 of § 2.5 of V1 we proved the identity mn = gcd(m,n) x Ilem(m,n) using a prime 
factorization approach. This identity can also be obtained (possibly more easily and directly) as a 
corollary of the formulation (or method or logic) of the present Problem because (noting that pu and v 
are coprime): 


lem(y, 7) = pv => g \em(n, v) = gugv + giem(gu, gv) = gugv = 
glem(m,n) = mn > gcd(m,n) x lem(m,n) = mn 

Show that no odd prime of the form p = 4k — 1 can divide n? +1 (where k € N and n€ Z). 
Solution: If p divides n? + 1 then n? +1 0, ie. n? 2 —1 and hence n* 2 1. Now, from Problem 1 


of § 1.3 we conclude that O,n|4, ie. Opn = 1 or Opn = 2 or Opn = 4. Now: 

e If Opn = 1 then n! 4 1 and hence n? 2 1 which contradicts n? 4 —1 (noting that p is an odd prime). 
e If O,n = 2 then n? 4 1 which (again) contradicts n? 4 —1 (noting that p is an odd prime). 

So, we must have O,n = 4. Now, from Problem 3 of § 1.3 (noting that p and n must be coprime since 


n? +120) we must have 4|¢(p), i-e. 4|(p — 1) and hence p must be of the form 4k +1, i.e. p cannot 
be of the form 4k — 1 (see Problem 16 of § 2.2 of V1). 
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28. 


29. 


Show that et is an integer for all p > 5 (where p € P). 

Solution: This is because for p > 5 we have ge > 1. Moreover: 

e One of (p — 1) and (p+ 1) must be divisible by 3 because (p — 1),p,(p +1) are three consecutive 
integers and p is not divisible by 3 because p > 5. Now, p? — 1 = (p—1)(p+ 1) and hence p? — 1 must 
be divisible by 3. 

e (p—1) and (p+1) are consecutive even numbers and hence one of them must be divisible by 2 and the 
other is divisible by 4 (i.e. one of them is a multiple of 2 and the other is a multiple of 4). Therefore, 
their product (which is equal to p? — 1) must be divisible by 8. 

Thus, p? — 1 is divisible by 3 and by 8 and hence it must be divisible by 24 (noting that 3 and 8 are 
coprime), i.e. eee 
Show the following: 
(a) p divides the sum of its quadratic residues (where p is a prime > 5). 

(b) p divides the sum of the squares of its quadratic non-residues (where p is a prime > 7). 

Solution: 

(a) According to Problem 2 of § 1.6, the (p—1)/2 quadratic residues of p are: 17, 2?,..., (ae Hence, 
their sum is (see Eq. 16 in V1): 


is an integer for all p > 5. 


Bee ye Ct) (Pe el) Oe a). gp op pai 
B= 6 Da 


which is divisible by p > 5 (noting that Pl ig an integer for p = 5; see Problem 28). 
y & 24 8 


It is worth noting that although this proof is specific to the integers 17, 27,..., (ay the given propo- 
sition should also apply to their residue classes (mod p) since the integers in any class differ from each 
other by integer multiples of p and hence the sum of quadratic residues (represented by any integer in 
their classes) should be the same as above plus an algebraic sum of integer multiples of p and hence the 
sum remains divisible by p. 

(b) Let S symbolize the sum of the squares of the quadratic non-residues of p and let r be a primitive 
root of p (see point 5 in the preamble of § 1.4). Now, since the quadratic non-residues of p are the odd 
powers of r (see Problem 7 of § 1.6) then we have: 


ha — (Cae = oe pak-2 = pg ol pakt2 _ oe ptk-2 
k=1 k=1 k=1 k=2 
Now, if we subtract S from r+’ we get: 
(p+1)/2 (p—1)/2 
PIS) sles fell De ae a GRR: eR. HSS 0 
k=2 k=1 


where the last step is because r? — r 2 0 by Fermat’s little theorem. Accordingly, (r+ — 1) 2 0 which 
P P 
implies that S 4 0 or (r*— 1) 2 0. However, for p > 7 we have r4—1 #0 (i.e. r* 4 1) because r is a 


primitive root of p and hence its order is (p—1), i.e. r+ zi 1. So, we must have S 4 0, ie. p divides the 
sum of the squares of its quadratic non-residues. 

Finally, we should add a note similar to the note in the end of part (a), ie. r and its powers represent 
residue classes and hence the proof is general. We should also note that part (a) can also be proved 
in a similar way to the proof of part (b), but we preferred (for the sake of diversity) to use a different 
approach. 


Chapter 16 
Sequences and Series 


1. Find all the integer terms of the following sequences (where n = 1, 2,3,...): 


of 4 3_ by 

(a) Gn = 3n poe aa (b) Gn = n tp 3 (c) On = 2n° Sn" ln" +210 
= 2 = 

(d) an = 13— Tn? : (e) an = et x +k a 

Solution: 

(a) We have: 


Tt (3 3 47n — 10 ) 
2n? + 2n-3 2 2n? + 2n—3 
Now, |47n — 10| > |2n? + 2n — 3| only for n = 1,2,...,22. On inspecting these 22 terms we find only 
a, is an integer. Hence, only a, of this sequence is an integer. 
(b) We have: 
n* + 2n? —5n—-3 153 — 4n 

n2+n+12 n2+n+12 

Now, |153 — 4n| > |n? +n + 12| only for n = 1,2,...,9. On inspecting these 9 terms we find none of 


these terms is an integer. Hence, this sequence has no integer term. 
(c) We have: 


=n*+n—134 


Qn? +3n3+4+14n?4+21 — (2n?+3)(n? +7) 
2n?+3 7 Qn? +3 
Hence, all the terms of this sequence are integers. 


(d) We have: 
oe 2 
13 —7n 1 ( 14n — 119 1971 ) 


=n? 47 


2n— 17 4 2n— 17 


Now, if a, should be an integer then (as a necessary but not sufficient condition) 2n — 17 must divide 
1971, i.e. 2n — 17 must be equal to the divisors of 1971 which are 1, 3, 9, 27, 73, 219, 657, 1971 and their 
negatives. Considering all these divisors we find that only the following values of n © N make 2n — 17 
a divisor of 1971 and a, an integer: n = 4,7,8,9, 10,13, 22, 45, 118, 337,994. So, only the terms of the 
sequence with these values of n are integers. 

(e) We have (see Eqs. 15 and 16 of V1): 


zee = 3l(he)+024)- 29 


= (ne ee nln + 1) 


1 [2n? + 9n? — 11n = Qn? + 9n? — 11n 
5 6 7 30 


=a 
© 
| 
w 
3 
| 


Now, the solutions of 2n3 + 9n?—11n “0 are n = 0,1,2. Hence, the integer terms of this sequence are 
a 504 2 (i.e. Q1, 42, 45,46, 47, 410, 411, 412, 215, 416, @17,-- Si 
. Find all s € Z that make the series parent +k)? a natural power of 23. 


Solution: We have: 


23 23 2 a8 = = 
Sern = Ye Psatesaneen)= (Sow) + (Soaer) + (Sau) + (So) 
k=1 k=1 k=l 


k=1 k=1 k=1 


i) 
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ew 


3° (>: : + 38” & 7 + 3s (>: “| + (>. ® | 


23(23 +1 23(23 + 1)(2 x 2341 23? (23 + 1)? 
oe 3(23 + 1) —? 3(23 + 1)(2 x 23 +1) , 37(23 + 1) 

9 6 4 
23s° + 828s? + 12972s + 76176 = 23(s* + 36s? + 564s + 3312) 


I 


Now, the series is supposed to be a natural power of 23 and hence: 


23(s? + 36s? + 564s + 3312) = 23" 4 s° + 36s? + 564s + 3312 = 23-1 (m €N) 


Now, for m = 1 we have s? + 36s? + 564s + 3312 = 1 which has no (integer) solution. 

For m > 1, (s? + 36s? + 564s + 3312) = (s + 12)(s? + 24s + 276) = 231 and hence we have 3 cases: 
es+12=+1 and 23|(s? + 24s + 276). However, these conditions are incompatible because s = —13 
and s = —11 do no make (s? + 24s + 276) divisible by 23. 

es? + 24s + 276 = +1 and 23|(s + 12). However, s? + 24s + 276 = +1 has no (integer) solution. 

e 23|(s +12) and 23|(s? + 24s +276). However, the solution of s +12 2 0 is s = 11 while the solutions 
of s? + 24s + 276 = 0 are s = 0,22 which are incompatible. 

So in brief, there is no s € Z that makes the series Sar: +k)? a natural power of 23. 


. Find all the integer terms of the following sequences (where n = 1, 2,3,...): 


(a) a, = V64n% + 16n3 + 1. (b) a, = V4n2 — 24n + 41. (C) Qn41 =An + V2a,—1 (a, =1). 
Solution: 
(a) We have: 


V64n6 + 16n3 + 1 = \/(23n3)? + 2(23n3) +1 = \/(8n3 + 1)? = Bn? +1 


So, all the terms of this sequence are integers. 
(b) We have: 


V4n? — 24n + 41 = V/4n? — 24n + 364+5 = /(Qn— 6)? +5 = VN245 


Now, if V4n2 — 24n + 41 is to be an integer then N? + 5 must be a perfect square, ic. N? +5 = m? 
(where m € Z), ie. 


m—-N?=5 > — (m—N)(m+N) = (-1)(-5) = (-5)(-1) = (1)(5) = (5)() 


On solving these 4 systems of equations we get (respectively): N = —2,2,2,—2 and hence n = 2,4, 4, 2. 
So, only ag and ay, are integers. 
(c) We note first that this sequence is strictly increasing (so its terms are pairwise distinct) and all its 
terms are positive. We have a, = 1 and hence az = 1 + \/2(1) — 1 = 2. So, the first two terms of this 
sequence are integers. Now, we show that it is impossible for the other terms of this sequence to be 
integers. For the (n+1)** term (n > 2) to be an integer we must have a, € N and 2a, —1 = m? (where 
m €N), ice. 
2 2 

gee ee +1 (a € N°) (39) 
where the second equality is justified because m must be odd (since a, is supposedly an integer). Now, 
the difference d between any two consecutive terms of the sequence according to Eq. 39 should be at 
least: 


(Gee Sy hi Oe say er 
2 2 
However, according to the sequence form (combined with the condition of oddity) the actual difference 

between two consecutive terms of the sequence is: 


2 1)2+1 
An41 — An = V2An — = 222) 1 = Gee dP = 2041 


d= =4r+4 
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This difference is much smaller than d and hence these conditions are incompatible which means that 
no term (other than a; and a2) can be an integer. So, only a; and ag of this sequence are integers. 
Find all n € N such that: 

(a) S0p_, (k? + 1) is divisible by 47. (b) 377_1 (2k — 1)? is divisible by 13. 
(c) )o7_, (11* — 1) is divisible by 6. 

Solution: 

(a) We have (see Eq. 17 of V1): 


nh 4 3 2 
k=1 


So, if the given series is divisible by 47 then me +2n3 +n? +4n) must be divisible by 47 (noting that 
4 and 47 are coprime), i.e. n*4 + 2n° +n? +4n *" 0. The solution to this congruence equation is n =O) 
(see § 8.2). So, the given series is divisible by 47 iff n = 47m where m EN. 

(b) From Eq. 20 of V1 we have 57;'_, (2k — 1)? = n?(2n? — 1). Now, if 13 divides this series then 13 
must divide n? (and hence divide n) or 13 must divide (2n? — 1). However, 13 does not divide (2n? — 1) 


because 2n? — 1 = 0 has no solution. T herefore, if 13 divides this series then 13 must divide n. So, this 
series is divisible by 13 for all n = 13m where m € N. 


(c) By Euler’s theorem (with the power rule for congruence) we have 11?” — 1 © 0 where m € N. This 


means that: all even terms of the series are 0 (mod 6) and hence )>?™, (11* — 1) = 32" 1 (1k = 1), i 
the sum of the first 2m terms is the same (mod 6) as the sum of the first 2m — 1 terms. Aeon 


2 
S > (11* — 1) 
k=1 

4 


1 


Suk -1) 54 


Ilo 


3 
*¥—-1) = Sok -1) 42 
k=1 = 
6 5 
u*¥—-1) = Soi*-1) 20 
k=1 k= 


As the last entry is 0 (mod 6), this cycle repeats itself and hence the given series is divisible by 6 for 
all n =5+6s and n = 6(1 +) where s € N°.|97I 


. Show that the series 57>)", nj is divisible by 4 where nz are odd natural numbers and m is a natural 


multiple of 4 (i.e. m = 4,8,12,...). 
Solution: We have (where s € N°): 


= (2s + 1)4 = 16s4 + 325° + 2457+ 88+141 


Hence: 
m 


So ee 
k=1 


k=1 


Now, since m is a natural multiple of 4, it is divisible by 4 and hence the series )>;"_, nh is divisible by 
A. 


1971 We note that: 


7 
do ai*-1) £117 -1 411-184 


where step 1 is because es ,(11* —1) is 0 (mod 6), and step 2 is because 116 £1 according to Euler’s theorem (with the 
power rule for congruence). So, this should fully explain our claim that this cycle repeats itself (i.e. every 6 consecutive 
integers). 
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6. Show that the following series cannot be an integer for any value of n € N: 


= k 
—1 k+1 
ad 


k=1 


Solution: This series cannot be an integer because for any n € N its magnitude is less than 1 and 
greater than 0.8! This is because if we start from the last term in the series [i.e. (—1)"*1," 7] then 
it is obviously less than 1 and greater than 0 in magnitude. Now, when we add to the last term its 
previous term li-e. (—1)” n—l) which is opposite in sign and smaller in magnitude, the magnitude of the 
sum becomes less than the magnitude of (—1)"+'—*> but greater than 0. Now, if we add the next term 
fie. (—1)"~12=2] the magnitude will restore some of its lost value [which it lost when we added the 
term (—1)"2—*] but it cannot compensate all the loss and restore its original value (let alone exceeding 
it) and hence it remains less than 1 and greater than 0. This applies all over the series as we move 
backwards by adding the previous terms successively until we reach the first term. So, the magnitude 
of this series keeps oscillating (along its terms) but it remains always less than 1 and greater than 0 
and hence the series cannot be an integer for any n € N. The plot of Figure 5 should provide more 


clarification and illustration to this argument. 
0.8 5 
0.6 | e e : 
0.4 | 


0.2 5 


Figure 5: The plot of Problem 6 of § 16. The vertical axis represents the sum as a function of n (which 
is represented on the horizontal axis). 


7. Give examples of natural numbers (greater than 1) which are coprime to all the terms of the following 
infinite sequences (where n € N): 


(a) @, = 3" +5"47". (b) b, = 17" — 11" + 13” — 1. (c) Cp = 73 — 3n? +1. 
Solution: The idea of this type of problems is simple, that is: we look for a prime number!%9! which 
cannot divide any term of the given sequence, e.g. a prime p such that 3" +5" +47” a 0 for any n EN. 
(a) The obvious example is p = 2 because all the terms of this sequence are odd and hence ay, 2 0 for 


Pp 
any n € N. Other examples are p = 7 and p = 17 because a, 4 0 for any one of these primes and for 
any n € N,[100] 


Pp 
(b) Two examples are p = 11 and p = 13 because b,, 4 0 for any one of these primes and for any 


198] We note that for small n (e.g. n = 1,2,3) the proposition is obviously true. Hence, the focus in the following argument 
is on large n where the series consists of many terms. 
[99] Choosing “prime number” is just to make the problem easier to solve and avoid unnecessary complications. 
[100] For p = 7 we have an ats 1,6,5,6,1,2 corresponding to n 2 1,2,3,4,5,6 while for p = 17 we have an ue 
15,15, 2,13, 13,9, 16,14, 2, 2,15, 4, 4,8, 1,3 corresponding to n 18 1,2,...,16. 
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n € N,[01] 
(c) Some examples are p = 2,5,7,11,13 because c, a 0 for any one of these primes and for any 
n € N,[102] 

8. Give examples of natural numbers which are coprime to none of the terms of the following infinite 
sequences (where n € N): 
(a) an = n° + 5n+ 6. (b) by = n° + 24n +15. (c) G, =n? —n. (d) d, = 7" — 4”. 
Solution: The easiest way to solve this type of problems is to look for a small prime p that makes the 
congruence of the sequence identically zero (mod p), e.g. an ? 0 for all n € N. Thus, any n which is a 
natural multiple of p will then be coprime to none of the terms of the sequence. 
(a) an 2 0 for all n € N and hence any multiple of 3 is coprime to none of the terms of this sequence. 
(b) b, = 0 for all n € N and hence any multiple of 5 is coprime to none of the terms of this sequence. 
(C) Cn 2 0, c, £0 and c, = 0 for all n € N and hence any multiple of 2 or 3 or 5 is coprime to none of 
the terms of this sequence. 
(d) dy, 2 0 for alln EN (noting that 7” — 4” 3yn_yra 0) and hence any multiple of 3 is coprime to 
none of the terms of this sequence. 

9. Derive lower and upper bounds on the following series in terms of n: 


(a) Chai EET (b) Dear VE. 
Solution: 
(a) «/(# +1) is an increasing function and hence: 


k k+1 
x k x 
d. < — < —  d 
[a - +1 7 ro aad 
k+1 


[e—me+} Sea [e-n@+1)] 


Now, if we sum from k = 1 to k = n we get: 


(>: [ptm +n] < (4) < (> [> tnee +] ") 


k=1 k=1 =1 

n k n+1 

E —In(@ + )] os bs ch) < E — In(a@ + )] : 
[n —In(n+ | < > ae <A [n —In(n + 2) + In(2)| 
ra k+1 
(b) \/z is an increasing function and hence: 
k k+1 
Vide = Vk = Vk dx 
k-1 k 


ml. < F< Ei 


Now, if we sum from k = 1 to k = n we get: 


a ess a ba n me pee fa er 

xv x 

ae < Vk ad aoe 

(>: Fl...) (> bs Ee I 

k=1 k=1 k=1 

[101] For p = 11 we have bn = 7,6, 3,2, 8,2,3,6,7,1 corresponding to n 10 1,2,...,10 while for p = 13 we have bn = 


5,11, 6,5, 2,1, 1,6, 3,11, 3,12 corresponding to n BR BL artes eld aes 
[102] The congruence equation n° — 3n? + 1 = 0 has no solution for p = 2,5,7,11, 13 (see § 8.2). 
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a) n ei 

—z| < Vk} < |Z 

ie], < (2 |, 
n3/2 iL (n +4 1/7 ari 
=| < kK] < |————_ 
Sa] < (uv) < Sa] 

10. Find the integer part of the following series as a function of n: 


(a) Dio (B) (b) =o a (c) Vea BF: (d) Ui-o me (N35 m > 1). 
Solution: 

(a) This is a geometric series with a = 1 and r = 9/10 and hence it converges to [1 — (9/10)] “* = 10 
(see Eq. 22 in V1). So, all we need to do is to determine the values of n at which the series steps from 
one integer level to the next between 1 and 9. Now, we have (see Eq. 22 in V1): 


. 9 Toye on 
> (ia) gaol 


On equating 10[1 — (9/10)"*1] to 1,2,...,9 and solving for n we find that the integer part is:!1°9I 

1 (n= 0,1) 2 (n =2) 3 (n =3) 4 (n =4,5) 5 (n =6,7) 
6 (n = 8,9, 10) 7 (n=11,...,14) 8 (n = 15,...,20) 9 (n =21,...) 10 (at. oo) 
(b) This series converges to e (~ 2.718) and hence its integer part can only be 1 or 2. Now, we have 
a u = 1 and ee i = 2 and hence the integer part of this series is 1 for n = 0 and 2 for 
n=1,2,... (to oo). 

(c) This series converges to 77/6 (~ 1.645) and hence its integer part is always 1 (i.e. for n = 1,2,...). 
(d) This series converges to —“~ and hence its integer part is always 1 (i.e. for n = 0,1,2,...). 


m—-1 
11. Find the integer part of the following: 


10f a 10" 104 109 v3 
ae () ono Tar (c) Dra VR () 2 r 
olution: 
(a) We have: 
> 1001 5. 1001 eas 1001 tS 1001 \?” s DOOD ae 
ok. 10007 ZAK 1000 < \ 1000 ~ & \1000  \ 1000 = 


Now, A is a geometric series with a = 1 and r = (1001/1000)? while B is a geometric series with 
a = (1001/1000) and r = (1001/1000)?. Hence (see Eq. 22 in V1): 


1 = (1001/1000) 10° 


A= ~1 16. 
1 — (1001/1000)? 0963316.85 


= 10000 
~ 10974281.17 B= (san) 1 — (1001/1000) 


1000 1 — (1001/1000) 
So, A— B ~ 10964.32 and hence the integer part of the given sum is 10964. 


(b) We have: 
104 104 104 
Se a ey aa 
aa Vntli+yn = n+l-n = 


(V1 — V0) + (V2 — V1) +--- + (10000 — 9999) + (10001 — 10000) 


[103] For example: 10[{1 — (9/10)"*+4] = 5 leads to 


_ log(1/2) 


= ~ 6.58 
log(9/10) 


and hence the series steps up from the 4 integer level to the 5 integer level at n = 6. 
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= -—V0+V10001 = V10001 ~ 100.005 


Hence, the integer part of the given sum is 100. 
(c) */x is an increasing function and hence: 


n 


n +1 
‘ Wrdx < Wn al 2x dx 


-1 n 
21/201” - ofa 
ay) Ves al: 


Now, if we sum from n = 1 to n = 10* we get: 


10* - 91/209” 104 10* F 91/207 7+1 
x 2m E 
Spa. » < | 21/20], 
7 10001 
a 10000 10 21/20 
anime | (Son) « [ee 
os 0 2d 21/20 1 
10* 
15094.22 < | S° Wn} < 15094.85 
n=1 


Hence, the integer part of the given sum is 15094. 
(d) From part (a) of Problem 9 we have: 


108 


[ioe —m(1o® +] << [Oe 


n=1 


< [10% — in(108 + 2) + In(2) 

ae 
10° 
999986.18 < [| S> 


n=1 


< 999986.88 


nt 


Hence, the integer part of the given sum is 999986. 
12. Find the solutions of the following congruence series equations (where x € N and 3 < pé€ P): 


py ee a (b) soa, ©) er, 
Solution: 


P 
(a) If « £0 then there is no solution (because 1 # 0). 
P 
If « 2 1 then there is no solution (because p — 2 0). 
P 
If « £ 0,1 then we have: 


=e 2 a TB P-1_y Pp 
Dra 2 = 0 = yt ae ~ wP7=1 P p-2 my 


gP-1_— 1 2 gP-2(p — 1) > a?-2(¢ —1) 20 


where in step 1 we added x?~? to both sides, in step 2 we used the geometric series formula, in step 
3 we multiplied both side by x — 1, and in step 4 we used Fermat’s little theorem. So, from the last 


P 
. Pp Pp . 

congruence equation we must have: 2 = 0 or x = 1 which are not acceptable (because x 4 0,1). 

Hence, there is no solution to the given congruence series equation. 


P 
(b) If x = 0 then there is no solution (because 1 4 —1). 


P 
If « = 1 then there is no solution (because p — 2 4 —1). 
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13. 


Pp 
If « £ 0,1 then we have: 


ye Si > ye sak 2 gP-2_] > oP PB p21 > 
l_y2(¢-1)(@?-?-1) > oP te? ?-94120 +) a 24222 


where the steps are justified as in part (a). However, the only solution!!%4I to the last congruence equa- 


P 
tion is « 2 1 which is not acceptable (because x 4 0,1). 
Hence, there is no solution to the given congruence series equation. 
(c) If « = 0 then we have a solution (because 1 = 1). 

P 
If « 2 1 then there is no solution (because p — 2 4 1). 


Pp 
If « £ 0,1 then we have: 


p—3 4k k BP p-2 zP-t-1 P 2 
= ov Pi —> ye sak = aP +1 —> oe a P41 —> 
ol 2 (@-1)(eP 2 +1) 3 oP -129?1+e-27-?-1 > gh 2g bo > 


a(x?-3 —1) 20 


Pp 
So, we must have « 2 0 (which is not acceptable because x 4 0,1 although this solution was obtained 
P 
already) or « = 1 (which is not acceptable because « # 0,1) or « 2 —1, ie. x 2 p—1 (which is 
acceptable). 


Hence, there are two solutions to the given congruence series equation: x POandx=p-1. 
Find all m,n, k € N such that (2m — 1)? + (2n — 1)? = 3*_, (2s — 1). 
Solution: According to the formula of arithmetic series we have: 


k(1+2k-1) 45 
S"(2s-1) = ; =k 


Now, if we remember that no perfect square can be the sum of two odd squares (see Problem 17 of § 
4) then we can conclude that there are no m,n, k € N that satisfy the given series equation. 


[104] This is because: 


aP-2 4722 > aP-14 9? 52 > 14+a? 22% > x? —22+1=0 > (a —1)? £0 


Chapter 17 
Cryptography 


1. In this introductory Problem of this chapter we briefly investigate one of the most common applications 
of number theory in real life which is in cryptography. The most famous and widely used method of 
cryptography is allegedly the RSA public key system and this is what we will investigate here. This 
method is based on modular arithmetic with the use of very large prime numbers which makes cracking 
the code (during the time in which the secrecy of the message is important) practically impossible 
(or supposedly so) due to the difficulty of factoring very large numbers. The basic idea of public key 
cryptography (and notably RSA) is rather simple although the technical details are rather messy. In 
brief, although the encoding method (i.e. the information and processes required to do the encryption) 
in this encryption method is public (and hence encoding can be done by anyone and notably the sender), 
the decoding method is secret because it depends on a piece of information available only to the receiver 
of the message (i.e. the one who is intended to be informed by the content of the message). 

So, let us first define our symbols and explain the main concepts used in the RSA encryption system: 
e p and q are very large prime numbers. 

e nis the product of p and q, ie. n = pq.!!% 

e ¢ is the totient of n which is the product of (p— 1) and (q— 1), ie. 6 = (p— 1)(q—-1). 

er is the encryption exponent which is a natural number that is coprime to @ and 1 <r< @. 

e p is the decryption exponent which is the modular multiplicative inverse of r (modulo @), i.e. rp 2: 
e m is the message text (represented numerically by integers) where m is coprime to p and gq. 

e cis the cipher text (represented numerically by integers). 

e k is the public key (i.e. known to everyone or supposedly so)!!°6l which is used to encrypt the message 
text m. The public key is the pair (n,r), ie. k = (n,r). 

e « is the private key (i.e. known only to the receiver of the message) which is used to decrypt the 
cipher text c. The private key is the pair (n, p), i.e. K = (n, p). 

e f is the encoding function which takes m and encrypt it (i.e. convert it to c) with the help of k. 
Accordingly, we have c = f(m,k) where: 


f(m,k) =m” (40) 


e f—' is the decoding function which takes c and decrypt it (i.e. convert it to m) with the help of x. 
Accordingly, we have m = f~1!(c, «) where: 


fen)se (41) 


e S is the sender of the message who uses the publicly available information (i.e. k and f) to encode 
m and convert it to c. 

e FR is the receiver of the message who uses the private information (i.e. p and q and hence «) to decode 
c and hence retrieve m. 

So, the idea is that any one (i.e. S) can use the publicly available information (ie. k and f) to 
encode his message and send it to the receiver (i.e. R). However, the receiver is the only one who can 
(practically) decode the encrypted message (because he is the only one in possession of the private key). 
The security of this method of encryption originates from the fact that those who use this method to 


[105] Tt is worth noting that the level of security of encryption increases with increasing the size of p and q (since this makes 
the factorization of n harder). 

[106] Ty reality, the secrecy of the public key should increase the security of encryption and hence it adds another layer of 
security to the process of encryption. 
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communicate (i.e. the sender and receiver of encrypted messages) do not need to share any common 
secret since the required secret (i.e. the private key) is held by only one (i.e. the receiver). 

Now, we need to substantiate our claim that the decoding function f~! actually decodes the encrypted 
message (i.e. c) and hence it retrieves the original message (i.e. m). This is shown in the following 
(which essentially shows why the RSA encryption system should work): 


fo ligh Se = [f(m,k)]? a [m7]? =m’? (42) 


where we refer to Eqs. 40 and 41 (and the surrounding text) for justification. Now, from rp 2 1 we 
have: 
rp=1+ag=1+a(p—1)q-1) 


where a € Z. Moreover, m?-! 2 1 and m1~! £1 (from Fermat’s little theorem). Hence: 


1 
yeq-1) 


m xX Gee - mx 1%¢-%) 


mitele-D@-) m 


mre m 


qd 


This similarly applies to g and hence we have: m’? £ m. Therefore, we have:!!97] mre & 


m (ie. 
m'? = m) and hence we can add another step to Eq. 42, that is: 


fi(gnk)=e= [f(m, k)]? sz [m"]° mer 2m 


This equation shows that by using f~! we retrieved the original message text m from the cipher text 
c through this modular arithmetic manipulation (with the help of the publicly and privately available 
information). So, the secrecy of the encrypted message originates from the fact that the decryption of 
the coded message depends on the access to the private key which is known only to the receiver R. For 
any eavesdropper to decode the encrypted message he needs to know the private key « which depends 
on knowing p and q (noting that « depends on p which depends on p— 1 and gq — 1 since p depends on 
@ which is the product of p—1 and q— 1). However, knowing p and q by the eavesdropper requires 
factorization of n which is practically non-viable in the available time frame because p and q (and hence 
n) are very large. 

Note: if we reverse the above argument we can make the public key encryption system a digital 
signature system. In brief, let a private key owner encode a message m using his private key (with the 
decoding function f~') and he makes his message public. Now, anyone in the public can decrypt the 
encoded message using the public key (with the encoding function f) through the following process: 


ff (m,n), Fl 


So, whoever receives the encrypted message will know that the message comes from the owner of the 
private key (i.e. it is a signed message). The justification is as follows: 


(ek) 0c" = [f-*(m,n)]" 3 [m?] 


The rest should be similar to the above. 
2. Give a simple numeric example for an RSA encryption system that can be used to communicate en- 
crypted messages. 
Solution: Let have the following: 
e p = 37 and q = 89 (where we use small primes for simplicity). 


T: n 


me? =m 


[107] This can be justified, for instance, by rule 14 of § 2.7 of V1 or by the Chinese remainder theorem. 
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en = pq = 3293. 

e d6=(p—1)(q—1) = 36 x 88 = 3168. 

e + = 17 (noting that 17 is coprime to 3168 and 1 < 17 < 3168). 

e p = 17*(mod 3168) = 2609. 

e k = (3293, 17). 

e K = (3293, 2609). 

e f(m,k) is the mapping: m > c= m!"(mod 3293). 

e f—‘(c,«) is the mapping: c > m= c*°°9(mod 3293). 

So, if S encrypts the message m = 13 by using f(m,k) then he gets: c = 13!”(mod 3293) = 2607. 
Accordingly, when R receives c then by using f~'(c,«) he gets: m = 2607769 (mod 3293) = 13 which 
is the original message. 

3. Create and use an RSA encryption system to encode and decode the following message using ASCII 
code for conversion between text and numbers: “I WILL COME TO YOUR HOUSE TONIGHT.”. 
Solution: The numeric ASCII code for the message is (where each two digits represent a single char- 
acter; please refer to the ASCII code table which is available on the Internet): 


7332877376 7632677977693284793289798582327279858369328479787371728446 (43) 


We create the following RSA encryption system: 

e p= 97 and q= 101. 

en= pq = 9797. 

e d= (p—1)(q— 1) = 96 x 100 = 9600. 

e r = 23 (noting that 23 is coprime to 9600 and 1 < 23 < 9600). 

e p = 23*(mod 9600) = 2087. 

e k = (9797, 23). 

e K = (9797, 2087). 

e f(m,k) is the mapping: m > c= m?3(mod 9797). 

e f-'(c,«) is the mapping: c > m= c?°8"(mod 9797). 

Now, let the sender S encode the numeric message of Eq. 43 as 4-digit blocks of integers (i.e. each 4- 
digit block represents two characters) where in the following list c(m) represents m?3(mod 9797), that is: 


c(7332) = 7940 c(8773) = 0185 c(7676) = 3434 c(3267) = 4437 c(7977) = 0351 
c(6932) = 6271 c(8479) = 5155 c(3289) = 2080 c(7985) = 2741 c(8232) = 7333 
c(7279) = 6087 c(8583) = 0452 c(6932) = 6271 c(8479) = 5155 c(7873) = 4650 
c(7172) = 2829 c(8446) = 7743 


Accordingly, S will obtain and send the following numeric message: 
79400185343444370351627151552080274173336087045262715155465028297743 


The receiver R then decodes this numeric message as 4-digit blocks of integers where in the following 
list m(c) represents c?°8"(mod 9797), that is: 


m(7940) = 7332  _m(0185) = 8773 = m(3434) = 7676 = m(4437) = 3267. ~— m(0351) = 7977 
m(6271) = 6932 = m(5155) = 8479 —-m(2080) = 3289 = m(2741) = 7985  —- m(7333) = 8232 
m(6087) = 7279 —_m(0452) = 8583 -m(6271) = 6932  =m(5155) = 8479 ~— m(4650) = 7873 
m(2829) = 7172 ——-m(7743) = 8446 


So, R retrieves the original message in numeric format (i.e. what is in Eq. 43). He then uses ASCII 
code table to convert this numeric message to a text message and hence he obtains the original message 
text (ie. TWILL COME TO YOUR HOUSE TONIGHT.). 

4. Give a simple example of a digital signature system. 
Solution: Let us use the encryption system of Problem 3 where R (after receiving the message “I WILL 
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COME ...”) wants to send a signed confirmation message so that anyone receives the confirmation mes- 
sage (notably S$) will know for sure that the confirmation message comes from R not from an intruder 
or an impersonator. The confirmation message is: “I AM WAITING”. Accordingly: 

e The numeric ASCII code for the confirmation message is 733265773287657384737871. 

e On applying the mapping f~!(m,x) fie. m — c = m?°8"(mod 9797) where in the following list 
c(m) represents m?°S7(mod 9797)] to the ASCII confirmation message (in blocks of 4 digits) R gets: 


c(7332) = 6319 c(6577) = 6929 c(3287) = 1411 


c(6573) = 2194 c(8473) = 7036 c(7871) = 7509 
Hence, R will send the following encrypted message: 631969291411219470367509. 

e When S receives this encrypted message he applies the mapping f(c, k) [i.e. c + m = c?3(mod 9797) 
where in the following list m(c) represents c?4(mod 9797)] to the encrypted message (in blocks of 4 
digits) and hence S gets: 

m(6319) = 7332 m(6929) = 6577 m(1411) = 3287 


m(2194) = 6573 m(7036) = 8473 m(7509) = 7871 
i.e. 733265773287657384737871 which is the original confirmation message in ASCII code (i.e. “I AM 
WAITING” in text). So, S knows for sure that this message comes from R, i.e. the confirmation 
message is a signed message (where the encryption represents the signature since R is the only one who 
holds the private key and hence R is the only one who can encrypt the message in this way). 


Chapter 18 
Number Theory and Computing 


Computing is an essential tool in modern number theory. Many problems in number theory cannot be 
solved without employing computational tools and methods. In fact, in many cases computing is needed 
(or at least it is useful to use) even to tackle those number theory problems which are essentially of 
analytical type and hence they can be solved in a purely analytical way. Accordingly, developing basic 
computational knowledge and skills is a requirement for any modern number theorist. 

Some number theorists may argue that we can use ready-made software packages and libraries to do 
our computational business and hence we do not need to learn computing or develop computational skills. 
However, this is not always true because there are always problems that cannot be tackled and solved by 
ready-made software packages and libraries (assuming they are available and user friendly and etc.).!1°% 
Moreover, even if this is true, doing computing in number theory problems gives an insight that can be 
gained neither by analytical treatment and methodology nor by using ready-made software packages and 
libraries. So, practicing computing (in some shape and form) is beneficial (if not a necessity) in number 
theory even to enforce the analytical knowledge and skills (let alone its obvious benefit or necessity in 
certain aspects such as doing tests and checks). We should also emphasize on the special importance or 
necessity of computing in research. 

It is useful to take note of the following remarks about this chapter and its content: 

e The purpose of this chapter is to develop some very basic skills in dealing with number theory problems 
computationally. Most of the problems in this chapter that we tackle computationally are simple and 
hence they do not need more than simple algorithmic ideas and simple codes. We intend to build in the 
future volumes of this book on the simple ideas and techniques that we present in this chapter (and hence 
extending them in depth and breadth). 

e This chapter is deliberately made very short because the idea of it is to give a small sample of number 
theory problems that can be tackled and solved computationally (alongside the computational codes 
and solutions of these problems). In fact, many other problems in this book can be tackled and solved 
computationally in a manner similar to the manner of the problems of this chapter. We encourage the 
reader (who is keen to learn how to use computing in number theory) to search for similar problems (in 
this book as well as outside this book) and tackle them computationally by simple algorithmic ideas and 
codes (similar or different to the ideas and codes that we present in this chapter). 

e All the codes that we refer to in this chapter (and in this book) are in C++ and they are available on 
the Internet|! 

e We intentionally kept the codes very basic to avoid distraction and additional computational cost (noting 
that the purpose of these codes is just to outline the way of implementing the basic ideas of the algorithms 
behind them). 

e Artificial Intelligence (which we discussed briefly in the first volume of this book) is a specially important 


1108] This is particularly true in the following cases: 
e In bulk processing where we want to process a large number of data sets such as solving 1000 Diophantine equations 
or solving 200 linear congruence equations by the Chinese remainder theorem. 
e In dealing with eccentric and exotic problems like dealing with large numbers or large exponentials or high-order 
polynomials of many variables. 
As part of my regular work and activities (e.g. in research and writing) I regularly use various types of ready-made 
computational tools for solving computational problems or checking their solutions. However, I always find problems 
that cannot be solved by these tools and hence I need to use my computational knowledge and skills (especially in 
coding) to solve or check certain problems which ready-made computational tools fail to solve. Moreover, I always 
find problems which ready-made computational tools “solve” in a wrong way and hence again I need my computational 
knowledge and skills to solve them correctly. 

[109] They are available from my webpage on ResearchGate. 
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computational tool that can have an impact in the future not only on the number theory problems of 
computational nature but even on the analytical investigation of some number theory problems. In fact, 
we expect this tool to dominate the research in certain areas of number theory in the near future. Hence, 
it is important for the next generation of mathematicians to develop their knowledge and skills in this 
regard. However, due to its rather complicated nature and the requirement of considerable space we do 
not discuss artificial intelligence in this volume although we hope to do some investigation about it in the 
future volumes. 


18.1 Simple Tools 


1. Write a simple code for calculating the index of integer (see § 1.5). 
Solution: See IndexOflInt.cpp code. 

2. Write a simple code for generating a sequence of random numbers. 
Solution: See Random.cpp code. Also see Problem 12 of § 8.1. 

3. Write a simple code for calculating the residue of a (large) factorial in a given modulo. 
Solution: See CongLargeFactorial.cpp code. 

4, Write a simple code for calculating the residue of a (large) exponential in a given modulo. 
Solution: See CongLargeExponential.cpp code. 


18.2 The Chinese Remainder Theorem 


1. Write a simple code that reads integer entries of a system of linear congruence equations (i.e. residues 

corresponding to moduli) from a file and finds (by a computational algorithm based on the rationale of 
the Chinese remainder theorem) its solution. 
Solution: See the CRTS folder which contains the code as well as examples of input data (and one 
example of output). The idea of the algorithm is very simple, that is: to find the solution of the given 
system we loop over 0 < a < Mp (where Mp is the product of the moduli) to find the 2 value that 
satisfies all the given congruence equations (where we use modular arithmetic to identify this value). 

2. Write a simple code for mass processing of (many) systems of linear congruence equations. 

Solution: See the CRTM folder which contains the code as well as an example of input file (and the 
corresponding output file). This code simply loop over the given systems where it solves them one by 
one by using the algorithm of Problem 1. 


18.3 Congruence Equations and Systems 


1. Find all the moduli m that satisfy the following congruence equation: 2a? + 5a? + 13a +9 = 0 (where 
1<m< 100). 
Solution: The solutions are: m = 3, 7, 9, 13, 17, 21, 27, 29, 31, 39, 43, 47, 49, 51, 53, 61, 63, 71, 79, 
81, 83, 87, 91, 93, 97 (see the FindModPoly folder which contains the code as well as the output file). 

2. Find all P 5 p < 1000 such that the congruence equation «7 + y!° 2 153 has no solution. 
Solution: See the FindModPolyPrimes folder which contains the code as well as the input and output 
files. It is worth noting that this Problem was solved theoretically in Problem 1 of § 8.3, and hence the 
computational solution in the present Problem verifies that solution. 

3. Solve the following systems of mixed polynomial-exponential congruence equations (where x, y € N°): 


(a) 223 + 5y? + 8y +10 5t +79 2 12. 


(b) 2 +y=0 3° pay Ho, 
Solution: 


(a) Simple initial investigation should reveal that the period of the first equation (mod 115) is 115 (for 
both a and y), while the x-period of 5° (mod 123) is 20 and the y-period of 7” (mod 123) is 40.!"1°l So, 


[110] The Eq1Cycle.cpp and Eq2Cycle.cpp codes in the Codes\CongSys1\Cycle folder should help in identifying these periods. 
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the period of the x 1 and x 2 combination is x “ while the period of the y ® and y © combination 


- 920 
isy =. 


Now, we can propose two simple computational approaches to solve this system: 

e In this approach we find the solutions of the individual equations first (where these solutions are 
found computationally by the EqlSol.cpp and Eq2Sol.cpp codes which are in the Codes\CongSys1\ 
CongSys1CRT\Sol folder). We then use the Chinese remainder theorem (or rather a computational 
algorithm based on its rationale) to find the solutions of the system. In brief, for every combination of 
a pair of solutions of the individual equations we loop over 0 < x < 460 and over 0 < y < 920 to find 
the (x, y) pair whose x component is congruent (mod 115) to the x component of the first equation and 
is congruent (mod 20) to the z component of the second equation and whose y component is congruent 
(mod 115) to the y component of the first equation and is congruent (mod 40) to the y component of 
the second equation. This (2, y) pair should be the solution of the system corresponding to that com- 
bination of the pair of solutions of the individual equations. So, by looping over all the combinations of 
these pairs of solutions of the individual equations!!"! we will find all the solutions of the system. This 
approach is implemented in CongSyslCRT.cpp code (which is in the Codes\CongSys1\CongSys1CRT 
folder). 

e Instead of solving these congruence equations individually and using the Chinese remainder theorem 
(or an algorithm based on its rationale) to find the solutions of the system (as we did in the previous 
point), we simply treat these equations as a system from the beginning and hence we just loop over 
xz and y to find the (x,y) pairs that satisfy the individual equations simultaneously (and hence these 


pairs represent the intersection of their individual solutions in a modular sense). So, we need to loop 


over 0 < a < 460 (i.e. over the entire period of the x © and « 2 combination) and over 0 < y < 920 


(ie. over the entire period of the y and y = combination). This approach is implemented in the 
CongSyslLoop.cpp code (which is in the Codes\CongSys1\CongSys1Loop folder). 

Both these approaches produce the same (23) solutions which can be found in the corresponding out- 
put files (see the CongSys1CRTOut.txt and CongSys1lLoopOut.txt files in the aforementioned folders). 
As indicated already, the codes (and all the input and output files) of both approaches are in the 
Codes\CongSys1 folder. 

(b) This system was solved theoretically (or analytically) in Problem 4 of § 9.3.2. If we follow the 
approaches of part (a) then we find the same solutions. The codes (and all the input and output files) 
of both approaches are in the Codes\CongSys2 folder. 


[111] We have 115 solutions for the first equation and 10 solutions for the second equation and hence we have 1150 combina- 
tions. 
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